


The earliest geometrical problems arose from the need for a calendar to 
regulate the seasonal pursuits of settled agriculture. The recurrence of the 
seasons was recognized by erecting monuments in line with the rising, 
setting or transit of celestial bodies. This photograph, taken at Stonehenge, 
shows how the position of a stone marked the day of the summer solstice 
when the sun rises furthest north along the eastern boundary of the horizon. 
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In his two best sellers, Mathematics for the Million and Science for the Citizen 
Lancelot Hogben achieved ^^the seemingly impossible. He made accessible to 
a wide reading public a rich fund of 'substantial information and technical 
instruetion against a social background of changing human needs in the struggle 
of man with external nature. Their successor is a project of equal magnitude and 
of equal topical relevance . Its author has accomplished his task with no less novelty 
and no less distinction. The social foreground of language planning for world peace 
and the historical drama of the evolution of human speech on a planetary scale 
provide a theme which brings to life the dead bones of grammar and a technique 
which lightens the tedium of learning. To a*wide circle of readers The Loom of 
Language now offers a master-key to elementary proficiency in the art of simple self- 
expression for foreign travel. Lilte the two preceding Primers for the Age of Plenty 
Dr. Bodmer’s book is for the reader who really wants to know. In collaboration with 
the author, the editor himself has contributed not a little to the plan and to its 
liveliness of presentation. Like Mathematics for the Million and Science for the 
Citizen, The Loom of Language is an entirely new departure in modem popu- 
larization of knowledge, and is therefore a handbook for the home student, 
a treasury for the teacher, and a guide to intelligent citizenship in the world 
of to-day. ► With Diagrams, Demy 8no. 355. net 
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matter most to people to-day. Its plan, therefore, is novel. It does not attempt 
to treat history chronologically. Instead it traces tlie background of social 
questions which are of burning topical interest to the ordinary citizen to-day. 

It deals with Human Needs, "niere are, chapters on the Land, on Food, 
on Clothes, on Health, on Recruitment for Industry. It deals also with the 
British Empire— its Beginnings, the Growth of the Dominions, Economic 
Imperialism in Africa, Slavery and Labour Problems. It records the Rise of 
Capitalism in Britain and America. There are chapters on Commerce, Indus- 
trialism, the Employment of Women, the Rise of the Professions, the Labour 
Movement, and the Migration of Labour. It will also recall the story of Edu- 
cation, Man’s changing Moral Values, and the evolving machinery for the 
Communication of Knowledge. Illustrated. Demy 8m iSs.net 



AUTHOR’S 'EXCUSE -FOR WRITING IT 


I WROTE this book in hospital during a long illness for my own fun. 
A few friends from among the million or so intelligent people who 
have been frightened by mathematics while •at school persuaded me 
to* publish it. I have agreed to do so on the understanding that they 
would relieve me of a task, which would interfere with my professional 
work, by correcting the proofs. 

With no pretensions to be a specialist I want to make two things 
clear. The first is that I have written it in my capacity as a private 
citizen interested in education. The other is that, whatever objections 
may be raised against the approach adopted and views expressed in 
it, it will have fulfilled its aim if it stimulates the interest and re- 
moves the inferiority complex of some of the million or so who have 
given up hope of learning through the usual channels. Readers 
accustomed to the appearance of the heavens in the southern 
hemisphere will need to bear in mind that the illustrations are 
constructed from the standpoint of an* observer living north of the 
Equator. The asides and soliloquies should not be taken too seriously. 
They are put in to sweeten the pill. Maybe many of them have as 
little nutritive value as saccharine. 

The reader who wishes to know more about the place of mathe- 
matics in the history of culture may consult such works as the 
histories of Rouse Ball, Cantor, Heath, Sullivan, Dantzig, Cajori, the 
invaluable two volumes of Smith, and Neugebauer’s recent treatise 
on early mathematics. Other useful books m which the relation of 
mathematics to^ the growth of scientific knowledge is indicated are 
Abel Rey’s La Science Orientale avant les Grecs^ Carl Snyder’s The 
World Machine, Sir Norman Ibockyer’s Stonehenge and other British 
Monuments, anA. Wright’s Geographical Lore in the Time of the 
Crusades. Two volumes whic|j have appeared since this book was 
written are worth adding. One is Professor Farrington’s Science in 
Antiquity. The other is BeU’s Search for Truth. A good general 
textbook for .the reader who wishes to get practice is Mann’s 
Practical Mathematics. , ' . 

If the book had any pretensions to be a work of scholarship, the 
writer would have documented it, and iSade it clear when, as often 
happens, the views expressed are not shared by others. It would then 
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Ijave been less lively, and therefore less adapted to fulfil the oiily aim 
which seeme(| to justify its publication. 

Many helpful suggestions made by readers of the firk edition have 
been incorporated in the new one, which has been carefully revised by 
Dr. J. C. P. Miller, Lecturer in Applied Mathematics in the University 
of Liverpool. One of the appendices was added at the suggestion of 
Professor E, Neville. 


NOTE TO THE NINTH IMPllESSION 

Since the first impression of the revised edition was issued, three 
correspondents have sent interesting footnotes. Dr. H. M, Robertson 
of Cape Town tells me that valuable information concerning the 
place of bookkeeping in the social background of mathematics is 
contained in articles by R. de Roover, “Aux origines d’une technique 
intellectuelle, etc,” Aimaks de Vhistoire iconomique et sodale^ Nos. 44 
and 45, 1937. Dr. Dundas White explains that the Sator word square 
of p. 195 was an ingenious mediaeval anagram from which the number 
of persons present at the Last Supper, the alpha and omega of the 
Apocalypse, the sacred cross of the letters which make up tenet read 
either way, and a text from the Fourth Gospel (John v. 7) can all be 
extracted for the edification of the initiated or industrious. 

Oije of my correspondents a civil engineer, Mr. Roger Gibb of 
Bulawayo, points out that practising engineers do not use the word 
gradient in the same sense as mathematicians. The railway track 
gradient is the ratio of the vertical drop to the length of the slope, 
which can be measured directly. It is therefore the ratio of the 
perpendicular and hypotenuse of the ijtght-angled triangle in Fig. 31, 
If A is the horizontal inclination of the track, the engineer’s gradient 
is not tan A, it is sin A, which;, is almost equivalent when A is small. 
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MATHEMATICS FOR THE 
MILLION 

CHAPTER I 

MATHEMATICS, THE MIRROR OF 
CIVILIZATION 

There is a story about Diderot, the Encyclopaedist and materialist, 
a foremost figure in the inteflectual awakening which immediately 
preceded the French Revolution. Diderot was staying at the Russian 
court, where his elegant flippancy was entertaining the nobility. 
Fearing that the faith of her retainers was at stake, the Tsaritsa com- 
missioned Euler, the most distinguished mathematician of the time, 
to debate with Diderot in public. Diderot was informed that a mathe- 
matician had established a proof of the existence of God. He was 
summoned to court without being tolfl the name of his opponent. 
Before the assembled court, Euler accosted him with the following 

pronouncement, which was uttered with due gravity: — = x, 

done Dieu existe repondez!” Algebra was Arabic to Diderot. 
Unfortunately he did not realize that was the trouble. Had he 
realized that algebra is just a language in which we describe 
the sizes of things in contrast to the ordinary languages which we 
use to describe the sorts of things in the world, he would have 
asked Euler to^ translate the first half of the sentence into French. 
Translated freely into English, it may be rendered: “A number x 
can be got by first adding a number a to a number b multiplied by 
itself a certain number of times, and then dividing the whole by the 
number of Fs multiplied together. So God exists after all. What have 
you got to say now?” If Diderot had asked Euler to illustrate the first 
part of his remark for the clearer understanding of the Russian court, 
Euler might have replied that x is 3 when a is 1 and & is 2 and n is 3, 
or that X is 21 when a is 3 and & is 3 and n is 4, and so fortij. Euler’s 
troubles would have begun when the court wanted to know how the 
second part of the sentence follows from^the first part. Lilte many of 
us, Diderot had stagefiight when confronted with a sentence in size 
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language. He left the court abruptly amid the titters of tlie assembly, 
confined hin^^elf to his chambers, demanded a safe conduct, and 
promptly returned to France. 

Though he could not know it, Diderot had the last laugh before the 
court of history The clericalism v/hich Diderot fought was over- 
thrown, and though it has never lacked the services of an eminent 
mathematician, the supernaturalism which Euler defended has been 
in retreat ever since. One eminent contemporary astronomer in his 
Gifford lectures tells us that Dirac has discovered p and q numbers. 
Done Dieu existe. Another distinguished astronomer pauses, while he 
entertains us with astonishing calculations about the distance of the 
stars, to award M. le grand Architecte an honorary degree in mathe- 
matics. There were excellent prece(fents long before the times of 
Euler and Diderot. For the first mathematicians were the priestly 
calendar makers who calculated the onset of the seasons. The Egyptian 
temples were equipped with nilometers with which tlie priests made 
painstaking records of the rising and falling of the sacred river. With 
these they could predict the flooding of the Nile with great accuracy. 
Their papyri show that they possessed a language of measurement 
very different from the pretentious phraseology with which they 
fobbed off their prophecies on the laity. The masses could not see 
the connection between prophecy and reality, because the nilometers 
communicated with the river by underground channels, skilfully con- 
cealed from the eye of the people. The priests of Egypt used one 
language when they wrote in the proceedings of a learned society and 
another language when they gave an interview to the “sob sisters” of 
the Sunday press. 

In the ancient world writing and reading were still a mystery and 
a craft. The plain man could not decipher the Rhind papyrus in which 
the scribe Ahmes wrote down the lawi^of measuring things. Civilized 
societies in the twentieth century have democratized the reading and 
writing of sort language. Oom^qatntly the plain man can uaderstand 
scientific discoveries if they do not invqlve complicated measurements. 
He knows something about evolution. The priestly accounts of the 
creation have fallen into discredit. So mysticism has to take refuge in 
the atom. The atom is a safe place not because it is smril, but because 
you have to do complicated measurements and use underground 
channels to find your way there, These underground channels are 
concealed from the eye of the people because the plain man has not 
been taught to read an(| vmtt Hze langm^e. Three centuries ago. 
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when pl:iests conducted their services in Latiuj Protestant reformers 
founded grammar schcfels so that* people could read the open bible. 
The time has how come for another* Reformation. People must learn 
to read and write the language of measurement so that they can 
understand the open bible of modem science. 

In the time of Diderot the lives and happiness of individuals might 
still depend on holding the correct beliefs alfout religion. Today the 
lives and happiness of people depend more than most of us realize 
upon the correct interpretation of public statistics which are kept by 
Government offices. When a committee of experts announce that the 
average man can live on his unemployment allowance, or the average 
child is getting sufficient milk, the mere mention of an average or the 
citation of a list of figures is enough to paralyse intelligent criticism. 
In reality half or more than half the population may not be getting 
enough to live on when the average man or child has enough. The 
majority of people living today in civilized countries cannot read and 
write freely in size language, just as the majority of people living in 
the times of Wycliff and Luther were ignorant of Latin in which 
religious controversy was carried on. The modern Diderot has got 
to leam the language of size in self-defaace, because no society is safe 
in the hands of its clever people. 

Long before clever people started reading and writing the ordinary 
languages in which we describe different sorts of things, other people 
who were not so terribly clever had learnt to talk. The plain man of 
today, that is to say, the reader or the writer of this book, has a great 
advantage over the audiences who listened to the priestly oracTes of 
the ancient world. Though we may not read or write it, we have all 
learned to talk in size language. If we were asked what distinguishes the 
men of today, tlae men of the machine age, from the men who lived 
before the American or French Revolution, we might give many 
answers. Very few would give ^e answer that Burke gave. About forty 
years after the incident we have been discussing, Burke wrote a vitriolic 
denunciation of the social revolution heralded by the Encyclopaedists. 
Witli this differ*^nce that Burke wrote elegant, sonoroui, and com- 
manding prose, many passages in it recall familiar descriptions of 
current events abroad, as they are reflected in the dented mirror 
of the daily press. In one of the most resonant and also thp silliest 
passages of his reflections, Burke pronounces an eloquent obituary on 
the ancien regime. What raises his anger to •vhite heat is not that Europe 
will become a continent of shopkeepers. It is that Europe will become 
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a connnent of calculators. “Thfe Age of Chivalry is gone.’ That of 
sophists, economists, and calculator's has succeeded, and the glory of 
Europe is extinguished for ever. ...” 

I The first men who dwelt in cities were talking animals. The man of 
. the machine age is a calculating animal. We live in a welter of figures : 
cookery recipes, railway time-tables, unemployment aggregates, fineSj 
taxes, war debts, overtifiie schedules, speed limits, bowling averages, 
betting odds, billiard scores, calories, babies’ weights, clinical tempera- 
tures, rainfall, hours of sunshine, motoring records, power indices, 
gas-meter readings, bank rates, freight rates, death rates, discount, 
interest, lotteries, wave lengths, and tyre pressures. Every night, when 
he winds up his watch, the modern man adjusts a scientific instru- 
ment of a precision and delicacy unimaginable to the most cunning 
artificers of Alexandria in its prime. So much is commonplace. What 
' escapes our notice is that in doing these things we have learnt to use 
devices which presented tremendous difficulties to the most brilliant 
mathematicians of antiquity. Ratios, limits, acceleration, are not 
remote abstractions, dimly apprehended by the solitary genius. They 
are photographed upon every page of our existence. In the course of 
the adventure upon which we '’are going to embark we shall constantly 
find that we have no difficulty in answering questions which tortured 
the minds of very clever mathematicians in ancient times. This is not 
because you and I are very clever people. It is because we inherit a 
social culture which has suffered the impact of material forces foreign 
to the intellectual life of the ancient world. The most brilliant intellect 
is a prisoner within its own social inheritance. 

An illustration will help to make this quite definite at the outset. 
The Eleatic philosopher Zeno set all his contemporaries guessing by 
propounding a series of conundrums, of which the pne most often 
quoted is the paradox of Achilles and the tortoise. Here is the problem 
about which the inventors of school geometry argued till they had 
speaker’s throat and writer’s cramp. Achilles runs a race with the 
tortoise . He runs ten times as*" fast as^the tortoise. The tortoise has 
100 yards’ start. Now, says Zeno, Achilles runs 100 yards and reaches 
the place where the tortoise started. Meanwhile the tortoise has gone 
a tenth as far as Achilles, and is therefore 10 yards aheg^d of Achilles. 
Achilles runs this 10 yards. Meanwhile the tortoise has run a tenth 
as far as Achilles, and is therefore 1 yard in front of him. Achilles runs 
this 1 yard. Meanwhile the tortoise has run a tenth of a yard and is 
therefore a tenth of a yard in front of Achilles. Achilles runs this 
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tenth of* a* yard. Meanwhile the tortoise goes a tenth of a tenth of 
a yard. He is now a hundredth of 'a. yard in front of Achilles. When 
Achilles has caught up this hundredth of a yard, the tortoise is a 
thousandth of a yard in front. So, argued Zeno, Achilles is always 
getting nearer the tortoise, but can never quite catch him up. 

You must not imagine that Zeno and all the wise men who argued 
the point failed to recognize that Achilles really did get past the tortoise. 
What troubled them was, where is the catch? You may have been 
asking the same question. The important point is that you did not ask 
it for the same reason which prompted them. What is worrying you 
is why they thought up funny little riddles of that sort. Indeed, what 
you are really concerned with is an historical problem. I am going to 
show you in a minute that the pfoblem is not one which presents any 
mathematical difficulty to you. You know how to translate it into size 
language, because you inherit a social culture which is separated from 
theirs by the collapse of two great civilizations and by two great social 
revolutions. The difficulty of the ancients was not an historical diffi- 
culty. It was a mathematical difficulty. They had not evolved a size 
language into which this problem could be freely translated. 

The Greeks were not accustomed to «peed limits and passenger- 
luggage allowances. They found any problem involving division very 
mucli more difficult than a problem involving multiplication. They 
had no way of doing division to any order of accuracy, because they 
relied for calculation on the mechanical aid of the counting frame 
or abacus, shown in Fig. 6. They could not do sums on paper. 
For all these and other reasons which we shall meet again *and 
again, the Greek mathematician was unable to see something that 
we see without taking the trouble to worry about whether we see 
it or not. If we ^o on piling up bigger and bigger quantities, the pile 
goes on growing more rapidly without any end as long as we go on 
adding more. If we can go on* adding larger and larger quantities 
indefinitely without coming to a stop, it seemed to Zeno’s con- 
temporaries that we ought to be able to §;o on adding smaller and still 
smaller quantities indefinitely without reaching a limit. They thought 
that in one case the pile goes on for ever, growing more rapidly, and 
in the other it^oes on for ever, growing more slowly. There was 
nothing in their number language to suggest^ that when the, engine 
slows beyond a certain point, it chokes off. 

To see this clearly we will first put down in numbers the distance 
which the tortoise traverses at different stages^of the race after Achilles 
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starts. As we have described if above, the tortoise moves iO "yards in 
stage 1, 1 yard in stage 2, one^tenth of a yard ik stage 3, one-hundredth 
of a yard in kage 4, etc. Suppose we had a number language like the 
Greeks and Romans, or the Hebrews, who used letters of the alphabet. 
Using the one that is familiar to us because it is still used for clocks, 
graveyards, and law-courts, we might write the total of all the distances 
the tortoise ran before Achilles caught him up like thisi 

We have put "and so on” because the ancient peoples got into great 
difficulties when they had to handle numbers more than a few thousands. 
Apart from the fact that we have left the tail of the series to your 
imagination (and do not forget that the tail is most of the animal if 
it goes on for ever), notice another disadvantage about this script. 
There is absolutely nothing to suggest to you how the distances at 
each stage of the race are connected with one another. Today we have 
a number vocabulary which makes this relation perfectly evident, 
when we write it down as : ^ 


10+1 + TO+™+. 4 «+ ' 


1 


10 “^ 100 1 , 000 “^ 10 , 000 ^ 100 , 000 “^ 1 , 000,000 


: and sro on. 


In this case we put “and so on” to save ourselves trouble, not because 
we have not the right number-words. These number-words were bor- 
rowed from the Hindus, Who learnt to write number language after 
Zeno and Euclid had gone to their graves. A social revolution, the 
Protestant Reformation, gave us schools which made this number 
language the common property of mankind. A second social upheaval, 
the French Revolution, taught us to use a reformed spelling. Thanks 
to the Education Acts of the nineteenth century, this reformed spelling 
is part of the common fund of knowledge shared by almost every sane 
individual in the English-speaking world. Let us write the last total, 
using this reformed spelling, which we call decimal notation. That 
is to say: 

10 4- 1 ^ 0-1 4- 0-01 -J- 0-001 -f O-OOOi -}- O'OOOOl 4- O-OOOOOi 

and so on, 

* The Romans did not actulUy have the convenient method of representing 
proper fractions used above fox illustrative purposes. 
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We have only to ase the reformed spelling to remind ourselves that 
this can be put, in a morl snappy fofm: , 


or still better: 


11-llllil etc., 
IM. 


We recognize the fraction 0-1 as a •quantity tHat is less than and 
mofe than yq-. If we have not forgotten the arithmetic we learned at 
school, we may even remember that O'i corresponds with the fraction I-. 
This means that, the longer we make the sum, 0*1 -f- 0-01 + 0-001, 
etc., the nearer it gets to -g-, and it never grows bigger than -J. The total 
of all the yards the tortoise moves till there is no distance between 
himself and Achilles makes up just IT^ yards, and no more. 

You will now begin to see what was meant by saying that the riddle 
presents no mathematical dMculty to you. You have a number lan- 
guage constructed so that it can take into account a possibility which 
mathematicians describe by a very impressive name. They call it the 
convergence of an infinite series to a limiting value. Put in plain words, 
this only means that, if you go on piling up smaller and smaller quan- 
, titles as long as you can, you may get a "pile of which the size is not 
made measurably larger by adding any more. The immense difficulty 
which the mathematicians of the ancient world experienced when they 
dealt with a process of division carried on indefinitely, or with what 
modern mathematicians call infinite series, limits, transcendental 
numbers, irrational quantities, and so forth, provides an example of 
a great social truth borne out by the whole history of human knowledge. 
Fruitful intellectual activity of the cleverest people draws its strength 
from the common knowledge which all of us share. Beyond a certain 
point clever people can never transcend the limitations of the social 
culture they inherit. When clever people pride themselves on tlieir own 
isolation, wt may well wonder whether they are very clever after all. 
Our studies in mathematics are going to show us that whenever the 
culture of a peop.le loses contact; with the common lifa of mankind and 
becomes esrdusively the plaything of a leisure class, it is becoming a 
priestcraft. It is destined to end, as does all priestcraft, m superstition. 
To be proud o^intellectuai isolation from the common life of manldnd 
and to be disdainful of the great social task of education is as stupid as 
it is wicked. It is the end of progress in knowledge. History shows that 
superstitions are not manufactured by the plain man. They are invented 
by rieurotic inteEectuals with too little to dO| The mathematician and 
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the plain ma n each need one 'another. Maybe the Western world is 
about to be plunged irrevoc^ly into barbarMn. If it escapes this fatCj 
the men and women of the leisure state which is now within our grasp 
will regard the democratization of mathematics as a decisive step in the 
advance of civilization. 

In such a time as ours the danger of retreat into barbarism is very 
real. We may apply fo mathematics the words in which Cobbett 
expkined the uses of grammar to the worldng men of his own "day 
when there was no public system of free schools. In the first of his 
letters on English grammar for a worldng boy, Cobbett wrote these 
words : “But, to the acquiring of this branch of knowledge, my dear 
son, there is one motive, which, though it ought, at all times, to be 
strongly felt, ought, at the present time, to be so felt in an extraordinary 
degree. I mean that desire which every man, and especially every 
young man, should entertain to be able to assert with effect the rights 
and liberties of his country. When you come to read the history of 
those Laws of England by which the freedom of the people has been 
secured . . . you will find that tyranny has no enemy so formidable 
as the pen. And, while you will see with exultation the long-imprisoned, 
the heavily-fined, the banished William Prynne, returning to liberty, 
borne by the people from Southampton to London, over a road strewed 
with flowers: then accusing, bringing to trial and to the block", the 
tyrants from whose hands he and his country had unjustly and cruelly 
suffered; while your heart and the heart of every young man in the 
kingdom will bound with joy at the spectacle, you ought all to bear 
in mind, that, without a knowledge of grammar, Mr. Prynne could 
never have performed any of those acts by which his name has been 
thus preserved, and which have caused his name to be held in honour.” 
■f Today economic tyranny has no more powerful, friend than the 
calculating prodigy. Without a knowledge of mathematics, the grammar 
‘ of size and order, we cannot plan the rational society in which there 
will be leisure for all and poverty for none. If we are inclined to be a 
lirde afraid of the prospect, our first |tep towards understanding this 
grammar is to realize that the reasons which repel many people from 
studying it are not at all discreditable. As mathematics has been taught 
and expounded in schools no effort is made to show i|s social history, 
its significance in our ,own social lives, the immense dependence of 
civilized mankind upon it. Neither as children nor as adults are we 
told how the knowledge (ff^this grammar has been used again and 
again throughout history^ to assist in the liberation of mankind from 
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iuperstitiofl. We are not shown how it may be used by us to defend 
the liberties of Ae peopfe. Let us see why this is so. * 

The educational system of North-Western Europe was largely 
moulded by three independent factors in the period of the Reformation. 
One was linguistic in the ordinary sense. To weaken the power of the 
Church as an economic overlord it was necessary to destroy the 
influence of the Church on the imagination of the people. The Pro- 
testant Reformers appealed to the recognized authority of scripture 
to show that the priestly practices were innovations. They had to 
make the scriptures an open book. The invention of printing was 
the mechanical instrument which destroyed the intellectual power 
of the Pope. Instruction in Latm and Greek was a corollary of the 
doctrine of the open bible. This prompted the great educational 
iimovation of John Knox and abetted the more parsimonious founding 
of grammar schools in England. The ideological front against popery 
and the wealthy monasteries strengthened its strategic position by new 
translations and critical inspection of the scriptural texts. That is one 
reason why classical scholarship occupied a place of high honour in 
the educational system of the middle classes. 

. The language of size owes its position in Western education to two 
differpnt social influences. While revolt against the authority of the 
Church was gathering force, and before the reformed doctrine had 
begun to have a wide appeal for the merchants and craftsmen of the 
medieval boroughs, the mercantile needs of the Hansa had already led 
to the founding of special schools in Germany for the teaching o^the 
new arithmetic which Europe had borrowed from the Arabs. An 
.astonishing proportion of the books printed in the three years after 
the first press was set up were commercial arithmetics. Luther vindi- 
cated the four merchant gospels of addition, subtraction, multiplication, 
and division with astute political sagacity when he announced the 
outlandish doctrine that every boy should be taught to calculate. The 
gr amm ar of numbers was chained down to commercial uses before 
people could foresee the vast variety of ways in which it was about to 
invade man’s social life. 

Geometry, already divorced from the art of calculation, did not 
enter into Western education by the same route. Apart from the 
stimulus wiiich the study of dead languages received from the* manu- 
facture of bibles, classical pursuits were encouraged because the 
political theories of the Greek philosophers were congenial to the 
merchants who were aspiring to a limited urbap democracy . The appeal 
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of the city-state democracy to tiie imagination of the wealtiiier bourgeois 
lasted till after the French Resolution, w1ien% was laid to rest in the 
familiar funeral urns of mural decoration. The leisure class of the 
Greek city-states played with geometry as people play with crossword 
puzzles and chess today. Plato taught that geometry was the highest 
exercise to which human leisure could be devoted. So geometry became 
included in European* education' as a part of classical scholarship, 
without any clear connection with the contemporary reality of measur- 
ing Drake’s “world encompassed.” Those who taught Euclid did not 
understand its social use, and generations of schoolboys have studied 
Euclid udthout being told how a later geometry, which grew out of 
Euclid’s teaching in the busy life of Alexandria, made it possible to 
measure the size of the world. Those measurements blew up the pagan 
Pantheon of star gods and blazed the trail for the great navigations. 
The revelation of how much of the surface of our world was still 
unexplored was the solid ground for what we call the faith of 
Columbus. 

Plato’s exaltation of mathematics as an august and mysterious 
ritual had its roots in dark superstitions which troubled, and fanciful 
puerilities which entranced^ people who were living through the 
childhood of civilization, when even the cleverest people could not 
clearly distinguish the difference between saying that 13 is a “prime” 
number and saying that 13 is an unlucky number. Flis influence on 
education has spread a veil of mystery over mathematics and helped 
to j^eserve the queer freemasonry of the Pythagorean brotherhoods, 
whose members were put to death for revealing mathematical secrets 
now printed in school books. It reflects no discredit on anybody 
if this veil of mystery makes the subject distasteful. Plato’s great 
achievement was to invent a religion which satisfies the emotional 
needs of people who are out of harmopy with their social environment, 
and just too intelligent or too individualistic to seek sanctuary in 
the cruder forms of animism. The curiosity of the men who first 
speculated about atoms, studied the properties of the lodestone, 
watched the result of rubbing amber, dissected animals, and catalogued 
plants in the three centuries before Aristotle wrote his epitaph on 
Greek science, had banished personalities from na tiyal. and familiar 
objects/ Plato placed ranimism beyond the reach of experimental 
exposure by inventing a world of “universals.” This world of universals 
was the world as God knows it, the “real” world of which our own is 
but the shadow. In tMs^'real” world symbols of speech and muube? 
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are invested with the magic which departed from the bodies of beasts 
and the tranks of trees al soon as they wefe dissected and described. 

The Timaem'n a fascinating anthology of the queer perversities 
to which this magic of symbolism could be pushed. Real earth., as 
opposed to the solid earth on which we build houses, is an equilateral 



Fig. 1. —Plato Took Measukement Out of Geoaietky and Put Magic 
IN ITS Place 


The real world of Plato was a world of form from which matter was banished, 
(a) An equilateral triangle (i.e. one of which all three sides are equal) is the 
elemental earth form. 

Q}) A right-angled triangle is the spirit of water. (To find spirit in wa|sr is 
the most advanced kind of magic.) 

(c) A scalene triangle with no equal sides is the spirit of the air. 

• (d) An isosceles triangle (i.e. one of which only two sides are equal) is the 

elemental fire. 

(If you do not Ifttow these names, note their meaning. You may meet them 
again. You have been warned.) ^ 

triangle. Real water, as opposed to what is sometimes regarded as 
a beverage, is a right-angled tjiangle. iReal fire, as opposed to fire 
against which you insure, is an isosceles triangle. Real air, as opposed 
to the air which you pump into a tyre, is a scalene triangle (Fig. 1). 
Lest you should find this hard to credit, read how Plato uirned the 
geometry of the sphere into a magical explaijation of manV' origin. 
God, he tells us, “imitating the spherical shape of the universe, enclosed 
the two divine courses in a spherical body, that, namely, which we 
now term the head.” In order that the head “might not tumble about 
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Ui 


Fig. lA.— M athematics in Everyday Lira 

This figure is taken from Agricola’s famous sixteenth-century treatise on 
mining technology. At that time the miners were the aristocrats of labour, 
and the book called attention' to a host of new scientific problems which had 
been neglected in the slave civilizations of antiquity, when there was little 



* Mathematics^ the Mirror of Civilization 25 

among tBe.deep and Mgh places of the earth, but might be able to 
get out of the one and the olhei,” it was provided with “the body 
to be a vehicle' and means of locomhtion, which conse*quentiy had 
length and was furnished with four limbs extended and jointed. . . 
This supremacy of the head is very flattering to intellectuals who 
have no practical problems to occupy them. So it is not surprising 
that Plato’s peculiar metaphysics retained its Influence on education 
after his daring project for a planned society ceased to be thought 
a suitable doctrine for young people to study. An educational system 
which was based on Plato’s teaching is apt to entrust the teaching of 
mathematics to people who put the head before the stomach, and who 
would tumble about the deep and high places of the earth if they had 
to teach another subject. Natufally this repels healthy people for 
whom symbols are merely the tools of organized social experience, 
and attracts those who use symbols to escape from our shadow world 
in which men battle for the little truth they can secure into a “real” 
world in which truth seems to be self-evident. 

The fact that mathematicians are often like this may be why they 
are so inclined to keep the high mysteries of their Pythagorean brother- 
hood to themselves. To ordinary people, tiae perfection of their “real’* 
world savours of unreality. The world in which ordinary people live 
is a world of struggle and failure, trial and error. In the mathematical i 
world everything is obvious — once you have got used to it. What is ' 
rarely explained to us is that it may have taken the human race a 
thousand years to see that one step in a mathematical argument is 
“obvious.” How the nilometer works is obvious to you if you afe a 
priest in the temple. If you are outside the temple, it can only become 
'obvious tlirough tracing out the subterranean channel which connects 
the temple with the river of man’s social experience. Educational 


Caption continued^ 

co-operation between theoretical speculation and practical experience. Having 
measured tlie distance HG which is the length of the stretched ropCj you can 
get the distance you have to bore h 9 rizontally to reach the shaft, or the depth 
to which the shaft must be sunk, if you want to reach the horizontal boring. 
You will see easily with a scale diagram that the ratio of the horizontal cutting 
to the measured distance HG is the ratio of the two measurable distances N: M. 
Likewise the ratip of tlie shaft depth to HG is 0:M. When you have done 
Dem. 7 it will be easier to see. The line N was made with a cord set horizontally 
by a spirit level. So it is at right angles to either of t£e two plumb lines. When 
you have read Chapter vi you will see that the extra plumb line and the spirit 
level are not necessary, if you have a protractor to measure the angle at the 
top, and a table of sine and cosine ratios of angles. 
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methods which are m&ed up with priestcraft and magic have contrived 
to keep the Rising and falling, the perpetual movement of the river 
from our scrutiny. So they have* bidden from us the romance of what 
might be the greatest saga of man’s struggle with the elements. PlatOj 
In whose school our teachers have grown up, did not approve of making 
observations and applying mathematics to arrange them and co- 
ordinate them. In one ?)f the dialogues he makes Socrates, his master, 
use/words which might equally well apply to many of the text-books 
of mechanics which are still used. “The starry heavens which we 
behold is wrought upon a visible ground and therefore, although the 
fairest and most perfect of visible things, must necessarily be deemed 
inferior far to the true motions of absolute swiftness and absolute 
intelligence. . . . These are to be aj^prehended by reason and intelli- 
gence but not by sight. . . . The spangled heavens should be used as 
a pattern and with a view to that higher knowledge. But the astronomer 
will never imagine that the proportions of night to day . or of the 
stars to these and to one anoAer can also be eternal . . . and it is equally 
absurd to take so much pains in investigating their exact truth. ... In 
astronomy as in geometry we should employ problems^ and let the heavens 
alone, if we would approach "1116 subject in the right way and so make 
the natural gift of reason to be of any use.” 

This book will narrate how the grammar of measurement and 
counting has evolved under the pressure of man’s changing social 
achievements, how in successive stages it has been held in check by 
the barriers of custom, how it has been used in charting a universe 
whi^ can be commanded when its laws are obeyed, but can never be 
propitiated by ceremonial and sacrifice. As the outline of the story 
develops, one difficulty which many people experience will become 
less formidable. The expert in mathematics is essentially a technician. 
So his chief concern in teaching is to make other technicians. Matiie- 
matical books are largely packed with' exercises wliich are designed to 
give proficiency in workmanship. This makes us discouraged because 
of the immense territory which we have to traverse before we can get 
insight into the kind of mathematics which is used in modern science 
and social statistics The fact is that modern matliematics does not 
borrow so very much from antiquity. To be sure, every, useful develop- 
ment in. mathematics rests on the Mstorical foundation of some earlier 
branch. At the same time every new branch liquidates the usefulness 
of clumsier tools which preceded it. Although algebra, trigonometry, 
the use of graphs, the ^calculus all depend on the rules of Greek 
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geometryj scarcely more than a dozen ‘from the two hundred propo- 
sitions of Euclid's elemdhts are essential £o help us in understandiig 
how to use them. The remainder are complicated ways of doing 
things which can be done more simply when we know later branches 
of mathematics. For the mathematical technician these complications 
may provide a useful discipline. The person who wants to understand 
the place of mathematics in modem civilizatidn is merely distraaed 
and* disheartened by them. What follows is for those who have been 
already disheartened and distractedj and have consequently forgotten 
what they may have learned already or fail to see the meaning or 
usefulness of what they remember. So we shall begin at the very 
beginning. 

Two views are commonly held about mathematics. One comes 
from Plato. This is that mathematical statements represent eternal' 
truths, Plato's doctrine was used by the German philosopher, Kant, 
as a stick with which to beat the materialist of his time, when revolu- 
tionary writings like those of Diderot were challenging priestcraft. 
Kant thought that the principles of geometry were eternal, and that ) 
they were totally independent of our sense organs. It happened that 
B^nt wrote just before biologists discotered that we have a sense 1 
organ, part of what is called the internal ear, sensitive to the pull , 
of gravitation. Since that discovery, the significance of which was i 
first fully recognized by the German physicist, Ernst Mach, the i 
geometry which Elant knew has been brought down to earth by ; 
Einstein. It no longer dwells in the sky where Plato put it. We know | 
that geometrical statements when applied to the real world are only f 
approximate truths. The theory of Relativity has been very unsettling - 
to mathematicians, and it has now become a fashion to say that 
mathematics is ofily a game. Of course, this does not tell us anything 
about mathematics. It only tells us something about the cultural 
limitations of some mathematicians. When a man says that mathe- 
matics is a game, he is making a private statement. He is telling us 
something about himself, his own attitude to mathematics. He is 
not telling us anything about tie public meaning of a mathematical 
statement. 

If mathemat^s is a game, there is no reason why people should 
play it if they do not want to. With footb^l, it belongs to those 
amusements without which life would be endurable. The view 
which we explore is tliat mathematics is the language of size, 
msd Att it is im essential part of the eqidpment of an inteUigent 
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dtizea to understand this lan^ge. If the rules of mathematics are 
rules of grammars there is no stupidity invdlved when we fail to see 
that a mathematical truth is oHvious. The rules of ordinary grammar 
are not obvious. They have to be learned. They are not eternal truths. 
They are conveniences without whose aid truths about the sorts of 
things in the world cannot be communicated from one person to 
another. In Cobbett’s Inemorablo words, Mr. Prynne would not have 
been able to impeach Archbishop Laud if his command of granhnar 
had been insufficient to make himself understood. So it is with mathe- 
matics, the grammar of size. The rules of mathematics are rules to be 
learned. If they are formidable, they are formidable because they are 
unfamiliar when you first meet them— like gerunds or nominative abso- 
lutes. They are also formidable because in all languages there are so 
many rules and words to memorize before we can read newspapers or 
pick up radio news from foreign stations. Everybody knows that being 
able to chatter in several foreign languages is not a sign of great social 
intelligence. Neither is being able to chatter in the language of size. 
Real social intelligence lies in the use of a language, in applying the 
right words in the right context. It is important to know the language 
of size, because entrusting the laws of human society, social statistics, 
population, man’s hereditary make-up, the balance of trade, to the 
isolated mathematician without checking his conclusions is like letting 
a committee of philologists manufacture the truths of human, animal, 
or plant anatomy from the resources of their own imaginations. 

You will often , hear people say that nothing is more certain than 
that two and two make four. The statement that two and two make 
four is not a mathematical statement. The mathematical statement to 
which people refer, correctly stated, is as follows: 

2 + 2 = 4 . 

This can be translated: “to 2 add 2 to get 4.” This is not necessarily 
a statement of something which always happens in the real world. 
The illustration (Fig. 2) shows that in, the real world you do not always 
find that you have 4 when you have added 2 to 2. To say 2 + 2 = 4 
merely illustrates the me anin g of the verb “add,” when it is used 
to translate the mathematical verb “+”. To say that 2 -j- 2 = 4 is 
a true -statement is jyst a grammatical convention about the verb 
“+” and the nouns “2” and “4.” In English grammar it is true in 
the same sense to say that the plural of “mouse” is “mice,” or, if you 
prefer it, “add mouse mouse to get mice.” In English grammar it 
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is untrae to ’say that the plural of “house” is “hice.” Saying “2+2=2” 
is false in precisely the sa*me sense. A slight change in the .meaning of 
the word “add,” as used to translate “+”} makes it a perfectly correct 
statement about the apparatus in Fig. 2. Such changes of meaning 



Fig. 2 

In the real world you do not always find that you have got four, when you add 
rwo and TWO. 

Try filling this with water. Its laws of “addition” would be: 

I +. 1 = 2 
1 + 2 = 3 
1 + 3 = 2 

• 2 + 2 = 2 etc. 

The dot is put in to show that the KSnd of addition used here is not the kind 
of addition (+ without a dot) which applies to a vessel which cannot leak, and 
is so large that it cannot be filled. ^ 

are confusing. The object of grammar is to control the freedom of 
words so that there is no congestion of the intellectual traffic. As a 
statement about^the real world, saying that the British Houses of 
Parliament are in Glasgow, is a plain lie. As a statement of grammar, it 
is a true example of how the plural of “house” is formed. If a British 
Labour member said that the Hice of Parliament were treating the 
nation’s housing shortage with shameless fri’^olity, he might convey 



39 Mathematics^ the Mirror of Civilization' 

E profound and important truth about the real world to a few bright 
people. As ,a statement of grammar, it woiild be false. Many would 
miss the point and wonder whether he were certifiable. Unlike Mr. 
Pryrme, who understood grammar, he would fail to advance the liberties 
of the people. 

We must not be surprised if we find that the rules of mathematics 
are not always a perfect description of how we measure the distance 
of I star, or count heads in a population. The rules of English grariimar 
are a very imperfect description of how English is used. The people 
who formulated them were preoccupied with translating the bible 
and other classical texts. So they were over-anxious to find exact 
equivalents for the peculiarities of Greek and Latin. They were like 
the first zoologists who used words for the limbs and organs of the 
human body, when describing the peculiar anatomy of the insect. 
The English grammar taught in English schools is rather primitive 
zoology. Also it is essentially a description of the habits of speech 
prevailing in the English professional class, from which writers of 
books on grammar are drawn. When the American from New England 
says “gotten,” he is using what was the correct past participle of the 
strong verb “to get” in Mhyflower times. When the English country 
labourer says “we be going,” he is correctly using one of the three 
original verbs which have been used to make the roots of the modern 
mixed verb “to be.” When he says- “youm,” he is using one of two 
once equally admissible and equally fashionable forms introduced by 
analogy about the time when Chaucer wote the Canterbury Tales. 
To say that “are” and “yours” are grammatically correct is merely 
to say that we have agreed to adopt the habits of the more prosperous 
townspeople. Since Mr. Shaw is dead, and hence a topic for gram- 
marians, we shall soon say that “dont” is the correct way to write “do 
not.” Almost certainly we shall soon admit “it is me” as correct 
grammar. The rules of mathematical*gram.mar also change. In modem 
vector analysis the rules for using “-f-” are not the rules we learned 
at school. ' 

if we can unearth milestones of man’s social pilgrimage in the 
language of everyday life, it is much more easy to do so when we 
study tile grammar of mathematics. The language in which people 
describe the different sorts of things there are in the world is vastly 
more primitive and more conservative than the s£sre languages which 
have been multiplied to cope with the increasing precision of man’s 
control over nature. In the world which Is open to public inspection, 
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the world of inorganic and organic nature, man was not compelled to 
enlarge the scope of language to destribe any new sorts of phenomena 
between 2000 B.t. and the researches of Faraday and Hertz, the fatiier 
of radio. Even electric and magnetic attractions were recognized as a 
special sort of thing before there were any historians in the world. 
In the seventh century b.c. Thales recorded the attraction of small 
particles to a piece of amber (Greek “electron*’) when rubbed. The 
Chinese already knew about the lodestone or natural magnet. Sihce 
about 1000 B.C., when some men broke away from picture writing or 
script like the Chinese which associates sounds with picture symbols, 
and first began to use an alphabet based purely on how words sound, 
there has only been one conspicuous invention introduced for describ- 
ing the qualities of things in theVorld. This was made by biologists 
in the eighteenth century, when the confusion existing in the old 
herbals of medicinal plants forced them to invent an international 
language in which no confusion is possible. The clear description of 
the immense variety of organic beings has been made possible by the 
deliberate introduction of unfamiliar words. These words, like “Beilis 
perennis,” the common daisy, or “Pulex irritans,” the common flea, 
are taken from dead languages. Any meaning for which the biologist 
has no use lies buried in a social context forgotten long ago. In much 
the same way the North Europeans had borrowed their alphabet of 
sound symbols from the picture scripts, and buried the associations 
of distracting metaphors in the symbols used by the more sophisticated 
people of the ancient world. 

The language of mathematics differs from that of everyday life, 
because it is essentially a rationally planned language. The languages 
of size have no place for private sentiment, eitlier of tiie individual or 
of tlie nation, '’J^hey are international languages like the binomial 
nomenclature of natural history. In dealing with the immense com- 
plexity of his social life man has not yet begun to apply inventiveness 
to the rational planning of ordinary language when describing different 
kinds of institutions and human behaviour. The language of everyday 
life is clogged with sentiment, and the science of human nature lias 
not advanced so far that we can describe individual sentiment in a 
clear way. So constructive thought about human society is hampered 
by the same conservatism as embarrassed ti^c earlier naturalists. 
Nowadays people do not differ about what sort of animal is meant by 
Qmex or Pediculus, because these words are only used by people 
who use them in one way. They siili can and^often do mean a lot oi 
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different things when they say that a mattress is infested with bugs 
or lice. Tlje study of man-’s social life has* not yet brought forth a 
Linnaeus. So an argument about the “withering away of the Stare” 
may disclose a difference about the use of the dictionary when no real 
difference about the use of the poKceman is involved. Curiously enough, 
people who are most sensible about the need for planning other social 
amenities in a reasonable way are often slow to see the need for 
creating a rational and international language. 

The technique of measurement and counting has followed the 
caravans and galleys of the great trade routes. It has developed very 
slowly. At least four thousand years intervened between the time 
when men could calculate when the next eclipse would occur and the 
time when men could calculate how much iron is present in the sun. 
Between the first recorded observations of electricity produced by 
friction and the measurement of the attraction of an electrified body 
two thousand years intervened. Perhaps a longer period separates the 
knowledge of magnetic iron (or lodestone) and the measurement of 
magnetic force. Qassifying things according to size has been a much 
harder task than recognizing the different sorts of things there are. It 
has been more closely related to man’s social achievements than to his 
biological equipment. Our eyes and ears can recognize different sorts 
of things at a great distance. To measure things at a distance, man has 
had to make new sense organs for himself, like the astrolabe, the 
telescope, and the microphone. He has made scales which reveal 
differences of weight to which our hands are quite insensitive. At 
eacib stage in tlie evolution of the tools of measurement man has refined 
die tools of size language. As human inventiveness has turned from the 
counting of flocks and seasons to the building of temples, from the 
building of temples to the steering of ships into cbartless seas, from 
seafaring plunder to machines driven by the forces of dead matter, 
new languages of size have sprung up in succession. Civilizations have 
risen and fallen. At each stage a more primitive, less sophisticated 
culture breaks through the Ibarriers^of custom thought, brings fresh 
rules to the grammar of measurement, bearing within itself the limi- 
tation of further growth and the inevitability that it will be superseded 
in its turn. The history of mathematics is the mirror gf civilization. 

The beginnings of^ size language are to be found in the priestiy 
civilizations of Egypt and Sumeria. From these ancient civilizations 
we see the first-fruits of secular knowledge radiated along the inland 
trade routes to China pushing out into and beyond the Mediter- 
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ranean, where the Semitic peoples are sending forth ships to trade in 
tin and dyes. The more primitive northern invaders of Greece and 
Asia Minor collect and absorb the secrets of the pyramid makers in 
cities where a priestly caste is not yet established. As the Greeks 
become prosperous, geometry becomes a plaything. Greek thought 
itself becomes corrupted with the star worship of the ancient world. 
At the very point when it seems almost inevftable that geometry will 
make way for a new language, it ceases to develop further. The acene 
shifts to Alexandria, the greatest centre of shipping and the mechanical 
arts in the ancient world. Men are thinking about how much of the 
world remains to be explored. Geometry is applied to the measurement 
of the heavens. Trigonometry takes its place. The size of the earth, the 
distance of the sun and moon are*measured. The star gods are degraded. 
In the intellectual life of Alexandria, the factory of world religions, 
the old syncretism has lost its credibility. It may still welcome a god 
beyond the sky. It is losing faith in the gods within the sky. 

In Alexandria, where the new language of star measurement has its 
beginnings, men are thinking about numbers unimaginably large 
comparecl with the numbers which the Greek intellect could grasp. 
Anaxagoras had shocked the court of Pericles by declaring that the 
sun was as immense as the mainland of Greece. Now Greece itself had 
sunk* into insignificance beside the world of which Eratosthenes and 
Poseidonius had measured the circumference. The world itself sank 
into insignificance beside the sun as Aristarchus had measured it. Ere 
the dark night of monkish superstition engulfed the great cosmopolis 
of antiquity, men were groping for new means of calculation.'* The 
bars of the counting frame had become the. bars of a cage in which the 
intellectual life of Alexandria was imprisoned. Men like Diophantus 
and Theon wer§ using geometrical diagrams to devise crude recipes 
for calculation. They had almost invented the third new language of 
algebra. That they did not succeed was the nemesis of the social culture 
they inherited. In the East the Hindus had started from a much lower 
level. Without the incubus of an old-established vocabulary of number, 
they had fashioned new symbols which lent themselves to simple 
calculation without mechanical aids. The Moslem civilization which 
swept across t|ie southern domain of the Roman Empire brought 
togetiier the technique of measurement, as it h^d evolved in the hands 
of the Greeks and the Alexandrians, adding the new instrument for 
handling numbers which was developed through the invention of the 
Hindu number symbols. In the hands Arabic mathematicians 
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like Omar Kha3rydm;, the main’ features of a language of calculation 
took shape, ’^e still call it by the Arabic name, algebra. We owe algebra 
and the pattern of modem European poetry to a nod~Aryan people 
who would be excluded from the vote in the Union of South Africa. 

Along the trade routes this new arithmetic is brought into Europe 
by Jewish scholars from the Moorish universities of Spain and by 
Gentile merchants tradfng with the Levant, some of them patronized 
by nbbles whose outlook had been unintentionally broadened by the 
Crusades. Europe stands on the threshold of the great navigations. 
Seafarers are carrying Jewish astronomers who can use the star 
almanacs which Arab scholarship had prepared. The merchants are 
becoming rich. More than ever the world is thinking in large numbers. 
The new arithmetic or “algorithm” sponsors an amazing device which 
was prompted by the need for .more accurate tables of star measure- 
ment for use in seafaring. Logarithms were among the cultural first- 
fruits of the great navigations. Mathematicians are thinking in maps, 
in latitude and longitude. A new kind of geometry (what we call graphs 
in everyday speech) was an inevitable consequence. This new geometry 
of Descartes contains something which Greek geometry had left out, 
In the leisurely world of anticjhity there were no clocks. In the bustling 
world of the great navigations mechanical clocks are displacing tht 
ancient ceremonial function of the priesthood as timekeepers. .A 
geometry which could represent time and a religion in which there 
were no saints’ days are emerging from the same social context. From 
this |eometry of time a group of men who were stud3ring the mechanio 
of the pendulum clock and making fresh discoveries about the motion 
of the planets devise a new size language to measure motion. Today 
we call it “the” calculus. 

For the present this crude outline of the history^ of mathematics 
as a mirror of civilization, interiockmg with man’s common culture, 
his inventions, his economic arrangements, his religious beliefs, 
may be left at the stage which had been reached when Newton 
died. What has happened since has been largely the filling of gaps, 
the sharpening of instruments already devised. Here and there are 
indications of a new sort of mathematics. We see a hint of it in social 
statistics and the study of the atom. We begin to see possibilities of 
new languages of size tyanscending those we now use, as the calculus 
of movement gathered into itself all that had gone before. 
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INSTRUCTIONS FOR READERS OF THIS BOOK 

The custoifiary way of writing a book about mathematics Is to 
show how each step follows logically from the one before without 
telling you what use there will be in talking it. This book is written 
to show you how each step follows historically from the step before, 
and what use it will be to you or someone else if it is taken. The jSrst 
method repels many people who are intelligent and socially alive, 
because intelligent people are suspicious of mere logic, and people 
who are sodaily alive regard the human brain as an mstrament for 
social activity. 

Although the greatest care has been taken to see that all the logical, 
or, as we ought to say, the graihmatical, rules are put in a continuous 
sequence, you must not expect that you will necessarily follow every 
step in the argument the first time you read it. An eminent Scottish 
mathematician gave a very soimd piece of advice for lack of which 
many people have been discouraged unnecessarily. “Every mathe- 
matical book that is worth anything,” said Chrystal, “must be read 
backwards and forwards . . . the advice of a French mathematician, 
dlez en avant et la foi vans viendraJ* • 

So there are two indispensable cautions which you must bear in 
mind, if you want to enjoy reading this book. 

The FIRST is read the whole book through once quickly to 
GET A bird’s-eye VIEW OF THE SOCIAL INTERCONNECTIONS OP MATHE- 
MATICS, and when you start reading it for the second time to get down 
to brass tacks, read each chapter through before you start wCrking 
on the detailed contents. 

The SECOND is always have pen and paper, preferably squared 
PAPER, in hand,^ also pencil and rubber, when you read the text for 
serious study, and WORK out all the numerical examples and 
figures as you read. Almost ?ny stationer will provide you with an 
exercise book of squared paper for a very small sum. What you get 
out op the book depends on YOUSf CO-OPERATION IN THE SOCIAL 
BUSINESS OF LEARNING. 



CHAPTER II 


FIRST STEPS IN MEASUREMENT 

or 

Mathematics in Prehistory 

SoAffi people will tell you that mathematics did not begin until there 
was a class with leisure to play with figures and numbers. Later on we 
shall find abundant evidence for the view that mathematics has 
advanced when there has been real work for the mathematician to 
do, and that it has stagnated whenevk it has become the plaything 
of a class which is isolated from the common life of manldnd. Whether 
this is true or false, it is a fact that mathematical brainwork, like other 
kinds of brainwork, depends on our biological and cultural inheritance, 
our social and physical environment. The Greeks, who were the fore- 
most mathematical writers of antiquity, lived in a world in which they 
saw people measuring the angles between the stars, building temples 
with the aid of diagrams tracdd on the sand, reckoning heights by the 
length of shadows, designing figures on clay, and making tiles. The 
men who first wrote books on mathematics lived in a world in which 
the priestly architecture of the Pyramids, magical games with numbers, 
Cyprian vases ornamented with geometrical patterns, walls and floors 
covered with mosaic tiles, were familiar objects. There were mer- 
chants counting out coins. There were tax-gatherers exacting tribute 
by measure. There were craftsmen slaves building with set-square, 
plumb-line, and water level. There were mariners taking their bearings 
from the Pole star. At best leisure can only provide men with the 
opportunity to reflect upon a world whose features are being trans- 
formed by those who lack leisure. 

In fact, it is quite wrong to imagine that mathematics was invented 
by leisurely and idealistic Athenians oyt of sheer fascination with its 
utter uselessness. The Babylonians and Egyptians were able to obtain 
results which represent no mean order of performance. In the art of 
calculation Babylonian technique was far superior to th^t of the Attic 
Greeks. "The great antiquity of such achievements and the close 
association of primitive scripts with the social activity of timekeeping 
suggest that we must retrace our footsteps a long w^ay^eyond the 
Nippur tablets and the Grpat Pyramid of Cheops, if we wrish to under- 
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stand the social origins of mathematical studies. By the time wnen 
people first began to write books ©n mathematics, mankind had found 
ways and meSns of answering several sorts of questions to winch the 
answer is a number. We shall be able to see how the need for mathe- 
matics took shape when we have examined some of these questions. 

1 . HOW MANY INDIVroUALS MAKE UP A GROUP? 

The extinct Tasmanian aborigines, who ha^ scarcely passed beyond 
th*e Palaeolithic level in cultural evolution, did not count beyond* four. 
We may assume that the need for counting large numbers of things 
was not felt until men began to keep herds and flocks. The shepherd 
and the herdsman must count the numbers of tlieir sheep and cows 
to see that none is missing, and long before men began to dwell in 
cities they had hit on the device of counting them in groups. In our 
number system we group objects for enumeration in tens, tens of 
tens (hundreds), or tens of tens of tens (thousands). This is what is 
meant when we say that ten is the base or group number of our system. 

Some multiple of five (five, ten, or twenty) recurs as the base or 
fundamental way of grouping numbers in nearly all systems of 
numerals throughout the world. This is due to the fact that primitive 
man, like a child, uses his fingers as a tally to check off the thin gs 
he counts. In the New World he sometimes uses his toes. A tribe of 
Paraguayan aborigines have names corresponding to the numbers one 
to four, five (one hand), ten (two hands), fifteen (two hands and afoot), 
twenty (both hands and feet). The ancient Maya calendar numerals 
(Fig. 106, Chapter 7) included separate signs for the units one to 
four, for five, for twenty, and for four hundred (twenty twenties).* 
There are traces of this hand and foot counting in our own language 
as seen in the frequent use of the “score” in the Old Testament. An 
even earlier way of grouping numbers in twos and fours (two hands 
and feet) is seen in the base t^o of the Syriac numerals (Fig. 3). In 
English we distinguish between once, twice and three times, four 
times, etc., or eleven, twelve and thirteen, fourteen, etc. 

2. HOW LONG AGO WAS IT? • 

We cannot say whether the use of numbers for counting objects 
like sheep or cows actually preceded another use which man found 
for numbers fts soon as he passed beyond the hunting and food- 
gathering stage. When he learned to sow grain and keep beasts which 
bear at certain periods of the year, he had to take stock of the seasons, 

* The same symbol was used somctiines for 360 and sometimes for 4^ 
(seep. 331). * 
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He noticed that the moon rises a little later and sets a little later each 
night between one full moon and the next, and began to group days 
in moons or months of thirty days. He also recognized, as do nearly 
all primitive peoples, that the constellations of the night sky change 
with the seasons, rising a little earlier and setting a little earlier every 
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These will be referred to again in later chapters. As stated at the end of this 
one, the zero bar was rarely used at tlie end of the number series in the sexa- 
gesimal Babylonian script. When put in as shown here the number 60 is 
1(60) + 0(1). The number 36060 is 10(60®) -h 1(60) + 0(1). The number 660, 
which is 11(60) + 0(1), would be written in the same way. A gap between 
the symbols or the context told you which was intended. 

night- Nearly all living peoples can keep track of the seasons by recog- 
nizing which constellations are jfirst seen to rise immediately after 
sunset, and are able to reckon the number of moons which intervene 
between one dry or wet season and another. The Egyptians had already 
fixed the length of the year as 365 days before 4000 b.c. by counting 
the days which intervened between two successive occasions when 
the dog star, Sirius, was just visible at its rising immediately before 
sunrise. 

The grouping of days to make a year was also recognized by the 
behaviour of the sun’s shadow- The sun’s shadow always pointed in 
one direction at midday when it was shortest. The noon shadow divided 
the horizon by a line, the meridian, going from what we call north to 
south. At different seasons the sun rose and set far towards the north 




Noon on the equinoxes (March 21st and September 23rd)j when the sun rises 
due east and sets due west. The sun’s shadow at noon always lies along the line 
which joins the ncftrth and south points of the horizon. This is also the observer’s 
meridian of longitude which joins |^he north and south poles. 


The zenith is the name which astronomers give to the spot in the heavens 


directly overhead. 


Note that tlie angle (A) of the sun ^ovc the horizon (called the sun’s “altitude”) 
and the angle (Z) which the sunbeam makes witli the plumb line or vertical (called 
tire sun’s zenith distance) make up a right angle or 90“, so that A = 90“ — Z and 
Z = 90° - A. 


as the number of days between one summer solstice and the next. 
The days of the vernal and autumnal equinoxes^ when the sun rises 
and sets exactly half-way between the north and south points on the 
horizon (i.e, due east and due w^t), wer? the occasions of special 
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rites. Side by side with the observation of the sun’s shadow throughout 
the seasons. Neolithic man was also learning to keep track of his meals 
and hours of labour by the length of the sun’s shadow cast by poles 
or stone monuments, which he erected to observe it. This growing 
awareness of time, which was quickened as a more stable agricultural 
and pastoral economy was established, had three very important 
consequences. ® 

Ainong living primitive peoples the social task of observing the 
passage of the seasons is sometimes entrusted to the oldest and wisest 
members of a tribe, or even to a single family, who have special know- 
ledge of the secrets of the heavens. The first remains of settled city 
life in Egypt, Sumeria, and distant Yucatan bear witness to this early 
separation of a priestly caste whose primary social function was to 
act as custodians of the calendar. It is a great mistake to regard primi- 
tive priestcraft as exclusively religious in the modern sense. It owed 
its existence to the economic necessity of recording the passage of 
time, and if the fulfilment of its task was mixed up with false and 
fanciful beliefs it also laid the first foundations of an organized body 
of scientific knowledge. These beliefs, fanciful and false as we know 
them to be, had far more in c&mmon with a scientific hypothesis than 
with what is now called religious faith. They were drawn from the 
everyday experience of mankind, and they represent the first step 
towards a rational interpretation of nature. 

Primitive man saw death and generation, sleep and waking, the 
basic rhythms of fertility and decay, mirrored in the changing heavens. 
The rising of new constellations, the lengthening and shortening of 
the sun’s shadow announced the time of lambing, seed-sowing, and 
the drying cornstalk The recurring phases of the moon coincided 
with the rhythm of woman’s fertile life. Sundown and sunrise were the 
signals of sleep and the physical tension of awakening. Nowadays, 
we are beginning to understand how these cycles of natural events 
become stimuli for rhythmical changes regulated by nervous impulses 
in our own bodies. We know tliat light Jbrings into action the pituitary 
gland which controls the reproductive cycle, and some coiuitries are 
now applying such knowledge extensively to increase egg production by- 
keeping fowls in continuous electric light. Pastoral man ^did not as yet 
realize that light can do^ without the hen, though the hen cannot do 
without tlie light. Pie was not yet able to understand that this great 
crude clock for seed-scattering and tending his beasts was not a great 
chief, an old man of the ttibCj who could be enticed or kept off by 





Sim's zenith disbrntce Sun's zemih distance Swri's zeruJh distanca. 

of ^La^dwia, OblLquity 

JEcliftic c£ IHiptm 

Fig. 0, — Egyptian Mjeasurement of the Obliquity of the Ecliptic from 
THE Sun’s Noon Shadow 

At noon the sun is highest. The folej the earth’s centre, the observer, and 
the sun are all in the same plane (or flat surface). On the equinoxes (March 21st 
and September 23rd) the sun’s zenith distance at noon is the observer’s latitude, 
(30° at Memphis). If the obliquity of the ecliptic is E, 

L + E — sun’s zenith distance on winter solstice (December 21jt). 

L — E = sun’s zenith distance on summer solstice (June 21st). 

So the obliquity of the ecliptic is 

i (sun’s z.d. on December 21st sun’s z.d. on June 21st). 

This will be explained more fully oh p. 362. * 

ii* 
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bribes. The priestly caste soon acquired a position of dominancej 
because the j^rst naive impulse to bribe and propitiate the august and 
puissant dwellers of the skies is highly profitable to those who act 
as their liaison officers. The shepherd cultivators bring presents for 
the gods and the priests wax fat on the presents. Five thousand years 
ago the priests of Chaldea were able to predict eclipses, which were 
events of solemn and portentous meaning to these star-gazing commu- 
nities, and they used their power to rule rather than to serve. The 
secret lore of the temple had become a tyranny, as all knowledge must 
when it ceases to be the common property of mankind. 

Centuries before they had ceased to perform a necessary social 
function, the calendar priesthoods had made two lasting contributions 
to the real enlightenment of mankind ."^To one of these we shall return 
at a later stage. The other was the invention of a numeral script. The 
use of numbers to count sheep and cows necessitates no permanent 
record. The need for a permanent record only began when careful 
observations of the seasons were made. Writing as a means of convey- 
ing messages was a much later development. It started when men 
first chipped marks on stone or wood to record the celestial events 
which were celebrated by festivals and offerings. 

The earliest number scripts all bear the impress of man’s ten fingers. 
In the ancient hieratic scripts of the Mediterranean world the numbers 
one to nine were actually represented by fingers. The later commer- 
cial script of the Phoenicians had a symbol for unity which could be 
repeated (like I, II, III in Roman script) up to nine times. There was 
a letter symbol for ten which could be repeated (like the Roman X, 
XX, etc.) nine times, then another letter symbol for one hundred 
(like the Roman C). This ancient Phoenician script, which was the 
basis of the numbers used by the Ionian Greeks and^ Etruscans, was 
cumbersome, but at least more rational than its successors. To make 
it less Ciimbersome, the Etruscans went back to one-hand counting, 
and added the symbols which in Roman numeration represent 5, 50, 
500 (V, L, D). The later Greeks rejected the Ionian script, adopting 
and bequeathing to the Alexandrians a number system which exhausted 
ail the letters of the alphabet, like the Hebrew numeral system. Wiiile 
this was compact, it had two consequences which proved to be disas- 
trous. One, which we shall study in Chapter 6, was that it encouraged 
tlie peculiar kind of number magic called “gematria.” The otlier, 
which is of greater importance, will be studied in Chapter 7. The 
introduction of a literal system for numbers made it impossible for 




The Pyramid of Cheops and tiiat of Sneferu are constructed on a common 
geometrical plan. The perimeter of the four sides, which face exactly the 
north, south, east, and west, has the same jratio to the height as the ratio of 
the circumference to the radius of a circle, i.e. 2 x 3}, or 2tt. According to 
Flinders Petrie: “The squareness and level of the base is brilliantly true, the 
average error being less than a ten-thousandth of the side in equality, square- 
ness and level.” At its transit across the meridian, the rays of Sirius, the dog 
star, whose heli»cal rising announced the beginning of the Eg3rptian year and 
the flooding of the sacred river which brought p:^osperity to the cultivators, 
were at right angles to the south face of the Great Pyramid, and shone straight 
iown the ventilating shaft into the royal chamber, illuminating tlie head of 
tire dead Pharaoh. The main opening and a second shaft leading to the lower 
chamber conveyed the light of the Pole star, wh|fh was then the star a in the 
constellation Draco> at its lower transit, three degrees below the true celestial pole. 
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the most brilliant mathematicians of Alexandria to devise simple rales 
of calculatiomwithout recourse to.mechanical aids. 

If man had had as many legs as the centipede, or if like the crayfish 
he had nineteen pairs of limbs, forming five functionally different 
sets, the evolution of a number language would have pursued a different 
course. Possibly also it '^ould have pursued a different course if man 
had not been a viviparous animal. The very great difficulty which Zeno 
and his contemporaries felt because they had no numbers which 
stretch like 0 • 1 might have been far less formidable if human beings 
laid eggs. In one of the earliest treatises on number, the Chinese Booh 
of the Permutations, which was written about 1100 E.C., we find the 
whole numbers divided into two sets, the odd number set (or “series”): 

1, 3, 5, 7, ... 
and the even nunjber series : 

2, 4, 6, 8, ... 

The even number series are ..perfectly divisible into two. The even 
numbers are “female.” The odd numbers are “male,” The perfect 
marriage of the two represents the complete number series : 

1, 2, 3, 4, 5, 6, 7, 8, ... 

For generations mankind has been dogged by the dijfficulty of 
representing the measurements he makes by these sexually complete 
numbers which were evolved to describe the size of groups of quite 
separate and distinct things. The clever people of the ancient world 
could not tackle the idea of a number like the square root of two (see 
p. 200), which is like an unhatched egg. A number had to be either 
a boy or a girl, 

This seemingly irrelevant association of number and sex need not 
surprise us. Number script was a by-product of an organized calendar, 
the need for which came from man’s preoccupation with his own 
fertility and that of his flocks. Another strain of phallicism can be 
detected in the number scripts of the ancient world. The prominence 
given to three was probably suggested by the male organs of generation. 
In many languages three times is used as a symbol of potency as in 
“thrice armed is he.” In the ancient systems of numeration we see 
signs of retrogression to these primitive preoccupations with fertility. 
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An example may be the interval of three introduced by the Romansj 
who took over the Etruscan numerals, thus : 

I II III IV V . . . (Renaissance) 

X XX XXX XL L ... (Roman) 

C CG CCC CD D . . . 

®The original Phoenician and Sumerian systems of numeration” fore- 
shadowed this development by favouring the grouping of signs in 
threes. The inversion of four, etc., is analogous to the old-fashioned 
habit of saying ten to five instead of four fifty. It proved to be a great 
inconvenience because it made it more difficult for the Romans to 
devise rules of calculation. Possibly the Romans would not have 
hampered themselves by this unfortunate inversion if human beings 
reproduced by external fertilization like frogs. 

Civilized mankind developed written symbols for numbers long 
before the need for rapid and simple means of calculation arose. In 
fashioning their number script men had no prevision of the require- 
ments of a script with which simple arithmetical performances could 
be carried out. As men were forced to deal with larger numbers they 
came to rely upon a piece of physical apparatus which circumscribed 
their whole horizon of number and measurement. Idealists make our 
problems unnecessarily abstruse by concealing the difficulties which 
beset these mathematicians of antiquity. The elasticity of their mental 
processes was continually cramped by the rigidity of their material 
equipment. They are given credit for being mysteriously profound 
when they were merely being unavoidably clumsy. When man got 
beyond the stage of relying entirely upon tally sticks, representing 
numbers by nojches, he hit on the practice of using pebbles or shells 
which could be rapidly discarded or used over and over again. So came 
the counting frame. At first it was probably a series of grooves on a 
flat surface. Then it was a set of upright sticks on which pierced stones, 
shells, or beads could be placed. Finally the closed frame seen in the 
lower part of Fig. 6 superseded the earlier type seen in the upper part 
of the figure. The coimting frame or abacus (Fig. 6) was a very early 
achievement qf mankind. It follows the megalithic culmre routes all 
round the world. The Mexicans and Peruvians were using the abacus 
when the Spaniards got to America. The Chinese and the Egyptians 
already possessed the abacus several millennia before tlie Christian 
era. The Romans took it from the Etruscan^ Till about the beginning 




2 4 - 9 = 10 + 1 
Add units, and carry over 
to X one for each ten 
thrown out 


60 + 30 4- 10 + 1 = 101 
Add tens, and carry over 
to C one for each ten 
■ thrown out 


100 4 - 800 + 100 4 - 1 
= 1001 

Add hundreds, and carry 
over to M one for 
each ten tlirown out 


Fig. 6.— Adding 139 to 862 on the Counting Feamb 


of tlie Christian era, this fixed frame remained the only instrument 
for caiailation that mankind possessed. 

To us figures are symbols with which sums can be done. This 

■t ■: 
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amception of figm-es was completely foreign to the most advanced 
mathematicia:^ of ancient Greece*. The ancient iinmbe:t scripts were 
merely labels to record the result of doing work with an abacus^ imtead 
of doing work with a pen or pencil. In the whole history of mathe- 
matics there has been no more revolutionary step than the one which 
the Hindus made when they invented the si^n “0” to stand for the 
empty column of the counting frame. You will see more clearly why 
tins was important, and how it made possible simple rules of calculkion, 
when you get to Chapter 7. Here we can notice two things about the 
discovery of “nothing.” The first is that if your base is 10, you only 
require nine other numbers to express any number as large as you 
like. Your ability to represent numbers is not limited by the number 
of letters in your alphabet. You do not have to introduce new signs, 
like the Roman X, C, and M, every time you multiply by ten. The 
other important thing about “nothing” you may begin to see if you 
look at the lower diagram. The new number vocabulary of the Hindus 
allows you to add on paper in the same way as you add on the abacus. 
How the invention was made and how it affected the after-history of 
mathematics must be left for the present. The important thing to 
realize is that the mathematicians of classical antiquity inherited a 
socigl culture which was equipped with a number script before the 
need for laborious calculations was felt. So they were completely 
dependent upon mechanical aids which have now been banished to 
the nursery. 

It is customary to distinguish between two ways in which numbers 
are used, cardinal numbers which signify how many individuals make 
up a group, and ordinal numbers which indicate the position of an 
event in a sequence. This distinction is not so important as another 
which resulted ^from the earliest attempts to record the passage of 
time. When we say there are ]!|)0 sheep in a flock, we mean the same 
thing as saying that the last sheep is the hundredth when they are all 
arranged in single file. Seasons record|:d on the tally stick stretched 
across the horizon of experience in the earliest stages of human culture 
like sheep arranged in single file. In treating each sheep as equivalent 
to another for the purpose of enumerating the flock all we mean is 
that each is qualitatively the same kind of individual as any other. 
Quantitatively, as regards height, weight, volsme, and the number of 
fibres in its fleece, one sheep is not the same kind of individual as 
another. The earliest calendars were not based on the measurement 
of time in equivalent interval. They recorded the ordinal succession 
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of events sharply marked ojff by natural phenomena. One day is 
separated from another by a varying amount of darkness just as one 
sheep is separated from another of different size by a varying amount 
of fresh air. 

Whatever is said about the use of numbers to represent the size of 
a group of individuals which can be arranged in single file applies 
equally to the use of numbers to signify the order which an event 
or thing occupies in some natural or artificial sequence. We can 
arrange a set of twenty-eight sticks of different sizes in a definite order 
of greater or less without having any information about how the length 
of any one of them corresponds with the scale divisions on a foot-rule. 
So likewise primitive tribes may fix t^e age of initiation in the four- 
teenth dry season without realizing whether the intervals between one 
dry season and another are truly equivalent. There is not much difference 
between the way we use a number when w'e say that there are seven 
sheep in a field, and when we say that Saturday is the seventh day in the 
week. There is a very big difference in the way we use numbers when we 
say that there are 365 days in a year and 24 hours make a day. When 
people began to divide up the day by the position of the sun’s shadow 
they started to use the old distinct numbers in a way which was quite 
novel. An hour is not separated from another hour by any namral 
event like the period of moisture between one dry season or another, 
or the succession of lunar aspects between two full moons. Hours and 
minutes only correspond with measurements on a scale, which we can 
use with greater or less precision according to the care we take in 
making the scale and in observing the pointer, i.e. the angle of the 
shadow, when the last grain of sand falls in the sand glass, or where 
the hand of the clock is. 

8. IN WIIAT DIRECTION DOES IT LIE? 

The need for accurate measurement grew naturally from the practice 
of time-keeping, which was an essential prerequisite of settled city 
life. It is fairly certain that people began to measure angles long before 
they troubled themselves very much with measuring lengths. The 
number of days in a year had been fixed by the heliacal rising of Sirius 
at the very beginning of settled city life aJong the Nile* Watching for 
the rising of a particular star or constellation involves knowing at 
what point of the horizon it will appear, and we have ample evidence 
that Neolithic man had learned to set up crude monuments to fix the 
direction of celestial phenomena, before there were cities which have 
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left any permanent remains. To recognize the direction in which an 
object will he seen on the horizon we must observe it, from some fixed 
points and be able to refer to some fixed line. Two fimdamental lines 
of referenccj the prime meridian which joins the north and south 



Fig. 8.— Fixing the North-South Meridian 


points on the horizon, and the line at right angles to it joining the east 
and west points, had probably been settled before the great calendar 
civilizations began. Their discovery constitutes the frst mathematical 
problem in the social practice of mankind. 

The choice of the north-south meridian was based on the position 
of the sun’s shadow when it is shortest at midday. It also points 
directly towards the pla(?e in the heavens around w^hich the stars revolve 



52 First Steps in Measurement or 

The recognition of the east west meridian or equinoctial presented 

a similar problem, and the orientation of burial sites shows that it 
also antedates any city life. We are so accustomed fo be taught that 
the sun rises in the east and sets in the west that many of us do not 
realize that it only does so on two days of the year—the vernal and 
autumnal equinoxes, when night and day are of equal length. In our 



Fig. 10. — The Son’s (apparent) Annual Motion in the 
Celestial Sphere (see p. 64) 


winter the sun rises and sets in l^e south-east and south-west, in 
summer in north-east and north-west. The great fertility festival of 
the spring equinox was fixed for the day when the sun rises and sets 
midway between the two extreme positions which it occupies on the 
winter and summer solstices. Ancient monuments like Stonehenge, 
and remains of the Maya calendar culture, show how the sun’s position 
at sunrise or sunset on the solstices was fixed by al^nment with two 
pillars- of different height. Possibly the position of the equinoctial sun 
at rising or setting was located by bisecting the angle shown in Fig. 9. 
Alternatively it may have been fixed by making a line at right angles 
to the north-south meridian (see p. l29)s 



Mathematics in Prehistory 


53 


By the time when we first have written testimony to the cultural 
achievements of, the ancient world/ the priesthood had ’ been long 
familiar with the precise direction of stars when they reached their 
highest altitude (transit) above the horizon. The south face of the 
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Zodiacal Constellations 


^ idyzntbgr 
>ac^iitsmus' 


Great Pyramid which was built labout 2800 b.c. was so placed that 
the rays of Sirius at its transit struck it at right angles. One ventilating 
shaft leading to the royal chamber was so accurately placed that the 
dead Pharaoh was illuminated by the Dog star when it crossed the 
meridian. The main opening and a second shaft'let in the light of the 
Pole star, a Draconis, at its lower transit. The astonishing accuracy 
of these constructive feats was the fruit of centuries of recorded 
observations, and the means of retarding the direction in which some- 
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thing lies still bear the impress of the physical reality from which the 
measurerde'nt of the angle took Jits origin. 

In the ancient priestly lore the whole orb of heaven revolved around 
an axis passing through the celestial pole. Sun, moon, planets, and 



A simple theodolite or astrolabe for measuring the angle a star (or any other 
object) makes with the horizon (altitude), or the vertical (zenith distance) can 
be made by fixing a piece of metal tube exaaly parallel to the base line of a 
blackboard protractor, which you can buy from any educational dealer. To 
the centre point of the protraaor fix a cord witii a heavy weight (e.g. a lump 
of type metal which any compositor will give you free if you ask him nicely) 
to act as plumb line. The division opposite the cord when the object is sighted 
is its zenith distance (Z), and the altitude Qt) is 90°— Z. If you mount this to 
move freely on an upright wooden support which revolves freely on a base 
with a circular scale (made by screwing two protractor^ on to it) and fix a 
pointer in line with the tube, you can measure the azimuth (az) or bearing 
of a star or other object (e.g. the setting sun) from the north-south meridian. 
To do this fix the scale so that it reads 0“ when the sighter is pointed to the 
noon sim or the Pole star. This ;fvas a type of instrument used to fmd latitude 
and longitude in the time of the Great l^avigations. You can use it to find the 
latitude and longitude of your house (Chapter 4, p. 167), or make an ordnance 
survey of your neighbourhood (Chapters 4, p. 158, and 6, p. 247). 

stars revolved about it in parallel circles. Each day the moon slipped 
back a little in the celestial sphere so that it rises later and sets later as 
it waxes and wanes. Each day the sun seemed to slip back a little slant- 
'^ise across the celestial sphere, so that the same stars rise earlier on suc- 
cessive nights^j and some are invisible at seasons when the sun occupies 
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jbe same position in the heavens. The slanting track of the sun through 
the belt of zodiacal constellations accounted for the fact that it was 
higher at some seasons in the noontide heavens than at others. Finding 
the length of a year demands accurate measurement, and it is not 
surprising that first estimates were not as good as later ones. The 
Babylonian year was at first 360 days, and the addition of five feast days 
to twelve Egyptian months of thirty days suggests that the Egyptian 
year "had also been at one time 360 days, Thtis the circular track ’of 
the sun in the ecliptic belt of the celestial sphere was mapped out in 
360 steps, each corresponding with a day and a night. There is little 
doubt that the degree had its origin in these 360 natural divisions of 
the sun’s journey through the whole angle described in its complete 
circular track (Fig. 1 1). Two midennia before the Christian era tlie 
priesthoods of the ancient Mediterranean world knew the angle which 
the sun’s slanting track (Figs. 5 and 10) makes with the equmoctiaT 
(“obliquity of the ecliptic”) within a fraction of a degree. Babylonian 
relics show that they possessed instruments essentially similar to the 
astrolabes (Fig. 12) or primitive theodolites which remained in use 
till the telescope was invented. With these they mapped out the local 
heavens, circles of altitude and azimuth (compare Figs. 13 and 118). 

You will now be able to see more clearly why the measurement of 
direction put numbers to a new use. Numbers had been invented to 
describe separate things, and they fitted these separated things exactly. 
This can never be true about measurements. However hard you may 
try to divide the boundary of a circle into 360 equal parts, they will 
not really be equal. They will only be as nearly equal as your instru- 
ments allow you to make them. Then again, even if you use your 
astrolabe, the ancient form of sextant, or the modern sextant which 
has a telescope am^i a vernier, as carefully as you can, the direction will 
never exactly correspond with one of the divisions marked. In practice 
you have to take the nearest division as the correct mark. In one way 
or another the same complication about the use of numbers arises in 
connection with all the remaining^questiofis. 

4. HOW FAR DOES IT STRETCH? 

M<;n built hotels for their celestM visitors and earthly representatives 
long before they liad the sagacity to think about^ making houses .fit fdi 
themselves to dwell in. The construction of calendar monuments for 
sighting the direction of heavenly bodies and of burial edifices for the 
embalmed remaiy*'* of the sky-born Pharaoh en|,aiied accurate measure- 
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merits of distance. The two pyramids of Cheops and Snefera at Gizeh 
are constructed on the same geometrical plan^ which is explained in the 
legend of Fig. 5a with Petrie’S comments. The accuracy of construc- 
tion which is characteristic of the temple architecture is bound up 



with the horizon or the vertical (altitude or zenith distance) and the angle 
it makes with the meridian (azimuth). 

with their essential social function, l^eing built to receive their heavenly 
guests, th'-se ancient monuments had to have a very precise orientation, 
which has been illustrated b^i' the arrangement of the ventilating shafts 
in the Great Pyramid at Gizeh. For many millennia men were content 
to use crude anatomical units of length for most practical purposes. 
The Semitic peoples used the cubit or distance from the tip of the 
middle finger to the elbow, as farmers still use their legs to pace out 
a field in “feet” or yards. For ordinary purposes they were content with 
a unit of length which varied from one individual to another- Temple 
architecture demanded | far higher standard of precision, and W'as based 
on the long-lost art of shadow reckoning in the sunnier climates where 
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civilization began. Heights were reckoned by the length of the shadow 
and the angle of the sun above the horizouj and reckoning heights in 
this way depends on certain simple truths about the relation between 
the lengths of the sides of a triangle. 

The earliest mathematical discoveries belong to this class of prob- 
lems. At a very early date the Babylonians knew how to make an angle 
of 60° by inscribing a figure of six equal sides’ (hexagon) in a circle 
(Fig! 14). All over the ancient world we find evidence of a very simple 
recipe for making an angle of 90°, which depends on the fact that a 



A regular hexagon (figure with six sides of equal length) inscribed in a circle 
by marking off along the boundary intersecting arcs with the same radius. 

triangle with sides 3, 4, and 5 units of length is right-angled. According 
to one legend the priestly architects of Egypt laid out a right angle by 
knotting together three pieces of rope as in Fig. 15, the lengths of the 
pieces being in the ratio 3:4:5. |f this is pegged down at the knots, 
a perfect set square is obtained. Five or six thousand years ago the 
Egyptians and Babylonians had discovered at least one case of a general 
rule about the sides of a right-angled triangle (see Fig. 16). Geometry 
books state it in these words: “the.isquare on the longest side (hypo- 
tenuse) of a right-angled triangle is equal to the sum of the squares 
on the other two^des/’ Thus a right-an^ff^iriangle is also formed 
if we knot toother three pieces of rope, 6 yards, 12 yards, and 13’ yards 
long, stretch it out, and peg it down at the knots as in Fig. 15. You 
can see at once that 
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The use of the degree or three hundred and sixtieth part of the circle 
as a unit of angtilar measurement may also help explain the early 
discovery of another important truth. The Egyptians and Babylonians 
both knew that the circuMerence of a circle always has the same ratio 


4 5 



Fig. «16 


to i^dlameter. This ratiOj ^hich we represent by the Greek letter tr, 
is roughly 3y or correct to 4 decimals in our number script 3 '1416, 
The Babylonians used a crude approximation, reckoning it to be 3*0. 
The Egyptians, on the other hand, gave a much closer approximation. 
The sides of the pyramids at Gizeh and their heights are in the ratio 
11 : 7,* making the ratio of half the perimeter to the height 3-^ The 
Ahmes papyrus (about 1600 B.c.) gives the ratio of the circumference 
to the diameter as 3*16 in our notation. The Moscow papyrus gives 
& formula for the area Of a sphere making rr equivalent to 3T4, Thus 
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tKe Egyptian menstiration of the drcle Was correct within I per cent. 
The great antiquity of a simple rtcipe for making an angle of 60° 
gives us a clue t6 the reason for selecting the hour as a unit. Dividing 
the working day by the direction of the sun’s shadow into intervals 
which are not separated by any natural break depends on choosing a 
suitable angle as unit for calibrating the shadow clock (Fig. 17). In 
one hour the celestial sphere (or, as we would sly, the earth) turns on 
its azis through 360 ~ 24 = 15°, In Chapter 4 you will see that«of 



ILong side, 6 feet (5® = 25 square feet) 

Short sides, 4 feet (4^ = 16 square feet) 

3 feet (3* = 9 square feet) 

26 = 16 + 9 
, or 6» = 4* + 3» 


all angles less than 90° the easiest* to make are 30°, 60°, and 46°. Once 
we have found hoW to make angles of this size we can get fractions of 
them by repeated division into two. OfThe three angles mentioned 
60° alone can be divided so as to* give a whole number of degrees. It 
can in fact be divided successively twice, giving four angles of 15°, 
the arc (see p. 127) through which the sun rotates about the axis of 
the celestial sphere in one hour. 

With the progress of building, the right angle of 90° based on the 
plumb line and water level became increasingly important as a measure 
of the size of an angle. The urban angle of thp builder was such and 
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such a fraction of a right angle instead of so many degrees (see Fig. 18 ). 
As temple construction became a mania which exhausted the resources 
of these old priest-ridden communities, the priests felinquished their 
greatest cultural achievement, the measurement of the angle, to a 
craftsman class of slaves and freed slaves. The knowledge of architec- 
tural mensuration which this subject class possessed has left no records 
other than the geometrical perfection of their achievements. The only 



reason why we customarily speak of the Greeks as the first mathe- 
maticians is that the Egyptians have left practically no literature telling 
how they achieved what are still some of the most astounding feats of 
measurement in the history of mankind. Such fragments as we have, 
like the Rhind papyrus of the scribe Ahmes, show that the state of 
their arithmetic was at the same ieypl as that of the Greeks who came 
later. They left so small a literature because the literate class had no 
disposition to broadcast its priestly secrets, and the craftsman class of 
surveyors, engineers, architects, ^d mariners, not being scribes, 
passed on their knowledge by oral tradition. The class basis of edu- 
cation in the ancient times led to much loss and wastage of valuable 
knowledge. ^ 

6. HOW MUCH flat space DOES IT ENCLOSE? 

The pillage of the cultivators by the ruling caste which ordained 
the building of these vagt temples and tombs led to a system of taxation 
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of the lanu- in Egypt. Herodotus tells us that the Nile was wnstantly 
overflowing and washing away landmarks, and so giving rise to dis- 
pute over taxes due and property rights. This brought into being a 
craft of surveyors. Side by side with the craft of surveying, the Egyp- 
tians paid great attention to schemes of irrigation, especially in connec- 



Fig. 18 . — The Urbanization of the Angle 
In placing the Temple with reference to the four cardinal points in the great 
circle of the horizon, the angle of the quarter year (J of 360 = 90) and the 
angle of the set-square are seen to be one and the same thing, plumb-line and 
WATER LEVEL gave US the definition of the right angle as an independent unit 
of measurement. The pillar of the Temple is upright when it inclines equally 
to the horizon line oh either side like the plumb line. A right angle is also the 
angle the plumb line makes with the hprizon. 

tioa with the prophesying of the flooding of the sacred river. Here, 
again, the priesthood could only ijacrease their power by parting with 
the secrets of power. Egyptian surve3dng supplemented the measure- 
ment of the angle with the measurement of area. We do not know 
exactly how peopje hit on the square as the unit of area. A variety of 
equally plausible explanations offer themselves? One is that it was 
suggested by the way we fill up a space to mend a piece of basketwork 
— craft which preceded weaving. Another is that it grew out of the 
use of mosaic tiles, or was suggested by the chetker-board pattern see 
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on early Babylonian pottery. There are some grounds for supposing 
that one very early discovery. afcout area was madq by drawing on 
square-tiled floors. One of the first examples of block printing (Fig. 19) 
in China seems to be based on a copy of such a drawing which illus- 
trated the so-called theorem of Pythagoras possibly known to the 
Chinese before him. Jhe Egyptians and the Babylonians knew how 
to find the area of the triangle if its sides are known, and the area of the 
circle whose radius is known. Their method of finding the area of the 
circle depended on dividing it into small, approximately triangular strips. 

Asking how much flat space a wall encloses is equivalent to asking 
how many square tiles of a standard size could be laid on it if it were 
squeezed to a suitable shape (Fig. ^0). Of course the thickness of the 
tiles is irrelevant. The number used to measure a length tells us how 
many times some standard which we call the unit can be placed along- 
side the distance we are measuring. The measurements we make when 
we say how many bricks end to end are needed for the foundations 
of a wall (length), how many bricks must be laid down to make a 
brick floor (area), and how many bricks axe required to fill a space 
(volume), are all intercoimected, provided we are talking about the 
same kind of brick. So it is important to be very clear what unit is 
chosen when numbers are used in this way. The unit of fla,t space 
(surface or area) is a square whose side is some standard length. 
Lengths are only of the same kind and suitable for comparison when 
they are “so many times” the same unit. To compare a line 3 inches 
long with a line 6 feet long, we must express them both as inches 
(3 and 60), or feet (| and 5), or use some independent standard (e.g, 
7 ‘6 and 150 centimetres). So likewise to compare areas we must keep 
to the same standard of length. A square with a side 10 inches long 
encloses 100 square inches, and is four times the ar$a of a square with 
sides 5 inches long enclosing 25 sqware inches. A square with a side 
10 inches long is only one thirty-si^ of a square whose side is 5 feet. 

6. HOW MUCH SOLID SPACE DOES IT^FILL? 

When exchange was confined to barter, grain, wine, and oil were 
measured ki vessels. Social custom dictated a more or less constant 
shape and size of the vessels used. Relics of these etude measures are 
still used in EnglandT. For instance, the hogshead is a large cask the 
size of which differs according to the kind of beer or wine sold. The 
English system has advanced very little from the Bronze Age level 
The pint and the gallon (vessd measures) are still used more than the 




The Book of Chou Pei Suan King) probably written about A.D. 40, is 
attributed by oral tradition to a source before the Greek geometer taught what 
we call the Theorem of Pythagoras, i.e. that the square on the longest side of 
a right-angled triangle is equivalent to the sum of the squares on the other 
two. This very early example of block printing from an ancient edition of the 
Chou Pei) as given in Smith’s Histeyr^ of Mathematics) demonstrates the truth 
of the theorem. By joining to any right-angled triangle like the black figure 
eBf three other right-angled triangles just like it, a square can be formed. 
Next trace four oblongs (rectangles) like each of which is made up of 
two triangles like efB. When you have read Chapter 4 you will be able to put 
together the Chinese puzzle, which is much less puzzling than Euclid. These 
are the steps: 


Triangljj efB = \ rectangle eafB — ^Bf.eB 
Square ABCD = Square efgh •+• 4 times trjangle efB 
==eP + 2Bf.eB 

Also Square ABCD = B/"- + eB^ -)- 2B/ . eB 
fi/® + 2B/ . eB = B/a + eB“ + 2B/ . eB 

ef» ^ BP + 
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cubic foot. As commerce developed along the Sumerian trade routesj 
the acceptance of a common standard to compare vessels of different 
sizes became a social necessity. The measurement of volume by the 
number of cubes with sides of standard length required to fill a solid 
space was probably used first by the Sumerians^ who built with bricks. 




Fig. 20. — Man Learns to Measure Areas 
At first the value of land was reckoned by how much barley or rice could be 
grown on it. Nature does not make all com stalks or all grains of barley alikej 
but man can make square tiles which can be fitted together to make patches so 
nearly of the same shape that they cannot be distinguished by the naked eye. 
If a square is made with n tiles (m is 3 in our figtue) in the outermost row, the 
length of each side is n times the length of the side of a single square tile. The 
number of tiles which go to make the square is n rows of n tiles, that is to say, 
n times « tiles. That is why we call n multiplied by itself n squared, written 
M*. The fundamental mie or area is based on the tiled floor. The rule is that n* 
i^ts of area make up the area of a square the side of whic-h is n units of length, 

o 

7. HOW MUCH MATTER DOES IT CONTAIN? 

We still measure solids which can be packed tightly by volume. 
For instance, we speak of so many bushels of flour and barley. Such a 
measure was obviously useless to the Phoenician traders who first 
visited our shores for tin. The Sumerians and their Semitic successors 
in Asia Minor took to trading at an early date. The founding of great 
trading ports like the city of Tyre was followed by tlie colony of 
Carthage on the west border of the Mediterranean. Phoenician ships 
were plying north to barter with the megalithic communities of 
Brittany, Cornwall, andDevon by 1600 s.c. About 600 b.g. the Cartha- 
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ginian Harmo had tacked along the African coast beyond the equator. 
So soon as ships began to steer Beyond sight of land, the priestly 
economy of the ancient civilizations was doomed. Star measurement 
had become part of seafaring lore. 

To a trading people, as the Bible reminds us, the false weight is an 
abomination. So it is not surprising that the civilizations of Mesopo- 
tamia and Asia Minor outstripped that of Egypt in devising a system of 
weights and measures. The need for constant reckoning in commercial 
undertakings is associated with a very high development of arithmetic. 
At Nippur fifty thousand tablets of a large library, most of which was 
destroyed by the Elamites about 2000 b.c., have been recovered. 
There was already a school of commercial arithmetic for traders. 

Babylonian arithmetic )ust fell short of being an instrument of 
computation as efficient as our own. The principle of position, which 
will be explained in Chapter 7, was used consistently on a sexagesimal 
scale of 60. Repetitive combinations of the sjnmbols for one and ten were 
used to make the fundamental numbers from 1 to 59, corresponding to 
our use of the symbols for 1 to 9 as fundamental numbers. Above that 
position indicated so many times 60 or 3600 or other powers of 60, 
just as we represent so many times ten or a hundred or higher power 
of ten. Like the Hindu and Maya notations, it employed a zero, 
which was intercalated to represent a gap in the sexagesimal series, as 
we might distinguish between 33 and 303. However, it rarely appears 
to have been used in the terminal position, as when we distinguish 
33 and 330. This step seems to be all that was lacking to make 
the notation amenable to the Arabic devices we ourselves use. 
Babylonian arithmetic never actually advanced to the invention of a 
system of “algorithms,” though it might well have done so. For rapid 
calculation tables of multiplication, addition, subtraction, division, 
squares and progressions were, compiled with a thoroughness in 
keeping with the apparatus of modem computing. The tradition of 
Greek arithmetic rooted in Pythagorean, number magic had far less 
in common with our own; and the Attic numerals, if less cumbersome 
than this vastly more ancient number script, were totally incapable 
of giving birth to the algorithms or calculating rules, of which every 
child of twelve ,is now the fortunate possessor. Another feature of 
Babylonian arithmetic is essentially modem. la expressing fractions, 
denominators were not specified. Sexagesimal fractions were used in 
the same way as we use decimal fractions, except that there was no 
device like our dot (comma on the ContineiiS) to signify the precise 

Mathmtatics for the Million G 
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meaning to be attached to a set of figures. Babylonian arithmetical 
tables, like modem tables of logarithms, left the order of magnitude 
implied by the symbols to be inferred from the context. 

What has been said about the measurement of direction applies 
equally to length, to area, to volume, and to weight. The use of numbers 
in measuring weight is to tell us how many times a standard weight 
balances a particular object when they are placed in opposite pans on 
the scales. This is not the same kind of thing as counting sheep in 
a flock or days in a year. Two objects may balance one another on one 
pair of scales, though one of them may be seen to be the heavier if a 
more sensitive balance is used. Whatever uniG; we choose, whatever 
instruments we use, the male and fenjale, odd and even numbers which 
we use to count coins or cattle can never convey an exact description 
of the weight or volume of an object, the area of its surface, the length 
of its sides, or the angle at which it is placed. We shall find it easier 
to solve some of our diSiculties, and difficulties which perplexed the 
cleverest people in ancient times, if we realize at the beginning that 
numbers were first used to denote the exact order which an object or 
event occupies in a series, and that the need for rules in using numbers 
first arose in applying them to measurements which can never be 
exact. 

Exercises on Chapter II 

DISCOVERIES TO MAKE 

1. Find several circular objects, such as a dustbin lid, clock face. 
Measure the circumference and diameter of each and find the value 
of the circumference divided by the diameter in each case as accurately 
as you can. “ 

The following sets of instfuctions relate to triangles. Notice in each 
instance what conclusions are suggesfed by them. 

2. (a) Draw a triangle with sides 10 centimetres, 8 centimetres, and 
6 centimetres. The way to do this is to draw a straigjit line anywhere 
on tire paper and mark off a distance AB equal to 10 centimetres. 
Adjust your compasses so that the distance between the point and the 
pencil is 8 centimetres. Place the point of the compasses at A and with 
the pencil draw an art? which ywU have a radius of 8 centimetres. In 
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the same way draw as arc with a radius of 6 centimetres with centre 
at B. Join C, the where the two arcs cut, to A and B, and vou 
will have the triangle you want. 

Draw triangles with sides : 

(h) 9 centimetres, 15 centimetres, 12 centimetres. 

(c) 17 centimetres, 8 centimetres, 15 centimetres. 

3" In all three triangles measure the angle between the two shorter 
sides of the triangle. 

4. The Egyptian method of laying out a right angle is still in use. 
The following is a quotation from Bulletin Number 2 of the Ministry 
of Agriculture and Fisheries (1935). It is part of a set of directions for 
laying out a plantation of fruit trees. 

“The easiest method of chaining a right angle is as follows: The 
24th link is pegged at the point from which the right angle is to be 
set out, the nought end of the chain and the 96th link are pegged 
together, back along the base line, so that the piece of chain 0~24 is 
taut. If the 66th link is taken in the direction required until both 
the sections 24-66 and 66-96 are taut, then the point reached will be 
at right angles to the base line.” 

If you can find a convenient space, peg out the Egyptian rope triangle 
and the surveyor’s triangle. The link referred to is 7-9 inches long. 
Satisfy yourself that these are both ways of setting out a right angle. 

5. (a) Draw a right angle. Measure off on the arms of the angle 
distances of 6 centimetres and 12 centimetres. Join the ends to form 
a triangle. Measure the other side. 

(J) In the same way draw a right-angled triangle with sides 12 
centimetres and 16 centimetres long, and measure the third side. 

{c) Draw a right-angled triangle with sides of 7 centimetres and 
24 centimetres, and measure the third side. 

6. Draw a triangle with one side 2 ihbhes long, and the angles at 
either end of this side equal to' 30°. Draw triangles with one side 
3 inches and 4 inches respectively, and the adjoining angles 30°. Measure 
the other sides in all three triangles. 

7. Draw three triangles with one side 2 inchesj^S inches, and 4 inches 
respectively, and the adjoining angles 45°. Measure the sides and test 
the rule of Fig. 16. 

8. Draw three triangles of different sizes^eaA witb two equal 
rides, and measure al the angles. . 
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9, Find out what the sum is of, all the three angles added together 
in all the triangles you have drav/n. 

10, Draw two triangles and try to make their shapes different from 
any you have drawn before. Measure the angles and add them together 
in each triangle. 

TESTS ON TRIANGLES 

1. Look back at the right-angled triangles you drew in the last 
section numbered 2 (a), (&), (c), and 5 (c), (&), (c). In each triangle 
call the longest side c, the next longest side a, and the shortest b. Find 

h\ and for each triangle, and verify in each case that the following 
statements are true : 

CS = + fes 

== c® - 

2. If in any right-angled triangle 

c == 26 and u = 24, what is 6? 

If a = 24 and b — 18, what is c? 

If — 34 and b — 16, what is a} 

3. If in any triangle two angles are 45°, what is the third angle? 

If two angles are 30°, what is the third angle? 

If one angle is 30° and the other is 60°, what is the third angle? 

If one angle is 75° and the other is 15°, what is the third angle? 


THINGS TO MEMORIZE 

1. In a right-angled triangle, if c is^the longest side and a and b are 
die otlier two sides : 

2, In any triangle, if A, B, C are the angles: 

• A-f-S-f-C — 180° 



CHAPTER HI 


THE GRAMMAR OF SIZE, ORDER, 
AND NUMBER 
or 

« Translating Number Language 

Speaking of mathematics as the language of size and the rules of 
mathematics as rules of grammar is something more than a mere figure 
of speech. It helps us to unders^nd mathematics if we recognize how 
fundamentally alike are the languages with which mankind is able 
to describe the different sorts and the different sizes of things in the 
world. In every aspect of mathematics the similarity is very close. 
If you are interested in the structure of language, you will find that 
a close study of the grammatical resemblance between mathematics 
and the languages of everyday life repays the space we shall devote 
to it in this chapter. If you think grammar is a dull subject, it will 
be wiser to skim through the pages which follow and return to them 
later, when occasion arises. 

In communicating information about different sorts of things in 
the world, primitive man first learned to substitute crude pictures 
for speech to record seasonal occurrences for future use. These pic- 
tures gradually came to serve for objects denoted by the same sound 
as the thing depicted. Chinese writing appears to have evolved mainly 
on these lines. As time went on the pictorial character of writing 
became less recognizable. When the illiterate peoples of the Western 
world started tQ write, they used the pictorial symbols of their 
teachers and conquerors to represent sounds. Writing ceased to have 
any pictorial significance. The correspondence between the message 
and the event could only be recognized when tlie message was trans- 
lated into speech. This broad division between two kinds of writing, 
picture-writing or hieroglyphics and alphabetic-writing or letter script, 
has its parallel in mathematics. The literature of mathematics begim 
with tile pictorial or hieroglyphic language which we call geometry. 
In the course of lime geometry evolved along a line which* recalls 
tlie evolution of the Chinese language. Figures were first used as 
diagrams for shapes and surfaces or volumes. They also came to be 
used as charts for the solution of arithmetic^ problems. At a much 
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later date people stopped using nothing but pictures to record how 
numbers behave. They began to use letters, and compiled dictionaries 
in which you find the meaning of the words used. Such diction- 
aries are called tables. There is nothing more mysterious about 
understanding the meaning of sin 15° than the meaning of the French 
word “ecoutille.” Sin 15° is found by looking up the number given 
for 16° in the tables 5f natural sines. This is an essential part of a 
ship’s equipment. In the tables it is given as 0*2588, |ust as the meaning 
of “ecoutiUe” is given as “companion-hatch” in the French dictionary. 
True, this does not tell you how to use sin 15°. Neither does knowing 
that “Ecoutille” means “companion-hatch” tell you how to use the 
word “ecoutille,” unless you happen to know what part of a ship 
a companion-hatch is. In both cases, knowing how to use the word 
is part of knowing all about a ship. 

Dictionary language, or, as mathematicians caU it, “analysis,” came 
later than hieroglyphic language, and grew out of it; but it has never 
supplanted the need for it completely. Even in ordmary language 
we have not outgrown the hieroglyphic method. A good cartoon is 
worth a whole volume of political oratory. Today there are many 
different dictionary languages. Each has its own peculiar merit. The 
French language is especially suitable for the exercise of ironical wit. 
The English language is especially suitable to convey scientific truths 
concisely. The tortuous projixity of German diction can be used to 
befuddle sensible and decent people till they believe that Hegel’s 
dialectic makes sense and Jew-baiting makes a nation prosperous. So 
different kinds of analysis which go by such names as “the infinitesimal 
calculus,” “vector notation,” “matrix algebra” are severally used for 
different ways of coimting and measurmg things. The fiindamental 
similarity of aU grammar, whether it is the grammar o/ sort or the gram- 
mar of is shown by the two fundamental parts of speech common 
to languages of each type. One part of speech is the noim, which 
represents the things referred to in a sentence. The other part of speech 
is the verb, which tells you what to do with things, or what the things 
are doing. 

NOUN. — The nouns of mathematical grammar are called numbers. 
Just as we can recognize different kinds of nouns v/hich we call 
proper nouns, common nouns, abstract nouns, collective nouns, and 
pronouns, we can recognize corresponding ways in wliich numbers 
can be classified. It took the human race a very long while to recognize 
the different uses to which numbers had been put, and many diffi- 
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cwlties which arise in learning how to apply the rales of mathematical 
grammar are due to the fact that do not grasp at the outset two 
fundamentally distinct ways in which numbers are used. 

As long as man counted time in. days and measured wine In flagonsj 
he was not bothered about the fact that he was pressing the same 
words into service of two radically different ways of describing size. 
We can call these two different ways of using numbers: counts or 
proper numbers, and estimates or common numbers. We count hif- 
pemiies, votes, apples, quarter-days, and population. We estimate 
heights, voltages, areas, quarts, and pulse-rates. We may call numbers 
used to measure the size of a group proper numbers, because there 
is only one such number which., correctly describes the size of the 
group. If you say that there are 15 sheep running in a field, you mean 
that there are 15 sheep, and not 15*001 or 14*999 sheep. The number 

15 stands for something quite definite, just as the proper noun 
“Abraham B. Stubbins” stands for a perfectly definite person. If you 
say that the height of your room is 15 feet 3 inches, all you can mean 
is that it is nearer to the mark 15 feet 3 inches than it is to the marks 

16 feet 2 inches and 15 feet 4 inches on a scale divided in inches. If 
you lilte to take a smaller scale marked in tenths of an inch, you can 
give another estimate. With a finer scale and a vernier you could give a 
figure correct to the nearest hundredth of an inch. The microscope of 
the bacteriologist can measure to a hundred thousandth of an inch with- 
out difficulty. The spectroscope can detect differences of one hundred- 
billionth, i.e. 0*00000000000001 centimetres. There is no reason to 
suppose that our present spectroscopes are the most accurate instru- 
ments that human bemgs can ever make. Discrepancies between 
estimates of the size of an electron made durmg the last thirty years 
are far greater than the discrepancies between present estimates of 
the size of the earth and those ma^le two thousand years ago. To speak 
of astronomy and physics as the exact sciences is merely a misnomer. 
Perhaps it is popular because it helps idealist philosophers to overlook 
the existence of biological science which deals with the imperfections 
of their own brains. 

The point to be clear about when you talk of the size of a room is 
that the number^^you give is only one of an enormously large class of 
numbers near to one another, just as the common noun “men” stands 
for a large number of animals very much alike, and including among 
their number Tom, Dick, and Harry. Tom, Dick, and Harry remind 
ns that the distinction between proper nouns %id common nouns in 
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ordinary grammar is not nearly as clear-cut as the definitions of school 
books seem to indicate. In the fable of the big bad wolf, Mr. Wolf 
is a proper noun. When we use “Tom, Dick, and Harry..” together 
idiomatically, they are really common nouns. The fact is that there 
are a good many Toms, Dicks, and Harrys in the world. We rely on 
the context to tell us which particular Tom, Dick, or Harry is meant. 
Nowadays we have several means of indicating when a number is 
being used as a common noun. If the smallest divisions of my measuring 
rod are inches, the statement that the room is 15 feet 3 inches or 
183 inches high means that it is nearer to the 183 than to the 182- 
or to the 184-inch mark, i.e. it lies between 182| (183 — | inches) and 
183| (183 -f- 1 inches). So what wf really mean by saying that it is 
183 inches high can be stated more precisely by saying that it is 
183 i; I inches. In applying mathematics to the real world, proper 
nouns like 183 or whole numbers only correctly describe the size of 
groups made up of separate individuals, like the membership of a 
trade union, or the contents of a ballot box. For all other uses, 
when numbers correspond with common nouns, we need numbers 
which stretch, like 183 ±0*5. Otherwise we rely wholly on the 
context to make clear what we mean. A height of “183 inches” 
measured with a rod marked in tenths of an inch really means 
183 di 0-05 inches. 

The difficulties which have arisen in the history of size language 
because numbers were first used for separate things recalls a corre- 
sponding stage in the history of ordinary speech. Some linguists hold 
that primitive man made separate noises when he pointed to a black 
cow, a white cow, or a brown cow. Development along this line was 
prevented by the constant need to manufacture new words. Civilized 
peoples have dealt with the difficulty of distinguishing individuals and 
groups of individuals in different w§ys. One is by inventing separate 
noises which we call adjectives, like black, brown, or white. This 
enables us to go on recogni 2 iQg more and more things without multi- 
plying our vocabulary beyond practicable dimensions. We have also 
invented other devices. If an individual happens to have the surname 
“Smith,” his parents may give him the Christian names “Morris 
Marmaduke Mornington.” It is not likely that there wpi be two persons 
named Morris Marmaduke Mornington Smith in the same street. 
In the English language— -not in Russian — Christian names are now 
essentially adjectives. 

The dual use of nulabers for counts and estimates has been the 
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source of continual misunderstanding between the practical man and 
the mathematician. In the next twd chapters we shall see how it pro- 
duced the first crisis in the history of mathematics. When confronted 
with the difficulty of making whole numbers fit measurements which 
imperfect human beings, using imperfect sense organs, make with 
imperfect instruments in an imperfect and changing world, the practical 
man was long content to go on adding fresh divisions to his scale of 
melsurement. You can see that this works very well up to a point 



by examining the following illustration. Suppose four men are asked 
to measure the area of an oblong field which is 300 yards broad and 
427| yards long. We will assume for the time being, as the practical 
man himself does assume, that it is actually possible for a field to be 
exactly 300 yards broad or exactly 427| yards long. Suppose also that 
the first man has rope of 100 yards, the second has a tape of 10 yards, 
the third has a pole of 3 yards, a?jd the fourth a rule 1 yard long. None 
of them finds any difficulty with the first side. Their measures can 
be placed along it just 3 times, 30 times, 100 times, and 300 times 
respectively. The trouble begins with the side 427| yards long. The 
first man finds that this is more than 4 and less tiian 5 times his 
measure, so his estimate of the area lies betweet./ that of a field of 
300 X 500 squa|e yards, or 150,000 square yards, and that of a field 
800 X 400, or 120,000 square yards (see Fig.«21). The second finds 
that it is more than 42 and less than 43 times his measure. His estimate 
lies between 420 x 300 and 430 X 300 square yards. Let us make 
a table of all their estimates J 
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Measure 
100 yards 



1 yard 


Lower Lindt {square yards) 

300 X 400 = 120,000 
300 X 420 = 126,000 
300 X 426 = 127,800 
300 X 427 = 128,100 


Upper Limit {square yards) 

300 X 600 = 160,000 
300 X 430 = 129,000 
300 X 429 = 128,700 
300 X 428 = 128,400 


If you look at these results you will see that the upper estimate of 
the first crude measure is 30,000 square yards (or 25 per cent) bigger 
than the lower estimate of 120,000 square yards. For the last and best 
estimate, the upper limit is 300 square yards greater than the lower 
limit of 128,100 square yards. The excess is 1 in 427, or less than 
\ per cent. To put it in another way, th,e first estimate is 135,000ih 16,000 
square yards. The best of all the estimates is 128,250 ±160 square 
yards. 

This illustration gives us an historical picture of how the practical 
man solved the problem of making numbers fit measurements. Instead 
of inventing numbers, he kept on v&m.% flock numbers by making 
smaller and smaller divisions of his measure. If he could not measure 
out exactly a pound of flour, he divided the pound into ounces. For 
many millennia after they learned to use the abacus, men always dealt 
with fractions as small units of measurement. Even three hundred 
years ago, mathematicians used degrees (^), minutes (xeVff)* 
seconds (yitVsxr)? represent fractions of lengtlis, weights, or 
even sums of money, because it was difficult to think of a fraction 
as a real number without a metaphorical scale divided into clear-cut 
segments. A real number was a whole number Hke 2 sheep or 6 cows. 

The Greeks, who wrote books about the sort of figures which the 
architects and surveyors of Eg 3 q)t traced upon the sand to guide them 
in their work, were the first to bother themselves about the fact thai 
practical men were using number in jwo different ways. In comparing 
figures which they drew with two very imperfect instruments, the 
compass and the ruler, they soon found that they were not always 
able to represent sizes by sheepish aqd cowlike numbers, which must 
be either odd or even, male or female, like sheep or cows. In a different 
social context this might have been a first step *‘o planning a rational 
number language. Actually it led to stagnation. Greek madiematics 
was ncft financed by the Air Ministry like modern aerodynamics. It 
did not have to produce results which could be used. Instead of seeking 
to perfect the language of number, fhe Greeks sought perfection in 
the skies. They banished number and units of measurement from 
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geometryj and exalted mathematics as an aid to spiritual perfection. 
Mathematics was only able to take another step forward when the 
Alexandrians began to look for measurements instead of perfection 
in the skies. 

The story of tnis crisis will be told later on. Here we shall only 
refer to a curious trick which made confusion, worse confounded. To 
dodge the imperfections of Greek number language, Eudoxus intro- 
duced into the study of figures a custom which recalls the triangular 
simplicities which hypnotized the Hittites in 1936 b.c., and still 
befhddle the followers of Hegel in a.d. 1936. To avoid using units 
like “cubits” or “centimetres” they said that the size of a figure, 
line, or angle must be one of three things. Either it is greater than 
(>), less than (<), or “equal” to (==) another figure, line, or angle. 
The Athenian intellectual did not examine the sort of things about 
which these words can be used. If he had actually done so, he would 
have seen that the seeming perfection and exactitude of his geometrical 
proofs was suppositious. 

There are three ways of describing the size of a group or object. 
The first and crudest is the statement of a single limit. For instance, 
I know that the “stolen bacillus” is smaller than Mr. Wells. As I 
cannot recognize a baciUus with my eyes and can recognize an object 
1 /1000th of the size of Mr. Wells, I can say that the bacillus is less 
than 1 /1000th of the size of Mr. Weils. In mathematical language, 
& < W /lOOO. Unless I happen to remember the dimensions of the 
hydrogen atom, or the size of a molecule of egg-white, or the limits 
of visibility of the microscope, I cannot state any quantity than which 
the stolen bacilli^ is greater (b > ?). Conversely, I know that the 
distance (S) from Southport to the star Sirius is greater than the dis- 
tance (s) from Soathport to Syracuse. I even know that it is more than 
a thousand times greater. In «Qathematical language, S > 1000 s. 
Unless I have a book on astronomy I have no way of recalHag the 
distance of any star which is farther awa 35 .than Sirius, i.e. any distance 
than which the distance from Southport of Sirius is smaller (S < ?). 
Statements which involve only one limit can often be made about 
measurements of objects. They can sometimes be made about groups. 
For instance, I may know that the number of blood corpuscles in the 
human body is much greater than the number ofinhabitants in Ibndon, 
or that the number of fleas in the world is greater than the number 
of men in the world, without being able to^give a number for the 
upper limit in either case. 
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Such crude statements are the first step in measurement. True 
measurement involves the statement of two limits. We have already 
iEustrated this by what has been said about the height of a room or 
the area of a field- limit is a number of units greater, the other 
limit is a number "of units less, than the number of units we take as 
mean estimate. We may also describe the size of a group in this way. 
Fo 5 instance, we may be told that the population of London is 11 
million, that the population of Liverpool is 1 million, and that the 
population of Moscow is somewhere in between. We can then give 
a plus or minus estimate for the population of Moscow as 6 ± 5 million. 
As long as we are only using numbers to represent units of measure- 
ment, statements like this are the most that we can ever make. All we 
can hope to do is to narrow the margin of uncertainty which is bounded 
by the number in front of which the ± sign is put. 

In comparing groups we can sometimes make a third kind of state- 
ment. If every hen in a run lays 4 eggs per week, the number (n) of 
hen’s eggs laid per week is exactly four times as great as the number 
(N) of hens m the run. In mathematical language this sentence reads 

w = 4N 

The important thing to notice about this sentence is that it is exactly 
true when, and only when, it is made about the size or arrangement 
(order) of a group of separate things, like individual hens and individual 
eggs. When we are talking about the size of any thin g we can actually 
trace on sand or model in wax like a figure in Euclid’s geometry, 
exact equality has no place. If the geometrical line is really something 
which can stand for the height of a stone wall, and the geometrical 
rectangle is a figure which can stand for an oblong field, the best that 
we can say about either of them is that it is less tifan so many times 
and greater than so many times another line or rectangle. For instance, 
if they are very nearly the same size, I may be able to say that the line 
is less than 1 -001 times and greater than 0-999 times another line. 

One of the great cultural advantages of our own century is that we 
now possess fractions that stretch as well as fractions that do not. 
A fraction that does not stretch, like §, is perfectly satisfactory for 
describing the ratio of a group of individuals or object-o to one another. 
If 300 voters go to tfie poU in one ward and 100 ballot papers are 
wrongly filled in, the number of votes counted will be f the number 
of voters. If one wall is 15 feet long, and is only covered with wallpaper 
up to 10 feet, we cannot say that | is papered in exactly the same sense. 
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Our measurements of 16 feet and 10 feet, like all measurements, are 
fallible beyond a certain point. This can be easily expressed in a com- 
pact form by using the decimal fraction 0 • 6. 0 ■ 6 means a quantity 


^ 10 


66 

m 

Is 

A 

"^ioo 

666 

667 

^ 1000 

^1000 

6666 

6667 

^ 10000 

^ 10000 

66666 

^ 66667 

^ 100000 

^ 100000 


In using the decimal fraction 0*6 we can stop short at any point 
according to the accuracy of which our instruments are capable. 
If our error of measurement is 1 in 100, it is pointless to go on adding 
more sixes after 0*66. Since 0*67 exceeds f by which is one two- 
hundredth of the latter, and f exceeds 0*66 by yi-os which is one 
hundredth of the former, either 0 • 66 or 0 • 67 corresponds to the fraction 
I in so far as it can represent a measurement made by a scale with a 
1 per cent margin of error. The decimal fraction gives us the means 
for expressing just how much we know and how much we do not know. 
Decimal fractions have only been in general use for a century. We have 
to thank the National Assembly of the French Revolution for this part 
of our social heritage. Till about five hundred years ago one practical 
man had no such simple way of expressing how much his observations 
might differ from, those of another practical man. 

It happens that we can make^the decimal fraction 0-6 as near to 
I as we like by putting down sixes till we get too tired to add more. 
Once we are used to the practice of going on as long as we like, we 
have no difficulty in seeing that^ there may be plenty of numbers for 
which we can find no simple ratio of two male numbers, or of one 
male and one female number like The decimal fraction 0-6 can be 
written in number symbols because it simply consists of a. decimal 
series of sixes. If it consisted of numbers that did not make any obvious 
pattern, we should have to find a substitute for a number noun. In 
modern mathematics, as in ordinary speech, there are pronouns. Two 
of the most important are w and e, both of vffiich we shall hear more 
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about later. The first is the ratio of the boundary to the diameter of 
a circle. We use the Greek letter it pronounced pie) because the exact 
value we give depends upon the use to which we put it. If we wish 
to make a cylinder head true within an error of, say, 1 per cent, it 
is good enough to take it as 3*14. If we want to malte a cylinder head 
that is true to an error less than 1 in 10 , 000 , it is good enough to take 
it as 3T416. How lon^ we make the tail of the fraction depends upon 
whether we are designing a Roman chariot wheel, the piston of Puffing 
Billy, or a modern aeroplane engine. Like 0*6, tt is really a family of 
numbers ail very near to one another. We use the pronoun ■n- because 
there is no convenient way of expressing the family resemblance by 
a common noun of number languagCj, 

In mathematics letters are gener^y used for nouns in a some- 
what different way. In addition to proper nouns and common nouns, 
grammar books distinguish between abstract nouns Hke “justice” and 
collective nouns like “people.” This distinction has added to the 
congestion of intellectual traffic instead of preventing it. Indeed, one 
of the greatest cultural revolutions in human history was the recognition 
that the abstract noun of the grammarian is a mixed bag. Sometimes 
it is indistinguishable from a collective noun. Sometimes it is just 
a compact way of writing out a collection of adjectives. Often it is 
nothing but what the anthropologist calls “magic gesture.” The 
idealist philosopher Plato gave abstract nouns like “justice” an existence 
independent of the social circumstances of the people who describe 
a social action as just or unjust. Plato’s curious views about such 
words were dosel^ :onnected with his curious views about numbers. 
Both were wafted into his firmament of universals which ihe scholastic 
theologians believed to be as definite a place as heU itself. Modern 
science began when men like Roger Bacon and Franks Bacon rejected 
the world of “universals” and set ajjout making words describe the 
solid earth of human experience. We do not need to draw a distinction 
between abstract and collective nouns in mathematics because mathe- 
matics is a language of action. The l^itters of the alphabet which are 
used for whole families of numbers having something definite in 
common, correspond with what we call collective nouns and the better 
sort of abstract nouns. In ordinary speech the value 9 / such nouns is 
that tliey save time and space. The same is true of size language. 
Take the following ways of stating the same rule as an example. 

(i) “The area of an cfelong floor in square units (e.g. square feet) 
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is found by multiplying the length by the breadth in corresponding 
units (e.g. feet).” 

More shortly this may be written thus: 

(ii) Area = length X breadth. 

This can be boiled down to the still more compact form: 

(iii) A == /&. 

Using the letters A, h shows us how to find the area of rooms 
of different lengths and breadths, so that we do not have to write 
the rule out again for every different size of room, and writing / next 
to h means that I and & have to be multiplied together. The use of 
abstract or collective numbers like n to stand for any number of the 
particular things we are talking about, just as the abstract noun “colour” 
stands for red, blue, green, etc., in different contexts, is not confined 
to providing us with a compact way of stating a rule. It also helps us 
to find simple rules of calculation. Here is an example of a simple 
rule of this sort shown in Fig. 22. 

Suppose we have a set of chairs arranged in rows, each of which 
contains one more chair than the preceding row and one less than 
the one which follows. If we want to know how many chairs there 
are altogether, or to use the word generally applied to an addition, 
the mm of all the chairs, we have no need to go to the trouble of 
counting them one by one. We can iBnd the sum by a simple rule 
which applies to adding up a big family of sets of numbers like the 
numbers of chairs in each row. If the first row consists of one chair, 
the twelfth will consist of twelve, and the sum of all the chairs in the 
first twelve rows will be : 

14.2 + S+4 + 6 + 6 + 7 + 8 + 94-10+114-12 
% 

We can rearrange the numbers in this sum like this : 

(1 + 12) + (2 -f 1 1) + (3 + 10) + (4,+ 9) + (5 -b 8) + (fi + 7) 

Each of these pairs adds up to 13, and there are six pairs in all, making 
the whole sum 6 times 13, i.e 78. Now let us write out what we have 
done without ti^mg proper nmnbers. We had a certain number of 
numbers to add together. Call it n. We arranged them in pairs, maldng 
half as many pairs as n itself, i.e. pairs. The sum of each pair of 
numbers added up to the same as the sum of the /irst number (/) 
and the last number (/) in the set, i.e. the sun^ of each pair was briefiy 
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(/+ Oj since there were |« pairs altogether the total was ^n(f + I). 
Before you go any farther you can add up the first twenty and the 
first thirty numbers and you will find that you get the same result 
by the very much quicker method of applying the simple rule we have 
just built up. For instance, if you add up all the first thirty numbers 
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Number (n) of rows = 9 

Number in first row (/) = 1 

Niunber in ninth (last) row (/) = 9 
Sum = in(f + /) = i . 9(1 + 9) = 46 
Fig. 22.— Sum of First Nine Numbers 

Note that the formula works equally well for counting all the chairs in rows 
3 to 7 inclusive. In this case the number of rows (n) is 6, the first number (/) 
is 3, the last (/) is 7. So the sum is a 

i . 6(3 + 7) = ij^5 X 10) = 26 

(1 to 30) you will find the sum is 465. There are 30 numbers (n «= 30) 
of which the first is 1 and the last is 30. So according to our rule the 
sum should be | . 30 (1 + 30) = 15 X 31 = 465. 

The next thing to notice is that the rule given applies whether we 
start with the first row of chairs or any other one. l^or instance, wc 
might have started witit the third row (in which there are 3 chairs), 
and gone on to the twelfth. In that case there would be ten rows, 
i.e. ten numbers to count (« — 10), of which the first/— 3 and the 
last / — 12. The sum v/buld be | . 10 (3 4 - 12) = 75, three less than 
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78, a result which is obviously right, since we have only left out 
the one chair of the first row and ‘the two chairs of the second row. 
Or test the rule like this. The sum of the numbers from 1 to 30 
(ail the chairs in the first thirty rows) is the sum of the numbers from 
1 to 12 (i.e. 78), and the eighteen numbers which follow from 13 to 30. 
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Number of rows (n) == 6 
First number (/) = 3 

Last number (/) =15 

Sum = 4«(/+ /) = i . 6(3 + 16) 

= 45 

Fig, 23.— -Sum of the Set 3, 6, 9, 12, 16 

NoTE.r- (1) The formula works because the numbers can be arranged in a 
“series” increasing or decreasing by the same amount (3) each time. 

(2) The formula saves you the trouble of actually counting any rows except 
the first and last if you know that the series grows in this way. 

The sum of the first twelve is 78, the sum of the next eighteen should 
be 1 . 18 (13 + 30) = 9 X 43 = 387, and 387 added to 78 makes 
465, which was what we got by direct addition. 

Another thing |o notice is that the usefulness of this rule for cutting 
out laborious addition is not confined to sets of numbers which increase 
by one at a step. Take for examine the set of numbers-* 

7 12 17 22 27 32 
We can add these in pairs thus : 

(7 + 32) + (12 + 27) + (17 + 22) 

Each of these three pairs adds up to the sum of the first (7) and 
last (32) numbers, i.e. to 39, and the sum of all the six is therefore 
1 . 6 (7 + 32). The reason why we can arrange them in such pairs 
is that each number differs from the one before by the same amount. 
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So the result of adding the second to the last but onCs the third to the 
last but twOj etc., is fust the same' as adding the first to the last. The 
mle therefore holds for all sets of numbers arranged so that the differ- 
ence between the second and the first is the same as the difference 
between the third and the second, and so on. You may be worried 
at first because it holds for a set of n numbers when n is an odd number. 
The reason for this willl not be difficult if you notice that the middle 
one of a set of numbers which go up or down in this way is always 
half the sum of the first and last. Thus, if you arrange the first thirteen 
numbers in pairs, you get 

(H-13) + (2-f 12) + (3+ll) + (;4d-10) + (6 + 9) + (6-f8) + 7 

Now 7 is half of the sum of the first and last numbers (1 + 13). So 
we have here 6|, i.e. J of 13 pairs of (1 + 13), and the rule which we 
have used when n is an even nximber applies equally well. The sum 
of the first 13 numbers is ^ . 13 (1 + 13) = 91, which is 13 more 
than 78, the sum of the first twelve numbers. 

.Verbs.— When we use letters for abstract or collective numbers 
to ccsnvey rules in mathematics as in the last example, wq usqglly 
indicate multiplication by putting the numbers multiplied next to 
one another. To show that a whole collection of numbers is included 
in what is to be multiplied we use brackets. For instance, the number 
phrase a(b + c) means that a is multiplied by the sum formed by 
adding b to c. Thus 3(5 + 2) means 21, i.e. (3 X 7). This is not the 
same thing as ab-\-c. Using the same numbers, the last statement 
would mean (3 X 6) + 2, i.e. 17. We have to use the less compact 
form 3x5 when writing numbers because the more compact form 
iiad already been used for something quite different. For instance, 

means thirty-five and not fifteen, and 2| does not mean | of 2. We 
are now going to look more closely a't the meaning of signs like “x” 
and or putting two numbers next to one another like / and b 
in the rale for area. Perhaps it is better to write the rule in the some- 
what more familiar form: 

/X6 = A 

We have seen what, this statement means as a sentence expressed 
in ordinary language. As it stands it is a mathematical sentence. 
Sentences in mathematics are called equations. An equation is nothing 
more than a complete lentenee in sige language. As we all know, a 
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sentence must contain a verb, and the verb tells you what the noun 
does. We have already seen that A, /, and h are nouns. The marks 
“X” and are number verbs. Because mathematics is a practical 
language and not a sentimental language, there is one peculiarity of 
mathematical sentences or equations. They always contain the verb 
infinitive “to get,” which is written in the mathematical alphabet 
Mathematicians themselves do not call marks like “x” and 
verbs, they oil them operators, just as Americans call workmen 
operatives. This means that they are not simply there for ornament, 
like dukes or beefeaters. They do real work. The complete translation 
of the mathematical sentence 

would read thus : 

“the length must he multiplied by the keadth to get the 


You have now no difficulty in seeing that what mathematicians call 
operators are exactly the same thing as useful verbs in grammar. 
C. K. Ogden, inventor of Basic English and one of the most practically 
minded intellectuals of our time, deserves our gratitude for building 
a bridge between grammar and mathematics by foreshadowing a 
rational language in which there is a clear correspondence between 
the rules of grammar for size and sort. Once you understand this 
correspondence there is nothing mystiJEying about an equation. We will 
make sure that we understand it by putting the two ways of saying the 
same thing in two columns. 


Verbal Statement 
(Rhetorical algebra) 
The length 
must be multiplied,by 
the breadth 
to get 

thei4rea , 


Mathematical Equation 
(Symbolic algebra) 

I 

X 

h 

A 


Having got this clear, wc can now examine the verb or operator 
“X.” This we can do more clearly by taking the case of the sentence 
which describes'a room 3 yards by 4 yards and area 12 square* yards. 
There are two different ways in which the sentence can be translated. 
The first is the hieroglyphic or cartoon method, which in mathematics 
is called geometry. This is to make a scale drawing of the floor, say 
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3 inches by 4 inchesj divide the length and breadth into inchesj fill in 
the number of squares and count thiem, as in Fig. 24. You will find that 
there are 12 of them. The other way is to remember that the multipli- 
cation table tells you that 3 times 4 or 4 times 3 are 12. This is dictionary 
language, or, as mathematicians say, "analysis.” The multiplication 
table is a dictionary. Four hundred years ago nobody learned the 
multiplication table beyond two times. Till we had schools to meet 
thi needs of a merchant class whose livelihood depended on the airt of 

\ 

I 


units 
1 
I 

I 

-• 4 - unitS'"'-’' > 

Fig. 24.— Hieroglyphic Multiplication 

In the picture language of geometry we can represent the operator (or ’mathe- 
matical verb) “ X ” in the mathematical sentence 3 x 4 = 12 by the direction 
“make a rectangle 3 units of length by 4 units of length and count the number 
of squares.” 

calculation, the multiplication table was a work of reference like the 
dictionary (Fig. 25). Drawing a scale diagram may seem to you a very 
roundabout method. That is only because the multiplication table is 
part of your social heritage. The hieroglyph “x,” which means "draw 
a rectangle to scale and count the unit squares,” is the older mathe- 
matical language for translating th^ verb "multiply,” just as hiero- 
glyphics are older than the alphabet. The dictionary method of 
translating “x,” which is equivalent to saying "recall to mind or 
look up such-and-such a line and cofumn in the multiplication table,” 
was a late social acquirement. 

This very simple example discloses one very important fact about 
the hiatory of mathematics. The progress of mathematics has depended 
very largely upon discovering more socialized and less individualistic 
ways of dealing with numbers (see Fig. 25). The hieroglyphic or 
geometrical translationiof "X” involves doing something new for 
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(every time you use itj you have to find the area of a rectangle) 
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The Socialized Table of Multiplication 
From a very eariy,book on Arithmetic using Arab numerals (fifteenth-century 
copy of Holyv'ood’s • 

Fig. 26 

In the socialized table of multiplication the area of each rectangle is seen at 
once by the number which has the position coj^-esponding vertically with 
one side and horizontally with the other. The counting of the square units 
of area has been done once for all. All you have to do is to read the resuJtj 
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yourself every time you want to find the quantity of linoleum necessary 
to cover a room. When you use the dictionary language, you avail 
yourself of the social amenity of a set of numbers which have been 
written down once and for all. Translating mathematical verbs in 
picture-writing gives you a free Intourist ticket to the and 

leaves you to pick up*the language from the inhabitants, or, if you 
prqfer it, it gives you an ordnance map and leaves you to find your 
way across tountry with the help of it. Translating mathematical 
verbs “analytically,” as mathematicians say, puts in your hands 
“Russian Self-taught,” or, to use the other metaphor, takes you to 
a railway station and gives you a time-table with which to get to your 
destination. With an ordnance map^you have to use your own indi- 
vidual legs. At the railway station you have the benefit of a social 
amenity. 

In English the same word is often used as different parts of speech. 
In the vocabulary of the racecourse, an EngHsh paper may say “Back 
Windsor Lad for the Derby.” “Back” is then an operator, or, as we 
usually say, a verb. It conveys a direction, just as “ X ” or conveys 
a direction. In the proverb “the last straw breaks the camel’s back^* 
the word “back” is a noun. Unfortunately matiaematicians have the 
same bad habit. When they write 10^, which means 10 x 10 (or two 
tens multiplied together), 10 is a number and 2 in the top right-hand 
corner is a direction for action, that is to say, an operator. When they 
write 2^®, which means 2x2x2x2x2x2x2x2x2x2 (or ten 
twos multiplied together), 10 written in the top right-hand corner is an 
operator and 2 is a number. Such defects in mathematical language 
are not so bad as the corresponding faults in ordinary speech, because 
we indicate that 2 or 10 is being used as an operator by putting 
it in an unusual position and printing or writing it in smaller type. 
The same thing is done with collective or abstract numbers. The 
statement: 

a” — d! X a X a X a . .ton terms 

(or n a’s multiplied together) is a sentence which tells us what kind 
of action we are expected to take when a number is put in the top 
right-hand corner. In this equation n is an operator, and a is a number 
The same recipe could be expressed by putting 

f 2 ® =|fi X « X « X » . . . to a times 
or n® » a n's multiplied together 
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Here n stands for a number and a for an operator. The second sen- 
tence also tells you what to do whfen a number is written in the top 
right-hand comer. 

Dictionary language can convey a good deal that could never be 
expressed by hieroglyphics alone. So also number language can convey 
directions which cannot always be communicated by figure language. 
You can see this at once by examining the meaning of 10®, 10*, 
as in the table below : 

Operator Figure Language of Greeks Dictionary Language of Hindus 

2 Find the area of the square Multiply 10 by 10 (two tens 

of side 10 = 100 square pnits multiplied together) == 100 

3 Find the volume of the Multiply 10 by 10 by 10 

cube of side 10 = 1,000 (three tens multiplied to- 

cube units gether) = 1,000 

4 No meaning Multiply 10 x 10 x 10 X 10 

(four tens multiplied to- 
gether) = 10,000 

A phrase (or “expression”) like 7® provides us with another 
example of the socialization of the mathematical verb. The operator 
3 written in the top right-hand comer may convey one of the fol- 
lowing directions; 

(a) Find the volume of a cube with side 7 units long. 

Q>) Multiply three 7’s together. 

(c) Look up 7 in the table of “cubes.” 

In Chapter 10 we shall find another meaning more completely 
coliectivked than (c) expressed by a sentence with four verbs : 

7® = antilog (3 log 7) 

Ail this means is : “Look up 1 m the table of logarithms, multiply 
what you find there by 3, and then look up the result in the table of 
antilogarithrns get 7®.” Going through two tables would not be a 
great saving of time if you intended to find 7®, but it would 'be an 
immense saving of time if you wanted 777®, 

We have seen that a letter like “x” in an “expression” (or phrase) 
like iO"'' is not a collective or abstract noun. It & a verb which includes 
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the meaning of a lot of other verbs. It stands for any particular verb 
like 2 or 5 in expressions like 10^ or 10®. There is nothing outside the 
realm of ordinary speech in this way of manufacturing collective or 
abstract verbs, '^en I say that I am putting up at a boarding house, 
I generally mean that I am sleeping:, washing, dressing, eating my break- 
fast, and paying my b^l at the end of the week. I can go into higher 
orders of abstractions. Mathematicians do the same. If I say that I 
am going to stay in Moscow, I mean among other things that I am 
going to get a ticket from Intourist, pack my trunlcs, and take a steamer, 
as well as put up (with all that that includes) in Moscow. We need 
not give an equivalent illustration of these higher abstractions in size 
language at this stage. We shall meet them later on. 

There is always a danger of carrying this so far that we get lost in 
a maze of symbols. The mathematician then does what the sensible 
editor does. He brightens up the discussion by bringing in a cartoon. 
He goes back to his hieroglyphs, to geometry, whenever he can. To go 
back is not quite the right expression, because new kinds of hieroglyphs 
such as “graphs” have been devised (like business advertisements) to 
give a vivid picture of operations which could not be conveyed by 
the earlier kinds. For instance. Fig. 26 shows how the geometry of 
the Reformation could give us a clear picture of the race of Acuities 
and the tortoise. Euclid’s geometry could not. It left out time. The 
operation — ^squaring x — can be represented in Greek geometry, 
which could not make a diagram or model corresponding to x®. When 
we come to the Reformation geometry in Chapter 9, we shall see that 
the graph of is just as easy to draw as that of xK 

This tendency of number language to come back to the firm earth 
of figures and models, when doubts arise, has played a great part in 
building up the rules of what mathematicians call proof. In one sense 
proof has much the same relation t<j discovery as art criticism has to 
authorship. Mathematical truths are usually discovered by experiment- 
ing with individual cases first and ^'proved” afterwards. The proof is 
then an obituary notice on a praisev/orthy statement. It exposes how 
it is co^ected with all the other mathematical rules we have learned 
to use. As we are always learning other rules, the metiiods first used 
to justify a rule in mathematics are nearly always helsjl to be lacking in 
“rigour’ - by mathematicians who come later. This is how one of our 
most abstract mathematicians. Professor G. H. Hardy, spealcs of one 
of the most abstract brtpches of mathematics : “The theory of numbers, 
more than any other branch of mathematics, began by being an experi- 
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mental science. Its most famous theorems have all been conjecturedj 
sometimes a hundred years or more before they were proved; and 
they have been suggested by the evidence of a mass of computations,” 
One aspect of what is called proof is close to what the Apostle Paul 



Greek’ geometry, like Greek number language, could not catch up with the 
tortoise of Zeno. This was because Greek geometry took space from the temple 
architects and the tax surveyor, and left time to the priests who made the 
calendars. The Reformation, which did away with saints’ days, came about 
when merchants were prospering from the Great Navigations. The Great 
Navigations were possible when the world was being mapped out in latitude 
and longitude. The new geometry of the Reformation was based on the map 
method. It put time into geometry. So it can tell you at once when Achilles 
did pass the tortoise. This will be explained in Chapter ix, 

meant when he advocated experimental ethics in advising us to “prove 
all things and hold fast to that''which is good.” It is the testing of 
particular results obtained from using a new kind of script by reference 
to earlier methods of getting similar results. 

For instance, measurement oT areas was studied centuries before 
rules for dealing with fractions were invented. The proof of the rule 
illustrated by the equation 

3 4^12 

5 ^ 7 35 

shows how the Arabs and the first calculators sought to justify the 
rules governing fractions. We turn back to tLe geometrical operation 
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"X ” to seek an area (Fig. 27). To do this we make 3 segments of a line 
of unit length divided into 5 segments represent the fraction f, and 
4 segments of a line of unit length divided into 7 equal segments 
represent the fraction f. The example represented by the figure is 
an illustration of the general recipe stated in the sentence (or equation) 

a c ac 
' i^d--bd 

In what sense can a figure be called a proof? One answer is that it 
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Fig. 27.— Picture-writing can be Used for Testing the Rule Illustratcd 
BY THE Mathematical Sentence (or “Equation”) 

3 4 _ 12 

6 ^ 7 “ 36 

exposes the historical relation between what is already knowHi the way to 
measure areas, atid what is in process oj becoming known, the correct way 
in which to use fractions. We have seen that such fractions can only 
represent areas in an approximate sense. What, then, do we mean by 
saying that the rule is proved by tho) figure? One answer is that the 
rule fits the figure as closely as our method of drawing a figure justifies 
us in expecting it to do. There is nothing absolute in the corre- 
spondence. We get the same kind of relief in looking^at the figure as 
in seeing a good cartoon. 

In the grammar of European languages, like our own, verbs are 
classified in conjugations by the way in which they are used to express 
the time at which an actidn takes place. Different kinds of mathematical 
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ferbs cannot be classified in this way. In so far as time is expressed 
by operators (Chapter 9) we have -to use different onesj fust as the 
perfect tenses (completed time) and imperfect tenses (continued time) 
of our verb- “to speak” have to be translated by two totally different 
verbs in the Russian language. We need not be discouraged to find 
imperfect correspondence in all details of size grammar and sort 
grammar. An Englishman is surprised to find that Russian verbs have 
gender like French nouns. Before Ogden and Jespersen we had 
no real grammar of English. What we have been taught as English 
grammar is a pretence that every rule in Latin must have some equiva- 
lent rale in English. Apart from the vestigial genitive used for animate 
objects, case has no meaning applied to nouns in modern English. Just 
as English grammar differs in some respects from Latin grammar, 
the grammar of size is not identical with the grammar of sort in every 
detail. Hence the similarities which we are now recognizing must not 
be interpreted in a hard-and-fast sense. 

There are various ways of classifying mathematical verbs. Two of 
them are worth recognizing early. Before doing so, we may note that 
there are no intransitive verbs in mathematics. All mathematical verbs 
must have an object, because size language is not a language of reflec- 
tion, but a language of participation in the world’s work. The first 
way of classifying mathematical verbs depends on their relation to 
the rest of the sentence. One class of operators might be loosely com- 
pared with reflexive verbs like *T wash myself when I get up.” The 
phrases “3 -f 4” or “3 X 4” mean just the same thing as “4 -f 3” 
or “4 X 3” respectively. We only need to know one-half of the multipli- 
cation table. Now “|” or “3 -r 4” and “3 — 4’* do not mean the 
same thing as or “4 -- 3” and “4 — 3.” If you Hke the analogy, 
they are not reflexive verbs. A sentence like 

or f = li 

has the Structure, “With something do something to something to 
get some result.” This reminds one of a statement like “Take this 
letter to the post-office to get it registered.” Such a sentence has not 
the same structure as the equation 

3 X 4 = 12 
or as 3 -f- 4 7 

decause taking a letter to the post-office is nof^the same thing as taking 
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the post-office to a letter. Mathematicians call operators like 
or “+” commutative operators, ► and operators like “4-” or 
son-commutative operators. Some kinds of matiiematics only use the 
latter, just as some languages like English have practically eliminated 
reflexive verbs Notice in this connexion that the operators “4-” and 
the bar ” written with one number above and the second below, 
mean the same thing just as the verbs “to talk with” and “to 
converse” mean the same thing. 

The other important distinction in classifying operators depends 
on their relation to one another. This is a more important one to know. 
Like the foregoing it has no exact parallel in grammar. In one way 
it is rather like our distinction betwe^en the active verb and the passive 
verb. In another way it is rather like the distinction between a verb 
like “to assert” and a verb like “to deny.” We say that the operator 
“4-” is the inverse operator to “X”, and that the operator*'— ” is 
the inverse operator to What this means is really very easy to 
understand if you remember what you do when you subtract. If 
34-4 = 7 

it is also true that 7 — 4 = 3 

and that 7 — 3 = 4 

Instead of translating the last sentence by “From 7 take away 3 to 
get 4,” you may render it “Find the number which has to be added 
to 3 to get 7.” From this point of view it represents addition in the 
passive voice. The same relation exists between multiplication and 
division. Multiplying 3 by 4 is adding up 4 lots of 3. Dividing 4 by 3 
is finding out how many times 3 can be subtracted from 4 till you 
cannot take away another whole set of 3 on the counting frame. Putting 
it in another way we can translate the equation 

4 4- 3 =r: 1-|- 
or f = 1| 

by the sentence “4 is obtained when^l| is multiplied by 3.” Wlien you 
put this sentence in the active voiceV it reads “Multiply by 3 to 
get 4,” or 

IJ X 3 = 4 

You' will probably know another example of an operator and its 
inverse operator. In the equation 

7* =49 
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the operator is 2 . It reads “Multiply two sevens together to get 49.” 
Exactly the same statement may be translated in another form, thus • 

^49 = 7 

This means “Find the number which when it is multiplied by itself 
gives 49, to get 7.” The operator “V” is called the square root of 49. 
Sinlilarly the inverse operator to 4 written in the top right-hand corlier 
is “I wrote this chapter” (active voice) means the same as “this 

chapter was written by me” (passive voice). The same thing is meant 
by the two equations : 2® == 32 and '^32 == 2. 

However, there is another grammatical analogy which is more 
important in practice. An inverse operator put in front of its corre- 
sponding operator cancels the meaning of the latter. In the same way 
“I deny that I assert” leaves you where you were, not knowing what 
my view is. Keeping to the last illustration you will not find it difficult 
to see that 

= ^^33 = 3 
or ^^32 = = 2 

That is to say, the inverse operator wipes out the meaning of the 
operator represented by n put in the top right-hand corner. We have 
already met another example of this. “Antilog (log 6 )” means “look up 
the number corresponding to 6 in the table of logarithms, and then 
find the number corresponding to this in the table of antilogarithms.” 
The number you would get would be 5, Antilog put before log leaves 
you where you were before. You can translate for yourself in the 
dictionary language of the square and square-root tables a statement 
like 

So far we have not explained how to get the numbers given in the 
tables of logarithms and antilogarithms. This will be explained in 
Chapter 10. You can make a table of squares for yourself (e.g. 1“^ — 1 , 

22 = 4^ 32 = 9). 

This leads to another way of looking at the inverse operator. A table 
of square roots can be built up once you have made a table of squares 
by turning the table of squares inside out. You should do this as an 
exercise. When you do it you will get some^insight into something 
at which we have only hinted, and shall explain more fully in the next 
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chapter. In hieroglyph mathematics, a square root is the length of a 
line corresponding with an area' represented by the number whose 
square root we are j&nding. That is to say, the square root of 49, or 7 
(see Fig. 20), is the number of units of length in the side of a square 
enclosing 49 square units of area. You will remember how we said 
earlier that in studying figures the Greeks came up against sizes 
which could not be described exactly by whole numbers or fractions 
of the older sort. The same is true of the square root of 2. Although 
we can find a number for the square root of 2 as near as we need in 
order to draw a square of 2 square feet as accurately as we can draw 
it, we cannot translate the phrase exactly by sheepish or cowlike 
numbers. There is no reason w'hy \/ve should, because the wall of the 
sheepfold or cowpen is not made up of separate individual sheep 
or cows. (See Fig. 75, chapter 5). 

As you will need tables of square roots before long, one way of 
making such a table may be given here. With a table of squares, such 
as we have printed at the end of this book, you will not find it difficult 
to get a value for which is good enough for most practical purposes. 
You know that VT is 1 and Vi is 2. So V2 is less than 2 and greater 
than 1. As a first guess take 1 -6. The table shows that 15* = 225, or 
1*5* = 2-26, So T6 is too big. 14* = 196, so 1-96 — 1-4*, and! *4 is 
too small. As T96 is much nearer to 2 than is 2*25, T4 is better than 
1*6. By multiplying out you will find that 1-42 is too big and T41 
/ is too small. If you only want an estimate suitable for ordinary drawing 
/ instruments, which cannot be relied upon to give successive results 
within 1 per cent, 1 *415 ± 0-005 is good enough. To make the error 
less than 1 per cent you could take any number between 1-414 and 
1-416. Another way of getting a good value for these roots, which 
mathematicians call surds or irrationals, is this. If you want to find 
the square root of 10, look through the table of squares for two numbers 
one of which is nearly ten times the other. For instance, 9,604 is 98® 
and 961 (which differs from Vd" of 9,604 by roughly 6 in 10,000, or 
0-06 per cent) is 31*. So (ff)* is very nearly 10, and the square 
root of 10 is therefore very nearly f f . This gives tihe square root of 
10 as 3 ■ 16. Multiply it out and see how close it is. 

SYNXAX.— Books on, grammar divide their rules jinto two lands. 
Those which deal witii the individual parts of speech, nouns, verbs, 
etc., are called accidence. Besides these there are the rules about how 
words are put together % complete sentences. These are the rules of 
syntax. The fundamentel rules of mathematical syntax are very simple 
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because, as we have seen, the language of size is not a language in 
which sentiment can be expressed. So ail its sentences have essentially 
the same structure. They always contain "to get,” which is written 
«=.’* This divides the sentence into two parts, which we call the 
two sides of the equation. The fundamental rules of mathematical 
•ft'yntax concern how you can change one side of the equation or both 
sides of the equation simultaneously. 

The only point which we need notice about changing one side orfy 
is the order of words. Some words are interchangeable, and others 
are not. In English the sentence "The Pope is the Head of the Roman 
Church” means the same thing as "Of the Roman Church the Pope 
is the Head.” It does not mean the same thing as "The Head is the 
Pope of the Roman Church,” or “The Roman Church is the Head 
of the Pope.” The only dilficuity of this kind which need worry us 
in dealing with size language has already been made clear. When 
numbers are connected by verbs like "x” or "-f”, they are inter- 
changeable. For instance 

ab — ba 

e.g. 3x7 = 21 = 7x3 

a(b + c) — a(c -\r b) = (b + c)a = (c + b)a 
e.g. . 7(3 -f- 2) = 7(2 + 3) = 35 = (3 -b 2)7 = (2 + 3)7 

One-sided changes can be made when they do not affect the meaning 
of the side changed. If they do affect the meaning, exactly the same 
change has to be made on the other side. For instance, if we 

may also write 

{i) x-\- a==y + a 
(u) X— a=y — a 

(iii) ax = ay 

(iv) “ = (unless a = 0) 

Translation in size language is ju?t putting on one side of an equation 
(usually the right side) all the quantities you know, and on the other 
side all the quantities you do not know. The equation then reads; 
"Put down such^and such to get what you want to find.” Since what 
you know is customarily put on the right side, a' more literal rendering 
would be: "What you want can be got by putting down such and 
such.” This rearrangement of quantities (or “^erms”) can be done by 
using one of the four rules given above. The application of the first 
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two rules is summarized in the rule that a quantity added to the 
rest of me side of an equation can be shifted to the other side if the sign 
(+ Of -—I is changed. For instance, if 


e.g. 

p-f 6 = g 

3-}-4 = 7 

it is also true that 

p-[-h — b = q-~b 

or 

p = q~-h 

e.g. 

3 = 7-4 

Similarly if 

p-c^q 

e.g. 

9-6 = 4 

it is also true that 

p — c-\- c = q-\- c 

or 

p=$ + e 

e.g. 

9 = 4 + 6 


The shorter rule which combines (iii) and (iv) will be illustrated 
by a class of quantities which are now familiar features of social life. 

Notice before we do so that (iii) might also be written: — s= We 

shall see later that a great deal of time and labour can be saved in 
studying geometry if we do not handicap ourselves by the very great 
diflBculty which ratios presented to the mathematicians of antiquity. 
The word “ratio” is used for quantities connected by the words “per” 
or “to the.” Familiar examples are: income (so much per annum), 
wages (so much per week), interest (so much per cent). Other ratios 
in everyday life are prices, overtime pay, petrol consumption (miles 
to the gallon), speed (miles per hour), batting averages (mns to the 
completed innings). 

Take fii'st petrol consumption. The petrol consumption of an auto- 
mobile is alleged to be 35 miles to the gallon. Assuming, as is unlikely, 
that the salesman is not lying, this means that if you divide the number 
of miles {m) by the number of gallons (.?), the result is 35, i.e, ; 

m~r g — M 
m 

or — = 30 
^ g 

The amateur detective might use this as a recipe for three kinds of 
behaviour: {d) if he is ^bout to chase a fugitive on a non-stop journey 
London to Brighton, or Woods Hole to Boston, he knows bow many 
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miles he will have to go without filling up, and can get how many 
gallons he must put in his tank, i.e. : 



In other words “Divide the miles you have to go by 35 to get the 
number of gallons you have to put in the tank.” 

(S) If he wishes to detect whether the suspect is lying about how 
far he drove the automobile in the night, and knows from a garage 
proprietor how much the tank held yesterday, he can look at the petrol 
indicator, and so deduce how many miles the automobile has travelled 
in the intervening time, i.e. 

m — 35 ^ 

In other words “Multiply the gallons used up by 35 to get how far 
the suspect really travelled.” 

(c) Suppose the suspect says that he had driven to Brighton or 
Boston, as the case may be, in the night, and that the petrol consump- 
tion tallies with the statement. The detective may suspect the alibi, 
and want to satisfy himself that there is no leak in the petrol tank. 
He can do this by taking the automobile for a run. The alibi holds 
if the number of miles run divided by the number of gallons consumed 
is 35. If the original statement is correct: 



All three ways of writing down the petrol consumption of an auto- 
mobile can be summarized by using broad arrows : 

wr^35 

g 1 

This rule is much easier to handle than deciding when you can inter- 
change subject, direct object, and indirect object in sentences like the 
three following: 

(a) The bishop gave a bun to the baboon. 

(&) A bun wa^' given to the baboon by the bishop. 

(c) The baboon was given a bun by the bishop. 

All these three mean the same thing, and do |iot mean “The baboon 
gave the bishop a bun.” 

Maihtmatia for ih$ MUUoh 0 
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G)okery-book recipes illustrate the rule better by showing us why 
we wrote the number 35 in the" unusual way ^ . In ratios the “so 
many” in “so many to the something” may be a fraction. For instances 
in making jelly we may be told to add (f) lbs, of sugar to 1 quart 
of juice. Let us compare the three different recipes for action in the 
statement 

q 2 

pounds of sugar added 3 

meamng quarts of juice 2 

(a) Suppose I have first measured out my juice. The number of 
pounds of sugar I have to add is f of the number of quarts, or 



(b) If I only have a certain amount of sugar and want to make as 
much jelly as I can, I must measure out a number of quarts equivalent 
to 1 ~ I or two-thirds the number of pounds of sugar. This is the 
same thing as writing 

2P 

«=T 

(c) If I am not a good arithmetician, and am given the recipe in 
the form 6 pounds of sugar to every 4 quarts of juice, I might measure 
out 6 pounds of sugar and 4 quarts of juice, and repeat the performance 
until all the juice was used up. Twice the number of pounds would 
then be the same number as three times the number of quarts. This 
would be equivalent to writing 

«» 

2p = 3Q 

All these ways of using the recipe bo^l down to the same diagonal rule, 

pf\7l3 

9 i /^2 

OTHER PARTS OF SPEECH. — ^You may have asked yourself w nether 
there is anything in the language of size corresponding with other 
parts of speech. Of colirse there are no interjections in mathematics 
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because interjections have no place in the language of work. They are 
survivals of the noises which our monkey ancestors made before they 
learned tiie social use of noises. There are exact equivalents of adjec- 
tives and adverbs, but it would take us into higher realms than we 
have reached at present to explain what they are intelligibly. If your 
curiosity is whetted, here is an example of thf adverb. The symbol 
3 in^the sign ^ modifies the meaning of the sign ^/. Standing alope 
the latter means that so many of some quantity have to be multiplied 
together to get the number marked by the sign i/. The number 3 
tells us how many times. When no number is put in front of the 
sign, it is taken to be 2. In a later chapter you will see how nouns 
can be modified. If I use x for 'all the quantities measured along 
one line and y for all the quantities measured along another line, 
I may write or y^ to mean some particular value of or some 
particular value of y, just as the “red” cow tells me which cow, a 
and b written underneath may be regarded as adjectives. You need 
not worry about this now. There is only one other part of speech 
which is worth mentioning. There are some words which combine 
the characteristics of nouns and verbs. We call them gerunds. An 
example is tlie word “working” in the sentence “Working more than 
four hpurs a day will not be necessary in a rationally planned 
society.” Mathematicians often speak of a similar sort of mathe- 
matical word as negative numbers (or back numbers) like — ■ 3, 
and imaginary numbers (or drunk numbers) like V— 3. Now ■— 3 is 
not simply a number. It is a number with a direction attached to it. 
It combines the characteristics of a mathematical verb and a mathe- 
matical noun. It is a size gerund. A good deal of the mystification 
which surrounds the “imaginary” numbers on which we depend for 
the alternating current of our electric light circuit simply arises from 
the habit of talking of them as if<hey were simply numbers. As they 
are not really numbers, this makes them seem to be merely imaginary 
in spite of the hard work they do at the power station. There are two 
conjunctions sometimes used in mathematics. One is (therefore), 
and the other is •.* (because). Remember them. 

STYLE. — A last similarity between size language and ordinary 
language is easy^to grasp. A common defect of everyday speech is 
called being redundant, i.e. using several words 'where one would do. 
When this happens in the same sentence it always obscures its mean- 
ing. The only person who has any excuse for <teing so is the chairman 
of an open-air meeting, when he has to collect a crowd for the principal 
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speaker. Mathematics is not used for discussion in the open air. So 
redundancy is never allowed. Two tricks used to remove mere ver- 
bosity are called collecting terms and cancellation. Collecting terms is 
illustrated by this sentence: 

3a - c -f & 4- a ~ 2c + 6 = + 26 - 3c 

Y6u will see that this is right if you substitute actual numbers for 
a, 65 c. The other trick is called cancelling, i.e. removing a quantity 
which is both added and subtracted, or a quantity by which we are 
dividing and multiplying at the same time. For instance : 

3a + 6 — 6 = 3a 


This rule is so simple that we have already taken it for granted. 
Adding and taking away the same quantity leaves you as before. The 
other kind of cancellation is the one used in dealing with fractions, e.g, 

6 2x3 3 

16~2x8 8 

Similarly, using collective numbers to convey the general rule: 

06 _ ^ _ a 
be ~~ cb~~ c 

This is easy to see, because it follows from the rule for multiplying 
fractions, thus 



ba __*u 
be " c 


There is one other rule about styl^ to notice at the outset. In every- 
day speech we have to interest as well as instruct the audience; other- 
wise they become restless or bored. Using the same word often is 
tedious, like the dripping of a tap. We avoid doing so when we have 
words* which mean the same thing. We sacrifice logical simplicity 
for psychological adequacy. The strong prejudice felt against a 
simplified international^ language, in spite of the urgent need for one, 
has some justification owing to the fact that old languages are rich 
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In alternatives. In the international language of mathematics we sacri- 
fice everything else to making a statement as clear as possible. This 
means that we avoid writing the same operation in dijBferent ways. 
The rule has been broken in the last example. The excuse is that 
perhaps you are not yet used to the two diflferent ways of translating 
the word “multiply.” 

ELLIPSIS.— -In the language of everyday lite we sometimes leave 
out words. In the imperative mood, biblical English often inserts ’the 
subject of the verb, as in “Go thou and do likewise,” but in modern 
English we invariably leave out the subject. In French the word “not” 
is translated by ne before the verb and pas after it. After the verbs 
pauvoir and savoir^ we may omit the pas. In the same way as we omit 
the subject after the imperative of the verb in English, because the 
mode of address leaves no doubt about the identity of the subject, 
we usually omit the number I when it occurs as a divisor or multiplier 
in mathematical language, because multiplying or dividing by 1 does 
not affect the result, i.e. 

j — a; 1 X a — a; == a 

By remembering this you can apply the diagonal rule to an expression 
like: ’ 

ax = by 
ax 

T~ 1 

a _y ^ x__b^ x_y 
b~~ x’ y~ b~~ a 

Another context in which it is sometimes important to bear in mind 
this omission is when we are looking for connexions between sets of 
numbers. In the set of products ^ 

3, 2(3), 4(3), 8(3), 16(3) 

the numbers 2, 4, 8, 16 are called coefficients of 3. The first number, 
if written 1(3), would bring out ihe connexion between the coefficients 
more clearly. Again you will see the connexion between these numbers: 

a:, 3 jc3, . 

more clearly if you rewrite them as : 

3^3, Tr’ 
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Another important thing to remember about the number 1 is that 

5=1 

a 

So we see the connexion between the numbers 



much better if we rewrite them : 

i, h h t 

A last thing to remember about 1 is that 

1 " = 1 = ^ 
f: 

So if a = 1 and 6 = 1 in the equation 

miOM.—In drawing attention to the fundamental likeness of the 
languages of size and sort, we have left out one important topic — the 
idiom of word order— to be dealt with in Chapter 7, when we shall 
give historical examples to illustrate how the symbolism of size laqguage 
has grown by imperceptible stages out of the language of everyday life. 

A piece of translation work which is alwajrs cropping up in stating 
simple laws of scientific measurement (such as how volts and amperes 
or amperes and ohms vary in an electric circuit, or how the volume of 
a gas changes when the pressure is increased or diminished) is worth 
noticing before we pass on. When we say that petrol consumption 
is directly proportional to the distance covered we mean that the 
ratio of the two is a fixed quantity or constant, in this case the num- 
ber of miles per gallon. So the sta^pment x is directly proportional 
to y, which is written shortly xocy, also means x-~y — constant, or 
a; = X constant, written briefly in the form x~ky Similarly, 
if we say that something is i«»ers£/y,proportional to another, e.g. in 
a circuit the amperage is Inversely proportional to the resistance 
(ohms), we mean that if one is increased the other decreases so that 
the product remains fixed. Thus if we treble the rpmber of ohms 
the current is reduced to a third. So the statement x Is inversely propor- 
tional tojy, written a:oc~, is equivalent to =?= constant, or more 
ftbortiy xy — k. 
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' ’Bacon tells us that while “we falsely adniire and extol the powers 
of the human mind, we neglect to seek for its true helps:’ If you want 
to get the best out of this book, do not make the mistake of teachers 
who multiply our difficulties by extolling the powers of the human 
mmd. Make the fullest use of two helps, one of which has been illus- 
trated in this chapter. If you are looking for a numerical rale or are 
trymg to apply one to solve a practical problem, test the rule or its 
application by malting up a simple example or analogous problem'’ to 
see whether you get the right answer. This wiU help you to see whether 
you understand the rule, which is the same thing as being able to use 
it, or whether you understand the problem, which is equivalent to 
knowing what sort of rule to apply. Most tests given at the end of the 
chapters in this book can be checked. So no answers are given. An 
analogous help applies to problems in hieroglyphic mathematics. Do not 
miss a clue which would be obvious in a good drawing by mflHng 
your figures less accurately than you can, and if the object is to find 
a rule of measurement, measure what you are looking for and satisfy 
yourself that your rule holds. 


Exercises on Chapter 3 


DISCOVERIES 


1. Diagrams like those in Figs. 24 and 27 can be used to Ulustrate 
the meaning of many different kinds of expressions. For example, 
the following diagrams illustrate the meaning of a(a + b) and a(a — b). 
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Draw diagrams 00 squared paper to illustrate the following: 

(a -i- ^5 (a -}- 6) 

(a-b)ia~b) 

(a + b) (a ~ b) 

In your diagrams make a and b whole numbers. Write down youf 
results in the form : * 

* a(a -f- 6) == a* + 06 etc. 

Check your results in two ways. 

(a) Replace a and b in your formula by the numbers you chose for 
them and see that both sides of your equation are identical. 

(b) Count the number of squard^ in the area indicated by your 
diagrams, 

2. Make figures to illustrate the statements: 

(x -\-y + zy = + + 2xy + 2xz + 2yz 

(g +/) (a-j-b-j-c + d)=g(a+b + c + d) +/(a +& + c + d) 

(g +/) + + = -i-gb -^gc+gd +fa +/6 +fc +fd 

Check the former by putting jc = 2, y; == 4, 0 = 7, etc. 

3. Find the sum of all the numbers: 

(fl) From 7 to 21. 

(fe) From 9 to 29. 

(c) From 1 to 100. 

Check the result by addition. 

4. Find by formula and by direct addition the sum of the foUowing 

sets of numbers : c 

(a) 3, 7, 11, 15, 19, 23, 27, 31, 35. 

(&) 5, 14, 23, 32, 41, 50. 

(c) 7, %4,2|, 1,-|. 

6. Draw an angle of 30°. At any point in one arm of the angle draw 
a line at right angles to it meeting the other arm. Tou thus have a 
right-angled triangle with one angle equal to 30°. The sides of a right- 
angled triangle have special names. The longest side, that opposite 
the right angle, is called the hypotenuse. The other sides are named 
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with reference to one of the other angles. At present we are interested 
in the angle of 30°, so we call the side opposite to it the perpendicular, 
and the other short side the base. Draw several right-angled triangles 
with one angle of 30°, each a different size and in different positions 
on the paper, and see that you can recognize the perpendicular, base, 
and hypotenuse immediately in any position. 

6. In each triangle measure the following ratios : 

perpendicula r base perpendicular 
hypotenuse * hypotenuse’ base 


7. In the same way draw several triangles with an angle of 60° and 
several with an angle of 45°. Measure the ratios in each triangle. These 
ratios have been given names. If A is any angle the hypotenuse and 
base are the lines which enclose it, and the perpendicular is the side 


perpendicular . , ,, , , , 

'hypotenuse “ ^ 

is called the cosine of A. The ratio 


hypotenuse 


opposite A. The ratio 
angle A. The ratio 

perpendicul^ called the tangent of A. These ratios are written for 
base 

brevity: sin A, cos A, and tan A. By drawing right-angled triangles of 
various sizes you will see that each of these ratios has the same value 
for any particular angle. 


8. By drawing two or three right-angled triangles and taking the 
mean of your measurements make a table of the sines, cosines, and 
tangents of 15°, 30°, 45°, 60°, 75°. 


Find out by looking at the triangles you have drawn why 


(a) sin (90° - A) = 

(b) cos (90° - A) == 

. . . sin A 

(c) tan A — X' 

^ ^ cos A 


cos A. 
sin A. 


9, Draw a circle with radius of 1 inch. Draw two radii enclosing an 
angle of 15°. One way of measuring an angle is by the ratio of the arc 
bounding it to radius of the circle. This is called the number of 
radianS;, so that when the arc equals tiae radius, the angle is me'radian. 
You have already found an approximate value for the ratio of the cir- 
cumference to the diameter of a circle, and have learnt to call this ratio 
w. If you look at your diagram, you will see that you can get 24 angles 
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of 15° into the circle, and that therefore the arc bounding it is ^ of 

the circumference. So the arc will be ^ times the diameter, and as 
24 

the radius is half the diameter it will be — times the radius. We have 
drawn a circle of unit radius, so we see that an angle of 15° can also 
be described as an angle of ^ radians. 

10. In the same way find the values of angles of 30°, 60°, 90°, and 
180° in radians, 

11. How many degrees are there jn a radian (take tr — 3y)? What 
fraction of a radian is a degree? 

TESTS ON MEASUKSMENT 

1. Suppose you want to measure accurately the length of a garden 
plot. To get first an approximate measure you would pace it out. 
Distances of this sort are reckoned by surveyors in chains and links. 
A chain is 66 feet, and a hnk is part of a chain, that is 7 -92 inches. 
A natural pace is considered to be about 2| feet, so that the surveyor’s 
rule is to multiply the number of paces by 4 and point off two figures 
from the right-hand end to stand for links. So if the length of a fence 
is 120 paces this would be taken as being 4 chains and 80 links 
(4 X 120 = 480), You thus obtain the required distance in chains 
and links. 

(a) Imagine you have paced the length of your garden plot and 
found it to be exactly 80 paces. According to the surveyor’s rule it 
should measure 3 chains 20 links, or 211 feet 2-4 inches. Now mark 
one of your own paces with chalk on the floor and measure it with 
a foot-rule. How would you correct your estimate of the length of the 
garden plot on account of the difference between your pace and the 
standard pace? N.B. — If you are not fully-grown, your pace will have 
to be rather a long one, or you will bj; a long way out. 

(b) Land surveyors measure distances along a straight line with a 
Gunter’s chain. This is a chain 66 feet long, divided up into 100 links. 
Each link is 7*92 inches long. Within what limits tvould you expect 
the measurement of your garden by this chain to lie? Remember that 
what you know about the length so far is that it is 211 feet 2-4 inches 
corrected by the difference between your pace and the standard pace. 

(c) A metallic tape 66 feet long, divided into feet and inches, is some* 
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times usea. Such a tape was once found to have shrank to 66 feet 4 
inches after being used on wet grass*. If you were so unlucky as to use 
a tape in such a state and later discovered the amount of shrinkage, 
how would you correct your measurements? 

2. The division marks on a dressmaker’s tape may be as much as 
f of a millimetre thick. A millimetre is about ^ 5 - of an inch. A careless 
person might take his measurements from the outsides of the marks, 
or from the insides of the marks. Measuring in this way, what could 
be the highest and lowest estimates of the length of 
(a) the side of a curtain about 6 feet long; 

(h) a space of about | inch benyeen 2 buttons on a baby’s frock? 
What percentage of the mean is the difference between two pairs of 
measurements in (a)? 


TABULATION 

3. By the method of approximation given in this chapter, make a 
table of the square roots of all the numbers from 1 to 20 inclusive 
correct to 3 decimal places. 

4. Tabulate 2” from n == l(when 2” — 2) to » = 12(when 2"= 4,096). 
Do the same with 3” from « — 1 to « == 10 . Use these results to 
tabulate (1|)” and (f)" from « = 1 to « — 8 , correct to 3 decimal 
places. 

TRANSLATION INTO SIZE LANGUAGE 
6 . Translate the foHovring into mathematical language. 

(a) Multiply twice the length added to twice the breadth (measured 
in yards) by the price of fencing per yard to find the cost of fencing 
a plot. ^ 

(р) Take one spoonful of tea per person and add one spoonful for 
the pot to get the amount of tea required to make a pot for a party 
(call the number of people n).^ 

(с) If you know that the weight of a crate containing n eggs is W 
and the weight of the empty crate is s», then you must subtract za 
from W and divide the result by n to get the average weight of one egg. 

(d) Multiply the base by the perpendicular "height and divide by 
2 to get the area of a triangle. 

(e) Write down the rule for finding the amount if a sum of moneji 
(£a) is left to accumulate for n years at r per cent simple interest 
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ALGEBRAIC MANIPULATION 

6. When learning how to use symbols, it is very useful to check all 
your work arithmetically, as in the following example. 

Simplify : u + + 3c + 4a + 6c + 66 

In algebra to simplify an expression means to change it to a convenient 
form for doing further work with it. We can simplify this expression 
by adding together all the a’s, all the 6’s, and all the c’s. We then have 

a + 26 + 3c + 4a + 5c + 66 = 5a + 86 -f 8c 

To check our work by arithmetic, put a == 1, 6 = 2, and c = 3. Then 

a + 26 + 3c+4a + 6c+66=l + 2x2+3x3 + 4x l+5x3 + 6x2 
= 1+4+9 + 44-15+12 
= 45 

Also 6a + 86 + 8c = 6 X 1 + 8 X 2 + 8 X 3 
= 5 + 16 + 24 
= 45 


Check your results in this way in the following tests and whenever 
in doubt if you have dealt correctly with an algebraic expression. 


Simplify: 

(а) x(x -{■ 2y) y(x -jr y). 

(h) (x + 2y-j- 3a) + (j; + 3x + 6 a) + (2a + 83 ; + 2x). 

(c) (a + 1) (a + 2) + (a + 2) (a + 3) + (a + 3) (a + 1) + 1 . 

(d) (x~lf-(x-2)\ 

(c) a® — a 6 — ( 6 ^ + ab). 

If) (^x) (xy) + (xj;) (j^a) + (yz) (zx). 

(g) (2ah) (3a263). 

(б) (x3)2 + (x2)3. 

( 1 ) (a~6)(a+26)-(a + 2A;)(a+x)-(a-2;c+26)(a-x-6). 
... 2o^f 


4xy2 

(3ab^)\ 
9a^b^ ‘ 


... 2a6 •xL.u 

W ■<£: X M 


w' 


7 . Satisfy yourself that the statements (a) x is inversely proportional 
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to y when z is kept the same; and Q>) x is directly proportional to z 
when y is kept the same are both contained in the single equation : 

xy — kz 

This is very important to remember. replace the quantity kepi 

the same by some other letter, e.g. C or c to rqjresent a “constant.”) 

SIMPLE EQUATIONS 

8. In each case make sure that the value you have found for x satisfies 
the equation. 

{a) 3x + 7.= 43 
(d) 2^ - 3 = 21 

(c) 17 = + 3 

(d) 3(;c + 5) + 1 = 31 

(e) 2(3x - 1) + 3 = 13 
(/) jc + 5 = 3 jc - 7 
(g) 4(x-h 2) = x+ 17 
... X 1 

(,') 5 -+-? _ ^ ~ * 

5 2 

... X X , „ 5x „ 

0 ) 2-3 + ^= 6 

W? = 3 
(/)4-f| = 7 

(m) - 2a: - 6 + 12;c -- 3 - 4 = 8 
Find X in terms of a and b in thS following: 

(n) X — a == 2x — 7a 
( 0 ) 2(x—^) = x + b 

a(a — x) — 2ah — bix + b) 

SIWLE PROBLEMS INVOLVING AN EQUATION 
Check all 3 ^our results. 

9. Divide jC540 between A and B so that A gets £30 more than B. 
(Call B’s share x. A’s will be a: + 30.) 
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10. Divide £627 between A and B and C so that A gets twice as much 
as B and three times as much as C. (Call C’s share x.) 

11. Tom walks at a rate of 4 miles per hour, and Dick at a rate of 
3 miles per hour. If Dick has half an hour’s start, how long will it 
be before Tom catches up with him? (CaU time from Dick’s start 
till he is caught up x.) * 

12. A page of print contains 1,200 words if ha large type, md 
1,500 in small type. If an article of 30,000 words is to occupy 22 pages, 
how many pages must be in small type? 

13. Automobile A does 30 miles to^ a gallon of petrol and 500 miles 
to a gallon of oh. Automobile B does 40 miles to a gallon of petrol 
and 400 miles to a gallon of oU. If oil costs as much as petrol, which 
will be the cheaper automobile to run? 

14. A 60-foot row of early peas yields 12 pecks. An 80-foot row of 
maincrop peas yields 18 pecks. If maincrop peas fetch Is. 4d. a peck, 
what price must early peas fetch to make them equally profitable? 


THINGS TO MEMORIZE 

1. (a -b &) (a -f 6) = + 2ai -j- 

(a — b) {a — h) — a^~ 2ah -f b^ 
{a-{-b){a~h)^a^~h^ 

2. If A is any angle: 


sin A — 
cos A = 
tan A — 


perpendicular 

hypotenuse 

base 

hypotenuse 

perpendicular 


sin (90° — A) = cos A 
cos (90° — A) = sin A 


tanA — 


sin A 
cos A 


3. Hxacz^y being fised and x -3 f being fixed, xy = kz. 



CHAPTER 1? 


EUCLID WITHOUT TEARS 

or 

What you can do with Geometry 

Wb have attempted to form a picture, in part conjectural, of the ancient 
world in which men were learning to talk about size. Till about 2000 B.c. 
men had made very little progress in devising general principles 
about counting and measuring *;hings. There was the beginning of 
a language of size. As yet there can hardly be said to have been a 
literature. The constructive achievements of these people are far more 
impressive than a few tablets on commercial arithmetic which have 
been imearthed at Nippur, or the papyri which tell us all we know 
about the priestly lore of the Nile. The Great Pyramid of Cheops is 
their enduring monument to truths about triangles passed on from 
mouth to mouth by priest to novitiate, by master craftsman to appren- 
tice, by slave artificers to their children. Maybe it will stand when 
we have ceased to learn how the Greeks built a great pyramid of logic 
not less stiff or unyielding. We may be sure that the temple architects 
and the tax surveyors had already begun the practice of tracing models 
on the sand to guide them in the art of shadow-reck)ning and mensu- 
ration long before there were people who set about recording diagrams 
of figures and trying to piece together the guiding principles. Sand 
tracings remained for centuries the method of working out geometrical 
problems. Archimedes, the greatest mathematician of antiquity, was 
butchered by the Roman storm troopers while drawing diagrams on 
sand. The steps by which men made the first geometrical constructions 
with cord and peg, plumb-line and water level, are more remarkable 
than the writing of books about them. 

The Chinese must be given spme credit for laying the foundations 
«f a literature of size. As time goes on we may learn more about how 
much we owe to them. The illustration reproduced in Fig. 19 is 
sufiicient to justify us in believing that they had established important 
general rules about figures half a millennium before the Greeks. They 
had hit upon some very interesting things about numbers, mixed up 
with a great deal of nonsense. It seenK probable that they knew families 
of numbers, which play a fimdameatal role in modern statistics. Most 
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®f their knowledge is lost. Like the two libraries of Alexandria, the 
early Chinese libraries were burned. This calamity was not due to the 
‘brtunes of war. It was deliberate, like Hitler’s destruction of German 
culture. The burning of the books was ordered by an emperor who 
believed, like Bernard Shaw, that people would write better if they 
read less. At first the Chinese had an advantage over the earlier 
civilization of Europe. ^Fheir calendar makers were to a less extent a 
ceremonial caste. They were of a more secular type. We do not know 
why the Chinese failed to achieve their early promise; we can only 
make guesses about some of their handicaps. One reason may have 
been that they began their education too early. They were saddled 
with a corrupt hieroglyphic script which is not suitable to express 
simple things in a simple way. They have never got out of it. 

The Greete, who possibly learned much from them, had neither 
the handicap of a priestly caste nor that of an expensive education. 
When the Chinese were writing the first mathematical textbooks, the 
mainland of Greece was invaded by nomadic savages from the north. 
These Aryan invaders came from steppes where there were no brilliant 
stars in cloudless skies. They had no script. They had not learned the 
arts of building or commerce. They had no weights and measures. 
They overran the seaboard of Asia Minor, setting up small kingdoms 
like Lydia and city-states like Miletus on the fringe of a chain of trading 
ports founded by the greatest merchants and navigators of antiquity. 
With these Semitic Phoenicians Nordic man contracted his first debt 
to the Jews. It was a debt for school fees. He learned to read 
and to write and to calculate. His very ignorance helped him to 
break away from the clumsy picture-writing and ideograms which 
hampered the earlier civilizations of Egypt and China. He used the 
old symbols to represent the sounds of his own simple language. Lie 
acquired a sound alphabet with which he began to write simple, clear 
sentences. With no tradition of elaborate ceremonial he could probe 
the secrets of the priests with curiosity instead of reverence. He had 
not been taught to believe “in the beginning was God.” In the begin- 
ning was chaos. He was making order where he had been used to 
chaos. 

We do not know whether these northern savages '^ho overran the 
north-eastern portion of the Mediterranean really were blue-eyed or 
really had fair hair. We know that there is not a particle of justifi- 
cation for the belief that the scientific achievements of Greek 
civilization were the fruit of their racial equipment. Two men 
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who are reputed to be the founders of Greek geometry, Thales 
(640-546 B.c.) and P 3 rthagoras (582-507 b.c.), were both of Phoenician 
parentage. Science and mathematics did not reach the mainland of 
Greece until it was already nearing the end of its formative period. 
It was brought to the court of Pericles at the behest of Aspasia, his 
mistress, a woman of Miletus from the coast of Asia Minor. From 
Miletus, the native city of Thales himself, Anaxagoras came at her 
invilation. Pythagoras and Empedocles, who first wrote about the 
vacuum, lived in Italy and Sicily. Democritus, who speculated about 
atoms, lived on the coast midway between Asia Minor and the mainland 
of Greece at Abdera. The star of Greek science had set when the cult 
of Athenian philosophy began. Itiiad never been Greek in the conti- 
nental sense. In its beginning it was not even Greek in a racial sense. 

The Tyrian parentage of Pythagoras gives us a clue to the clear 
signs of Chinese influence in his teachings, which we shall deal with 
in the next chapter. He travelled in Asia. By upbringing he was in 
touch with the great commercial community which was the gateway 
to the inland Asiatic trade-routes. Thales was a merchant with a know- 
ledge of engineering. He travelled far afield and visited Egypt; he 
used the principles he worked with to compute the height of the Great 
Pyramid in the course of his travels, and predicted an eclipse on 
May 28, 585 B.C.; he made experiments with amber, the first record 
of observations on electrical attractions, and studied the lodestone or 
natural magnet. He did not cultivate mathematics as an aid to spiritual 
perfection. Probably he would have been surprised to hear that it is 
Their geographical situation gave to these Ionian Greeks like Thales, 
who lived in island or coastal communities with no pre-existing caste 
of ecclesiastical commissioners, a great advantage over their Chinese 
contemporaries. We get a vivid glimpse of it in a fragment from the 
first great materialist about whom,Karl Marx wrote his doctoral thesis. 
Here are the words of Democritus : 

“Of all my contemporaries, it is I who have traversed the greatest 
part of the earth, visited the mSst distant regions, studied climates 
the most diverse, countries the most varied, and listened to the most 
men. There is no one who has surpassed me in geometrical construc- 
tions and demonstrations, no not even the geometers of Egypt, iimong 
whom I passed five full years of my life.” 

Well might Plato, who taught that geometry is an exercise of 
disembodied intellect, express the wish to have all the works of 
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Democritus burned. Shaw has praised the wisdom of the Fascist 
Caesar who looked oa while the first library of Alexandria was burned. 
With it perished the eighty works of Democritus and all the great 
astronomical achievements of the Alexandrians. Maybe a great deal 
of rubbish perished. The evils of Greek intellectualism have survived 
the havoc of the flames. The good is interred with their bones. The 
substantial remains are the corrupt science of Aristotle and the Platonic 
geometry which Euclid brought to Alexandria. It was Euclid who 
said that there is no royal road to mathematics. He said it to a mieij 
but no doubt he also said the same thing to his pupils. When one of 
them wanted to know the use of geometry he told a slave to give the 
youth a coinj so that he might have something for his pains. The active 
cosmopolitan community of Alexandria found a use for Euclid’s 
geometry in spite of their teacher. We shall do the same. 

THE LIMITATIONS OF EUCLID 

In our generation there has come a change of outlook about geometry. 
We associate it especially with the names of Ernst Mach and Einstein. 
We now know that the geometry of Euclid does not give us the best 
possible way of measuring space. This does not mean that it is not a 
useful branch of knowledge. It was and still is. New discoveries have 
simply taught us that it has its limitations. It is quite easy to see some 
of them at the beginning, instead of putting them in at the end. For 
many things Greek geometry remains the best tool we have. A grocer’s 
scale is more useful in the household than the most delicate chemical 
balance. The very delicacy of the balance which makes it capable of 
giving us estimates of the size of atoms makes it unsuitable for domestic 
use. We shall still have to learn Euclid’s geometry for domestic use 
in the most literal sense of the term. The geometry of his Ionian 
teachers was originally based on watching how people built and cut 
up land into allotments. It ceases to be useful when we want to know 
the position of tiae furthest nebulae in the constellation of Ursa major. 
These nebulae are more than million and a half light-years 
from us. It takes light travelling at roughly eleven million miles a 
minute 1,600,000 years to traverse the space between them and the 
earth on which we live. 

Now this limitatios need not surprise us at all when we see how 
Greek geometry was circumscribed by its social context. We have 
already seen that Greek arithmetic could not catch up with the tortoise. 
Neither could Greek geometry. It arose from the practice of making 
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sand diagrams of relatively permanent things like buildings and land 
and vessels. It did not take time intd account. Its lines and angles and 
figures were fixed. So when we use its changeless figures to guide us in 
measuring a changing world, we have to recollect what we have left 
out of the picture. Nothing is so solid that it remains exactly the same 
for ever. If we say that the area of the Soviet Union is 8,242,900 
square miles, we imply that its boundaries are not going to change 
during the period in which we intend to use our information, and 



Fig. 28 .— The Relativity of Size and Social Use 


that the volume of the earth has not appreciably changed in the mean- 
time. Actually the world is getting smaller as it cools. It shrinks quite 
a lot during a lapse of time occupying several geological epochs. 

When we say that a box has such-and-such a volume, we are talking 
about a measurement which remains the same for the time between 
its manufacture and destruction for firewood. Time is not relevant 
for the social use to which our information will be put. So we isolate 
solid space from time. When we say that a field has a certain amount 
of surface or area, we also leave out of account the fact that the earth 
is shrinking as it cools, and we |nake a further approximation. Even 
if we are interested in mineral rights, we cannot dig down to the 
centre of the earth or interfere with our neighbours on the opposite 
side of the globe. So we leave out depth. The first men who measured 
surfaces were not interested in mineral rights. They were concerned 
about how many grams you can scatter on or reap from a field, or how 
many sheep and^cows you can graze on it. When they had to build a 
wall to protect their flocks and vineyards or a temple in which to 
propitiate the gods who regulated rain and seasons and sunlight 
they had a different problem. In Fig. 28 you wjH see that a wall of the 
same size may enclose two fields or plots of different area. In one the 
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amount of grain grown or the number of sheep which can be penned 
together is a third greater than in the other. In measuring length you 
leave this out. It is not socially relevant to the business of building 
a wall. Length is size used for making a wall. Area is size used for 
growing crops and grapes. Volume is size used for bartering milk and 
wine. The Greek intellectual did not grasp this relativity of size and 
social usefulness. The first anatomists of figures believed that they 
had got down to bedrock when they had isolated the line and the 
angle and the point — that is to say, the spot from which you begin to 
draw a line. Here was something changeless and timeless, and there- 
fore eternal. On its firm foundation the rest of truth could be reared 
by reason alone. The line was size® pure and simple. The point was 
position pure and simple. 

Our attitude is different. For us, as Oscar Wilde said, the truth is 
never simple, and rarely pure. The Greeks were dealing with the 
anatomy of a dead object. The study of anatomy had to come, before 
we could have a physiology of the living, moving, changing body. 
Anatomy teaches us where the organs of the body lie, how to find our 
way about the inside of a body. The geometry of the fiat figure tells 
us how to find our way about flat figures. Anatomy exposes the nature 
of the cadaver by dissection. Geometry exposes the nature of flat 
figures by dissection. Books on anatomy do not always start from the 
same point. Neither need the study of geometry. In seeing how the 
organs of the flat figure — Clines and angles and surfaces — are connected 
with one another, we have to please ourselves about where we start, 
i.e. what we take for granted. There is no eternal truth about where 
to start. Rules about flat figures or bulky figures are approximate 
truths in so far as they are of any use in measuring a world of change. 
They are good models to guide us in building and dividing land. Up 
to a point they are good models for describing the larger world of 
stars. Democritus was not wasting time when he spent five full years 
of his life watching how the Egyptians did such things, so that he 
could demonstrate the principles <to his fellow-countrymen The 
geometry of this chapter is about actual figures which you can draw 
with a compass and rule (as Plato prescribed). So perfect equality such 
as exists between the male and female whole numbers of Greek arith- 
metic has nothing to ‘’do with it. The angles, lines and areas which 
come into it can only be represented by numbers of the stretchable 
kind which apply to real measurements. The statement AB = CD 
does not mean “the line AB is exactly eaual to the line CD,” because 
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flo one knows how to make exactly equal lines with any actual compass 
or rule. Its correct translation is '"‘measure AB to get the length of CD 
as accurately as you need it.” 

The Greeks were not familiar with radical and rapid change in social 
custom. They reckoned time with sundial and sandglass. They had 
no physical instruments for measuring time in shorter intervals than 
the time taken to boil an egg. It was natural to think that measuring 
space and measuring time had nothing to do with one another. Arclii- 
tecture and surveying and commerce had secularized space. Time- 
keeping was still predominantly the prerogative of the priests in the 
countries where the Greek mathematicians travelled. Greek geometry 
left them with time. Even Archimedesj who learned his geometry in 
Alexandria and applied it to constructing levers and wheels, believed 
that a line is necessarily straight because it is the shortest distance 
between two points. For most practical purposes this is true. It is not 
inevitably and eternally true. One reason why it is not true the biologist 
can tell us. Part of the internal ear in our bodies records the influence 
of gravity. This is why a cat falls on its feet and a fish keeps the right 
way up in swimming. If we set the fluid of the internal ear in motion 
by turning round several times quickly, we become dizzy. We do not 
know “which way up” we are. There is a similar organ in the shrimp. 
If it is filled with tiny steel filings, the shrimp will respond to a magnet 
instead of responding to the pull of gravitation. If the lines of magnetic 
force are curved, it can never swim in a straight line. For such a shrimp 
the shortest distance between two points is a curved line. The simplest 
estimates which you and I can make about the size of lines involves 
movement of the eye muscles. They depend on time and space. Optical 
illusions about distance depend on forcing the eyes to move in an 
unusual way. Size and movement in time are inseparable in the real 
world of the biologist. ^ 

Closely connected with the fact that Euclid left out time is another 
limitation of his method. This will crop up again when we see how the 
Arabs began to make mathematical sentences in dictionary language. 
When the Arabs used flat figures, as the Greeks drew them, to make 
scale diagrams for solving problems of calculation, they soon noticed 
a curious discrepancy. Their models could only answer a question in 
one way. To some questions more than one answer is possible, and 
they knew enough about numbers to realize that two numbers could 
be equally good answers for some of the questions they asked. This 
dilemma arose for a simple reason. The separate figures of Euclia 
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have no particular position. In effect Greek geometry said that some 
things which are manifestly different are the same thing. Along with 
time position was left out. When a new geometry was suggested by the 
position of a moving ship at sea, it also gave us a way of representing 





Fig. 29 

Above. — Triangles may be alike in shape, i.c. have all their angles equivalent, 
but be different in size. 

Below, — T riangles may have the same shape and the same size, but they are 
not equivalent in all respects unless they have the same position. 

time. As you have seen from Fig. 26, AcWHes caught up with the tor- 
toise at the Reformation, which took time away from the priests by 
taking the saints out of the calendar. ^ 

This limitation leads us to the first three definitions which we shall 
use in starting the dissection of fiat figures, i.e. our first three directions 
to guide us in laying out the cadaver and applying tfie scalpel. In the 
geometry of Euclid figures are said to be alike with respect to shape, 
with respect to size, and with respect to both. When they are alike in 
both respects, Euclid calls them equal in all respects. Figures bounded 
by straight lines are alike in shape alone, or “similar” (remember how 
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this word is used) when their angles are equivalent. They are alike in 
size when their sides as well as their angles are equivalents and when 
they enclose equivalent surfaces. Two triangles may enclose equivalent 
areas without having equivalent sides and angles. You have only to 



(c) Length of one line and the two angles which the other two sides make 
with it known. 



Fig. 30 
m 

look at Fig. 29 to see that we have to reckon with another important 
characteristic besides size and shape when we use figiures as models 
of the real world. ^ 

We need not bother ourselves with the use of Euclid’s attempts to 
demonstrate when triangles have the same size. He started dissecting 
in the most difficult place. The sensible way to proceed is to ask what 
facts we need in order to draw a triangle when' we have decided what 
its position is going to be. Even when we have fixed one line (Fig, 30} 
there are always four triangles we can draw r^ess we say something 
more about the position in which the triangle is to be drawn. Two, one 
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ibove the other, are given in Fig. 30, the other two corresponding with 
inversions of these from left to right. The Greek anatomy of flat figures 
is useful as a model of the real world because it exposes easily measured 
distances, angles, or surfaces equivalent to other distances, angles, or 
surfaces which may not be easy to measure. The approximate truths 
it imparts are the meajns of measuring quantities which could not be 
mgasured directly. The Greek method of exposing these approxiipate 
truths was largely based on one trick of dissection, dividing a figure 
into triangles, recognizing which triangles are “equal in all respects,” 
and so pointing out equivalent fines and angles. For the reasons ex- 
plained on p. 74, we can never know whether parts of figures drawn 
with rule and compass are exactly bqual. So, being practical people, 
we shall drop the phrase “equal m all respects” and say that triangles 
are or are not similar (equivalent angles); triangles are or are not 
equivalent in area; and triangles are or are not equivalent in size 
(equivalent sides, equivalent angles, and equivalent areas). To be 
equivalent in aU respects two triangles must have a fourth charac- 
teristic, equivalent position, in which case they are really one and the 
same triangle. If two triangles which are equivalent in size are really 
distinct and therefore occupy different positions, they may differ in 
two ways, according as they are or are not mirror images. Two triangles 
which are mirror images can both stand for the outline of a piece of 
glass or of cloth with the same pattern on both sides. They cannot both 
stand for the outline of a piece of cloth with different patterns on the 
two sides or for the same face of a crystal. 

Having decided in what position a triangle is going to be put, we can 
draw it if we know one of three sorts of information (Fig. 30). The first is 
the lengths of all three sides. Having drawn one of them, we trace a circle 
of which the centre is at the end of the fine already drawn, and the 
radius (or spoke) is of the same length as one of the other two sides. 
We then trace another circle with its centre at the opposite extremity 
of the first line, the radius being of length equivalent to the length 
of the third side. Where the circlesrcut is the only place where two 
lines of the sizes given can meet. If their sum is less that the first, 
they do not meel, and no triangle can be drawn. This recipe depends 
on the fact that the distance of the centre from any spot on the boundary 
of a circle is equivaleht to the distance of the centre from any other 
spot on the boundary. This definition of a circle is merely a description 
of how circles were first drawn with a stretched cord tied to two sticks, 
one of which is fixed in the sand (Fig. 18). The second recipe is to 
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be told the lengths of two lines and the angle enclosed between them. 
This is good enoughj because we ha=ve only to connect the ends of the 
two lines. If the angle is greater than two right angleSj we cannot 
draw a triangle which includes it as one of its angles. The third is to 
know the size of one side and the two angles which the other two sides 
make with it. We can make a triangle like this so long as the sum of 
the two angles given is less than two right angles. When we have I^id 
out* the angles we have only to continue the lines bounding them till 
they meet. Fig. 30 shows how this recipe was used at a very early 
date to make a scale diagram to find the distance of a ship at sea. 

We can now state three rules for exposing the connexions between 
the parts of figures when we have ’dissected them into triangles: 

Triangle Rule One. — ^The sizes of two triangles are equivalent if 
they have equivalent sides. 

Triangle Rule Two. — T he sizes of two triangles are equivalent 
if in one of the triangles two sides and the angle enclosed by 
them are equivalent to two sides and the angle enclosed by them 
in the other triangle. 

Triangle Rule Three. — ^The sizes of two triangles are equivalent 
if one side and the angles the other two sides make with it 
•in one triangle are equivalent to one side and the angles the 
other two make with it in the other triangle. 

A third limitation of Euclid’s geometry makes it very much more 
difficult than it need be. The Ionian geometer Thales demonstrated 
a very fimdamental truth about triangles. This is that the ratio of the 
lengths of any two corresponding sides in similar triangles (i.e, triangles 
which are equiangular), is always the same whatever their actual 
size. We shall see later how he used it to find the height of the Great 
Pyramid. It is not surprising th^ this truth was grasped at an early 
date. The fact is that we assume it in most cases when we make any 
use of geometry by drawing a scale diagram involving triangles. Once 
we recognize the truth of it, we c^n go ahead very quickly to the dis- 
covery of other useful conclusions. The chief reason why Euclid is 
so long-winded is because he put everything about ratios at the end 
instead of at the beginning of his course. There is a quite simple reason 
for this. He was limited by the social culture iit which he lived. The 
Greeks did not live in a world of interest and petrol consumption and 
bowling analysis. Ratios were not familiar qvantities. . They repre- 
sented a process of division which was carried out with a very stiff 
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instrument, the abacus. Proportion did not sit lightly on Euclid’’a 
pupils. 

You can easily see the dij65culty of Euclid’s pupils. Suppose I know 
that the petrol consumption of a car is 35 miles to the gallon. I can 
get the number of miles I can run before filling up by multiplying 
the number of gallons in the tank by 35. I can get the number of gallons 
I require by dividing t£e number of miles I intend to run by 35 . The 
two processes are equally easy in our arithmetic. The arithmetic of 



Fig. 31.— a Gradient of One in Three 
If the angle between the track and the horizon level is A, tan A = | 

This figure is also a hieroglyph of division by three. To use it mark off the 
number of units to be divided along the base line and measure the perpendicular. 

the counting frame is different. Multiplying one proper number by 
another always gives you an exact result which you get by repeated 
addition (Fig. 6 ). Dividing one proper number by another means 
finding how many times you can take one away from the other. Usually 
you have some beads left over on the counting frame. You rarely get 
an exact answer. So division was 9 , much more difficult process to 
grasp when people thought that all real numbers were proper numbers. 
Euclid had to devote a whole book (Book V) to illustrate the very simple 
rules of proportion which are all summed up in the diagonal rule 
given in the last chapter. Draw two right-angled triangles, one with 
the two shorter sides 3 and 4 centimetres long, the other with the 
two shorter sides of 1 | and 2 inches; compare them, and you will 
see without difficulty 'that two triangles having corresponding sides 
whose lengths are in the same ratio is a situation no more difficult to 
grasp than the fact tha^a motor-cycle has the same petrol consumption 
on Good Friday and All Fools’ Day. 
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One ratio of the sides of a triangle is a familiar quantity of modem 
life. It is inscribed along railway ttacks and near dangerous hills. A 
gradient of 1 in 10 means that if you make a scale drawing of a right- 
angled triangle, one side being part of the slope of the track or bill 
(hypotenuse), one side being level with the horizon (base), and one 
side being the perpendicular height to it, the b^ase is always ten times 
the perpendicular, and the perpendicular is always one-tenth of fhe 
base, i.e. 

perpendicular _ 1 
base 10 

In mathematics this ratio is often called the tangent of the angle (A) 
which the slope makes with the horizon, and is then written tan A, 
which means “Look up the number corresponding to A in the table 
of tangents.”* Two brandies of later mathematics (Chapters 6 and 11) 
are mainly about gradients. Trigonometry tabulates them, so that we 
can get a distance which is difficult or impossible to measure exactly 
(like our distance from the moon) if we can measure an angle (A) and 
some other distance (e.g. the distance between two different places 
on the earth). This is like using petrol consumption to teU us how 
many pules we can go if we have so many gallons m the tank, or how 
many gallons we need if we are going so many rmles. The branch of 
mathematics called the differential calculus measures slopes which 
bend, like calculating a distance from the petrol consumption when 
the tank leaks. Had Euclid known how important ihese ratios would 
become, he might have tried harder to introduce them, as we are 
doing, at an early stage in his course. 

eoclid’s method 

When Sherlock Holmes used* to say, “You know my methods. 
Watson,” Dr. Watson ought to have said, “No, I don’t. Please explain 
them.” We have already noticed the chief trick which Euclid used to 
detect connexions between the ftrgans (lines, angles, or surfaces) of 
dead figures. He dissected them into triangles. If we only know the size 
of one or two of the sides of each, we need to know whether any of 
their angles are •equivalent before we can teU whether two triangles 
are equivalent. The pastoral degree, based on the calendar of the 
seasons, does not help us to recognize when angles are equivalent. 

* If you look up the table, you will see that tan 5 ■ 7° is almost exactly 0*1. 
S® a gradient of 1 in 10 corresponds with a slope of S • 7*. 
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The geometers of the city-states used the urban angle of the builder 
for comparing the size of angles '(Fig. 32). Euclid’s definition of the 
right angle (== 90°) amounts to saying that the gap between the plumb- 
line and the horizon is the same on all sides. This is obvious without 
spending five full years in Egypt. Two angles make up a right angle 
if one stands for the inclination of a straight edge to the horizon and 
th^ other represents the inclination of the same straight edge to, the 
plumb-line. If you study the text attached to Fig. 33, you will have 



Fxg. 32,— Learning to Add with Angles 


very little difficulty in seeing two rules which were used by the Greek 
geometers to recognize when angles are equivalent. The rules are : 

Angle Rule One. — W hen two straight lines meet at one spot on a 
third, the three angles so made add up to two right angles, 
or 180 °. 

Angle Rule Two. — ^When two lines cross, the vertically opposite 
angles are equal. 

. m- 

Two other rules which help us to see when angles are equivalent 
recall a fourth limitation of Euclid’s geometry. Euclid defined parallel 
lines as straight lines which do not meet, however far we go on drawing 
them. This definition takes us up into the skies, and leaves us in the 
air like Plato. We simply do not know of any surface- so flat that it 
allows us to go on drawing lines as far as we like, an4 still keep them 
straight We make drawings on a bit of the earth small enough in 
comparison with the rest of it to make it look as if it were really flat. 
Modern astronomy h^ taught us that lines which are parallel in 
Euclid’s sense are not the sort of lines which would reach out to the 
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furthest stars^ if we could get to them. It is more sensible to ask how 
we recognize when lines are parallel. One way is to notice that two 
straight edges are parallel when we make one of them gape as widely 



The middle angle is 90°— (34-90°— c 
or 180°— a— c 

All three together make 

(180°-a-c)-f a+c = 180° 



The figure is drawn twice: com- 
paring the two we see that 
180— n = 180— c 


a — c 

The two angles a and c are called 
vertically opposite angles. 



(iii) The Tw'o Parallel Rules 
(a) Seeing when two poles are parallel. 

lb) Learn to recognize the angles which are equivalent drawn either way. 
Fig. 33 


as the oth€£ from a straight edge against which they are placed, or 
in technical language, when the corresponding angles are equivalent 
(Fig. 33). Looking back to Fig. 12 and comparing it with Fig. 33, 
you will see that this is the principle by which the astrolabe is used 
to measure the angle which a hiU or a star makes with the horizon. 
Angle Rule Two then tells us that the alternate angles (a and c in 
Fig. 33) are also equivalent. This gives us two new rules about equiva' 
lent angles: 
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Parallel Rule One.— W hen a third line crosses two parallel ilness 
the corresponding angles whifch it makes with them are equivalent. 

Parallel Rule Two.— When a third line crosses two parallel linesj 
it makes alternate angles equivalent. 

Apart from when they represent corresponding sides of equivalent 
trianglesj or when they form sides of a squarCj or when they are 
equivalent sides of an isosceles triangle, there is one important way 
of spotting when different lines are equivalent. We have used it already. 
A second rule might seem too obvious to state, if it were not for the 
fact that it helps us out of a great difficulty. To see that two triangles 
are equivalent, we must be able to recognize at least one equivalent 
side in each. If we are dissecting a figure in which we cannot recognize 
any equivalent sides, we may be able to dissect it into two triangles 
by drawing some line across it. Both triangles then share one side. 
That is to say, one side of one triangle is equivalent to one side of the 
other. Euclid used a third trick which will not be necessary for us. 
We need only put down two rules. The first follows from the way we 
trace a circle on the sand with two pegs and a cord. 

Line Rule One,— Two lines are equivalent if they are radii of the 
same circle. 

Line Rule Two.— I f you draw a line joining two corners of a 
straight-sided figure, you divide it into two figures having one 
side in common, the line you have drawn. So there is at least 
one side of one figure equivalent to one side in the other. 

The only other direction which we need in telling us where to start 
dissecting is how to dissect a circle. A circle can be dissected into 
separate strips or sectors by drawing two or more radii, or into segments 
by drawing a line from one spot or the boundary to another. The 
curved side of a segment or sector is called an arc. The line drawn 
from one spot on the boundary through the centre to the opposite spot 
on the boundary, called the diameter , divides the circle into two 
equivalent parts, called semicircles. So far nothing has been said about 
a rectangle. Before we can dissect a body we must be. able to find it. 
To draw a rectangle, all we need to know is that it is a closed figure 
bounded by four straight sides, the opposite sides being parallel, and 
one of the angles being a right angle. It follows from the way in which 
you use Parallel Rul& One to draw a rectangle that if one angle is a 
right angle, all the angles of a rectangle are right angles (Fig. 34, (jQ). 
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The geometrical rules which made it possible for those who came 
after the Greelts to de\ise more useftii and less laborious size languages 
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Fig. 34.— Thb Anatomy of Circle and Rectangle 
Note. — T o draw die sides parallel'use Parallel Rule One, start by making 
a — 90®. From this you see that all the angles are right angles. 


like trigonometrj? and algebra are very few. Twelve will be sufficient 
for us. We shall arrange them under three headings which signify the 
social context in which they arose, Euclid called the exposure of a 
rule about figures a theorem. Following the materialist DemocrituSj 
we shall call them demonstrations. According to the way in which 
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they were first used or recognized we shall group them as : four 
demonstrations in surveying, four demonstrations in shadow-reckon- 
ing for building construction, and four demonstrations in star-gazing 
or calendar lore. First, however, we must apply the three rules about 
triangles to explain the three methods of dissection which we shall 
use in demonstrating them. Before becoming an anatomist you must 
learn the use of your tools. 

RULES OF DISSECTION 

(a) How to dissect an angle into two equivalent angles (Bisection). 
— We have seen in Chapter 2 that this is based on what the temple 
architects had to do to trace out rfieridians on the sand so that the 
temple might have the right setting. Compare the first figure (a) in 
Fig. 35 with Fig. 9. Fig. 35 shows you how they could get a line due 
west to catch the setting sun of the great fertility festival of the Vernal 
Equinox. The two triangles BOP and AOP are equivalent because 
three sides of one are equivalent to three sides of the other (Triangle 
Rule One). If the radii of all three circles with centres at A, B and 
O are equivalent (same piece of cord used for all), 

BO - AO } 

also OP = OP (Line Rule Two) 

So if the two triangles BOP and AOP are equivalent in size, the angle 
BOP enclosed between BO and OP is equivalent to the angle AOP 
enclosed between the corresponding sides AO and OP. The angle in 
the figure is 85°. The method would be the same for any angle. 

Q}) How to ‘^drop a perpendiculaf^ on to a line. — This is based on 
watching the swing of the plumb-line. It is plumb when it is half-way 
between the extremes as it swings. the figure Q>) P is the spot from 
which we are going to drop the perpendicular on the line CD. First 
trace any circle with centre at P cutting the line at A and B. We bisect 
the angle of swing by the line PO, usjng the first method of dissection. 
This makes the angles OPB and OPA equivalent. Comparing the two 
triangles BOP and AOP we see: 

, PA = PB (Line Rule One)" 

PO = PO (Line Rule Two) 
enclosed ZAPO = ^OPB 

By Triangle Rule Two the two triangles are equivalent in size. 
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Hence the angle FOB enclosed between PO and OB is equivalent to 
the angle POA enclosed between she corresponding sides PO and 
OA, When a straight line meets another making the angles on either 



(a) Bisecting an angle (AOB) to get the west (and east) point on the horizon. 



Q}) Dropping a perpendicular from (c) Setting up a perpendicular at a 
P above. particular spot P on a line. 

Fig. 36.---RULES for Dissection 


side equivalent, they are right angles. So PO is perpendicular, i.e. at 
right angles to CD, 

(c) How to erect a perpendicular to a line at a particular spot . — We 
have to find the spot from which the plumb-line would be suspended. 
In the figure (c) P is the spot on the line AB where we are going to 
erect the perpendicular, i.e. put up a line at right angles to AB. Trace 

Mathematics for tlu Million B 
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any circle of radius r with its centre at P, cutting AB at C and D. 
Then with centre at C trace a larger circle of radius R, and a circle 
with the same radius R having its centre at D. The triangles COP and 
DOP are equivalent by Triangle Rule One, because 

CO = R - DO 
. CP = r = DP 
* OP = OP 

in these equivalent triangles the angle OPD and OPC correspond. 
They are therefore equivalent. So OP is at right angles to AB. 

Before we start our demonstrations memorize the nine rules we 
have put down: the Three Triangle Rules, the Two Angle Rules, 
the Two Parallel Rules, and the Two Line Rules. 

FOUR DEMONSTRATIONS IN SURVEYING 
The first three demonstrations, which are given by Euclid in hit 
second, first, and sixth books, vrere known to the Egyptians and to the 
Sumerians two thousand years earlier. The last, which is given in the 
second book of Euclid, is probably Greek and of much later date. 


Fig. 38 

If we can find the area of any triangle, we can measure the surface of a plot 
of land of any shape, provided tl^t the v^allsnm straight. 

They are about measuring area, and originated in connexion with land 
measurement. Starting with the flat space enclosed by a square as 
our m*easure, we can ‘show how to get the area of a rectangle as the 
sum of a patchwork of squares. We also see how to make a rectangle 
twice the size of any sight-angled triangle. We can thus get the area 
of a right-angM triangle. Nest we show that any triangle can be 
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split into two right-angled triangles. So we can get the area of any 
kind of a triangle. Any figure whiclr is bounded by straight sides can 
be split into triangles (Fig. 36). With this knowledge we can measure 
the surface of any piece of land, whatever its shape, provided it 
has straight sides. So Euclid’s trick is the method of the practical 
surveyor. 

Besides being models of land measurement, these demonstratio|is 
are models of how to carry out calculations. The second, and last, 
suggest some simple recipes to shorten work on the abacus. At a later 
date they led the Arabs to set dov/n the rules of calculation we use. 
These rules are called algebra. It might seem more straightforward 
to start from the connexion between a rectangle and a square; but we 
have to use something which depends upon the relation of a rectangle 
to a right-angled triangle to demonstrate how to get the area of a 
rectangle. So we start with the right-angled triangle and the rectangle 

Demonstration 1 

“The diagonal of a reaangle divides it into two equivalent right- 
angled triangles.” 

In Fig. 37, AC is the diagonal of the rectangle ABCD. We have 
seen that all the angles of a rectangle are right angles (Fig. 34). So the 
triangles ABC and ADC are right-angled triangles in which: 

(i) AC = J — AC Line Rule Two 

(ii) CAB == ACD Parallel Rule Two see Fig. 33 (iii) 

(iii) BCA = CAD Parallel Rule Two ditto 

Comparing (v) in Fig. 37 with (c) in Fig, 30, we see from Triangle 
Rule Three that the triangles ABC and ADC are equivalent. Another 
way of putting this conclusion is^to say that zoe can find the area of a 
right-angled triangle if we can find the area of a rectangle by making 
the rectangle whose length and breadth are equivalent to the two sides at 
right angles. Two important resulijs arise out of this demonstration: 

(a) Opposite sides of a rectangle are equivalent — Since the two tri- 

angles are equivalent in size, the corresponding sides AB, AG, and DC, 
AC enclosing tli^e equivalent angles CAB and ACD, are equivalent. 
Also the corresponding sides AD and EC are eqhal. * 

(b) Perpendiculars joining two parallel lines are equivalent. — You 
will see from (vi) in Fig. 37 why this is. AB qind DE are parallel. If 
AD and BG are perpendiculars thi^ make equivalent corresponding 
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angles (Parallel Rule One), and are therefore parallel. So ABCD 
has opposite sides parallel. Having also a right angle, it is a rectangle. 
Therefore the opposite sides AD and BC are equivalent. 



, in. pidiing in^ ihz diagimaL 



Demonstration 2 

“If one side of a rectangle is divided into separate segments of 
any lengtli, its whole area is equivalent to the sum of the areas of the 
rectangles formed by the tmdivided side and each segment of the 
divided side.” 

A side AB of length B in Fig. 38 (i) is divided at P^and Q into three 
segments AP, PQ, and QB, respectively, /, m, and n units long. The 
dissection is shown in (ii), two perpendiculars being drawn from P 
and Q to the opposite sjde. This divides the figure into three rectangles. 
Since opposite sides of a rectangle are equivalent (Dem. 1 (a)), the 






(vii) 
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Fig. 38,~Demonstsation 2 


have to find out for ourselves that “by” meails the same thSng as 
multiplication in English. To find this out we make a scale diagram 
of a rectangle (iii) in Fig. 38, dividing one side; into a; units of length 
and the other into y units of length (compare Fig. 24, in which a: ~ 4 
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and y == 3). If you look at (iv)^ (v), and (vi), you will see that we can 
write” 

HB units of area = (H/ + H»j + Hn) units of area 
And since 

tMs can be written 

+ = + ... (a) 


B = / + »? -f fj 


If we subtract the small rectangle ^ by a in (vii) from the whole 
rectangle h by b, we get in the same way: 

h(b — a) — hb — ha ^ . (b) 

These two conclusions can be used to shorten the work of multipli- 
cation on the abacus. At first multiplying 36 by 25 meant counting 
out 36 twenty-five tunes without restoring the beads to their original 
position. In the Middle Ages when the Arabic numbers were begin- 
ning to be used but it was not yet customary to learn the multiplica- 
tion table as a whole, the twice times table was learned by heart and 
used to carry out a crude rule of multiplication which was called 
“duplation.” Using (a) we can put 

36 X 26 = 36(16 -f 8 -f 1) 

The working was then done in the following stages: 

36 X 2 = 86 4- 38 == 72 
36 X 4 = 72 -I- 72 = 144 
36 X 8 = 144 + 144 = 288 
86 X 16 = 288 4- 288 = 676 

r 

36 X 16 = 576 
36 X 8=288 
36 X 1 36 

900 

In antiquity another method of multiplication seems to have found 
favour, since the early peoples, as the Nippur tablets show, took the 
trouble to compile tables of squares. We can also put: 

» X 36 = 26(26. 4-11).. . 
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Continuing ia this way : 

25 X 36 == 25^ -f II . (25) = 25® + il . (il -u M) 

= 252 _j_ IP II ^ (-14) ^ 252 IP ^ II _ Q^i 4_ 3) 

= 252 IP i|2 ^ 3 ^ (11) 

= 252 ^ IP + IP 3 , (3 4 . 3 3 p 2 ) 

= 252 4- 112 4 IP 4 32 4 32 4 32 4 ,3 _ (2) 

The tables of squares would give this as 

625 + 121 + 121 + 9 + 9 + 9 + 6 

the last product being performed by memory. 

The final addition then carriec? out on the abacus would give the 
correct resultj 900. 

Demonstration 3 

“The area of a triangle is half the product of one side and the 
perpendicular height to the opposite corner.** 

Starting with the flat space enclosed by a square as a measure of 
area, we have now learned how to get the area of a rectangle, and how 
to get the area of a right-angled triangle, if we know how to get the 
area of a rectangle. For the next step, getting the area (A) of any 
triangle, the dissection is very simple (Fig. 39). 

(i) If none of the angles are greater than a right angle, drop a 
perpendicular from the top comer to the base. This splits the triangle 
into tw’-o triangles which are right-angled. Each by Dem. 1 is equivalent 
to half a rectangle. From Dem. 2 for the area of a rectangle : 

A = Ipx + Ipy 

But we have seen that 

^px + Ipy — 4^(:« + y) Dem. 2 (a) 

+ A = |^ 0 ;+^) 
k = lpb 

(ii) If one angle is larger than a right angle, drop a perpendicular 
on to the continuation of the side shown in Fig, 39 (ii). Then 

* A ~ |.p(f> + x) ~ 

-=\ph-t^px — lpx 
~ 

(a) Besides telling us how to measure the area of a triangle, this 
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demonstration also helps us to expose a most important principle in 
shadow-reckoning (Dem. 7). If one triangle (Area A) has a base B 
units longj and perpendicular height and another triangle (Area a) 



(Hi) " (iv) 


Fig. 39. — Demonstration 3 

has a base h units long and the same perpendicular height^ the ratio 
of their areas can be written : 

A ^ ^ B 

a \p.b h 

That is to say, the ratio ^of the areas of triangles having the same pet'pen- 
dicular height is the ratio of thdr bases, Vot the very important demon- 
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stration which we have mentioned we need to be able to detect when 
two triangles have the same perpendicular height. Two clues are 
these : 

{b) Triangles having bases in line with one another and the opposite 
comers touching have the same perpendicular height. 

You can see this from Fig. 39 (iv). The, triangles ABQ ABE, 
AED, ADC, AEG, ABD all have the same perpendicular height. , 
(c) Triangles on the same base have the same perpendicular height if 
their opposite corner's touch a line parallel to the base. 



This is represented in Fig. 39 (iii). We learned in Dem. 1 (6) that 
perpendiculars connecting two parallel lines are equivalent. 

Demonstration 4 (How to dissect a square) 

“If one side of a square is divided into two segments, the area of 
the whole square is equivalent to the sum of the areas of the squares 
whose sides are the two segments, together with twice the area of 
the rectangle whose adjoining sides are equivalent to the two 
segments.” 

A square is a rectangle of which all the sides are equivalent. The 
only difficulty in seeing this is the meaning of the words. In Fig. 40 (i) 
the side AB of the large square is divided at P into two segments 
y units and x un|ts long. So the length of AB is (x -f jy). The adjacent 
side BC is divided in the same way at Q, Perpendiculars to the of>posite 
sides are drawn from P and Q. Each of these divides the square into 
two rectangles The size of all the sides in the four figures formed 
follows from the fact that opposite sides of a rectangle are equivalent. 
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The area of the large square is AB X AB or {x + 3;)“. The figure 
thus shows that: 

(x +3?)^ units of area — (x^ + 2x3; of the same units of area 
i.e. (x + 3^)2 = x2 + 2x3; +y^ 

A ver}' similar demonstration shown in Fig, 40 (ii) gives 
x^—y^= (x —y)x + (x~y)y 
Applying Dem. 2 (a): 

x^ — y^ ^ (x y) (x y) 

In Chapter 7 we shall see that the kinds of multiplication which are 
represented in a hieroglyphic form by these figures played a most 
important part in the discovery of algebra. Test each of these rules of 
multiplication yourself, e.g. 

(a) (3 + 4)2 = 72 = 32 + 2(3 X 4) + 42 
= (9 + 24 4- lt>) = 49 
(&) 72 - 42 = 33 = (7 - 4) (7+4) 

This demonstration is simply an application of the rule for finding 
the area of a rectangle. It is doubtful whether it was ever used for 
surveying. Its practical application in ancient times was to shorten the 
work of multiplication on the abacus, before people had a number 
script with which direct calculation, such as we do, could be carried 
out. Nicomachus of Alexandria (a.d. 100) gives examples of the way 
in which it was used before mathematicians — let alone ordinary people 
—used the multiplication table to work sums on paper. Here are 
two examples. r 

(a) To multiply 37 by 25, first find the number midway between, 
i.e. 31, then 

37 X 25 = (31 - 6) (31 +6) 

= 312 — 62 = 925 (Check this yourself) 

All you have now to do is to look up the squares oi 31 and 6 in the 
ancient tables of squares, such as those foimd at Nippur (2000 b.c.), 
and subtract. This is ranch shorter than the methods given to illustrate 
the use of Demonstration 2. The previous example there given w^as 
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36 X 25. There is ao whole number midway between these. So you 
use the next number above or below’ 36, e.g. 

36 X 25 = (37 - 1) .25 = (37 X 25) - 26 (Dem. 2 {b)) 

= 312 _ 62 - 25 = 900 

The mid-number between two numbers is called the arithmetic mean, 
or common average. It is more misused, by politicians and othei;s, 
than any quantity in size language. If a and b are numbers, the arith- 
metic mean is -|(a + b), e.g. for the two numbers 37 and 25 the a.m. 
is 1(37 + 25) = 1(62) = 31. For 36 and 25 the a.m. is 30|-. 

(5) This trick to shorten work on the abacus made it very important 
to have good tables of squares. The same formula can be used to 
simplify making them. Suppose we have squares up to 100, and wish 
to continue them further. This is what Nicomachus recommended. 
To get the square of a higher number, e.g. 118, we proceed like this; 

(118)2 _ (1S)2 ^ (iig _ ig) (iig ^ Ig) 

(1 1 8)2 = (100) (136) + (18)3 = 13,924 

Multiplying by ten, a hundred, etc., on the counting frame for any 
script based on multiples of ten, as nearly all are, is very much more 
simpk than multiplying by another number. 'So the result is obtiiined 
fairly quickly. 

FOUR DEMONSTRATIONS IN SHADOW-RECKONING 

For those of us who are urban products of a northern civilization, 
accustomed to dwell in houses with spacious glass windows, equipped 
with gas or electric light, with clocks, and, if we can afford them, 
with refrigerators and vacuum cleaners, it requires some effort of the 
imagination to realize the significance of light and shadow in the 
cradles of civilization where the,first stone cities were built. Today 
we have to devise experiments to teach the schoolboy or schoolgirl 
that light coming through a slit follows a clear-cut path, and that 
the beams of the sun are parallel The first city dwellers, whose only 
window’^s were narrow crevices through which sunrays and moonlight 
played upon the dusty air, lived in abundant sunshine casting high 
clean shadows v^ith sharp edges on the sand. They did not need to 
be told that light “travels in straight lines,” or that light rays coming 
from a very distant object slope so little that we can treat them as if 
they were parallel. They could see it for themselves all day and every 
day (Fig. 41). 
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When Thales visited Eg 5 /pt and used the method of shadow-reckoning 
to find the height of the Great Pyramid, the older civilization of the 
Nile had already succumbed successively to the Assyrians and to the 
Hittites. Though we are told that he astonished the Egyptians, there 
is very little doubt that he employed the same simple principle of 




Fig. 41 

The further away a heavenly body is situated, the smaller is the angle between 
the light rays which come from its extreme edges. So if it is very far away the 
beam appears to be parallel. The angle between the two furthermost points 
on tlie rim of the sun or moon, as seen from the earth, is only about half a 
degree. The approximately parallel rays of the sunbeam or moonbeam were a 
familiar feature of everyday life when there was no glass, and windows were 
narrow and high. 

architectural measurement used by the pyramid builders themselves. 
The art of shadow-reckoning was one of the great arts of antiquity. 
The geometry of the triangle discloses the use of shadow-reckoning 
in building, just as the geometry of the rectangle arises in connexion 
with the measurement of land for taxation of the small cultivator. 
Geometry was flourishing in Egypt and Mesopotamia when northern 
peoples put up stone circles and stone avenues, which still abound 
on the moors of Devon and Cornwall, where Phoenician ships came 
for tin. The wreckage of innumerable villages of 8mde stone huts 
is still strewn where tin was abundant. Like the Bantu, they never 
built cities or temples on their own initiative. The backwardness of 
man in Northern Europe was not due to his stupidity, as Aristotle, 
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the apostle of slavery, believed, or as the cultivated Said of Toledo 
taught, when the Moors were building baths which were destroyed 
by their Nordic conquerors who expelled the Jews and introduced 
the odoui of sanctity. Aristotle and Said had just as good reason to 
support their own prejudices as those who point to the backwardness 
of the Bantu in our own generation. What su^h people leave out of 
account is the material conditions which made it possible for civilization 
to begin. Northern man had to learn the art of building from the 
earlier civilizations. Before he could progress far, he had also to learn 
the art of time-keeping. In countries where the sundial could never 
be more than a garden ornament, settled city life and stable cultivation 
progressed very little before a 'foreign priesthood introduced the 
candle clock to toll the bell for matins and vespers. 

The next four demonstrations are given respectively in the first 
(5, 6, 8) and sixth (7) books of Euclid. The first three were known to 
the Phoenician Thales. The last still bears the name of the Phoenician 
Pythagoras, though we have good reasons to believe that he got it 
from the Chinese. In explaining them we shall give examples of their 
use in architecture and surveying, anticipating the next step made by 
the Alexandrians, who applied them to the survey of the heavens. 
The first, which you will find very simple, is not directly useful. Its 
importance lies in the fact that it helps us to recognize the truth of 
the other three. 

Demonstration 5 

“The three angles of a triangle together add up to two right angles.” 

All you have to do is to tilt one corner of a triangle on a straight 
edge till the opposite side is parallel to the straight edge. In Fig. 42 
(i), (ii), and (iii) the text explains the steps which can be summarized 
as follows : 

A-fB-i-C = D + C-f-E (Parallel Rule Two) 

D -1- C + E = 180° (^GLE Rule'One— Fig. 33 (i)) 

This is so simple that we shall take the opportunity of explaining 
the ways in which it is used to expose the principles of shadow-reckon- 
ing given in the next three demonstrations. Note the following.^ 

(a) Two triangles are equivalent if one side in each is equivalent and two 
angles of one are equivalent to the two corresponding angles of the other. 

This combines what we have just leamec? with Triangle Rule 
Three (Fig. 30 (c)), which tells us that we can draw a triangle if we 
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know one side a and the angles B and C. If we happen to be given 
the angles A (opposite the side d) and B, we can at once get the third 
angle C as follows: 

A + B + C =180“ 

C=180“-(A + B) 


e.g. if A is 60“ and is 60°, G is 180“ — (60° -(- 60°), i.e. C is 60°. 



Fig. 42. — ^Demonstration 5 

If A is 45° and B is 90°, C is 180° - (45° + 90°), i.e. 45°. If A Is 30° 
and B is 90°, C is 60°. Similarly, if we know A and C, w'e can find B. 
e.g. if A is 60“ and C is 90°, B = 180° — (A + C), i.e. 30°. 

Q}) If we know one angle (A) of a right-angled triangle other than the 
right angle, we know the third (90° — A). 

This you have already seen. If the three angles are A, 90°, and 
90“ — A, they all add up to 180°, i.e. 

A + 90° + 90° - A = 180° 

There are three terms which are used for the sides of a right-angled 
triangle. The longest side opposite the right angle is called the hypo- 
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tenose. If A is an angle other than the right angle, the side opposite 
it is called the perpendicular of A. The third side is called the base 
of A, You will notice that the perpendicular of 90° ■— A is the base 
of A and vice versa (Fig. 42, (iv), (v), (vi)). 

(c) All right-angled triangles with the same corner angle are similar^ 




(d) Right-angled triangles that can be placed corner to corner so that 
two pairs of their sides {not those at right angles) are in line are similar 
(Fig. 43 (ii)). 

{e) The perpendicular dropped from the right angle to the hypotenuse 
dissects a right-angled triangle into two other right-angled triangles which 
are similar to it^ and therefore also to one another. 

This is shown in Fig. 43 (iii) aivd (iv). It is one of the most important 
tricks for the dissection of triangles. 

Demonstration 6 

“If two sides of a triangle are equivalent the angles opposite to them 
are equivalent, and if two angles are equivalent the sides opposite to 
them are equivalent.” 

There are two things to show. The dissection is the same for both, 
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We split the triangle into two by dividing the angle between the 
equivalent sides or the angle other than the two equivalent ones into 
two, using the first rule of dissection. 



B CB P CBPPC 




(i) If we are told that AB == / == AC (Fig, 44, top row), then on 
conapaling the trianglfes ABP and APC, we see: 

ab = / = ac 

Enclosed Z.BAP = 5 F |a ==; Enclosed angle CAP 
AP = AP (common to both) 
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Triangle Rule Two therefore tells us that the triangles are equiva- 
lent. This means that ail their corresponding sides and all their corre- 
sponding angles are equivalent. So the angle ACB opposite AB is 
equivalent to the angle ABC opposite the equivalent side AC. 

(ii) If we are told (Fig. 44, second row) that the two angles B (ABC) 
and C (ACB) are equivalent, we see : 

Z.ABC == Z.ACB (as we are told) 

ZBAP = - ZCAP 

AP == AP (common to both triangles) 


But we have seen from Dem. 5 (a) that two triangles are equivalent 



The circle round the shadow pole is of radius equal to the pole itself, so that 
when the sun is at 4,5° above the horizon the dp of the shadow touches the 
boundary. 


if they have one equivalent side and any two corresponding equivalent 
angles. So the triangles APB an^ APC are equivalent. Thus the side 
AB opposite the angle ACB is equivalent to the corresponding side AC 
opposite the equivalent angle ABC. Before showing how this may be 
used to measure the height of a qliff from its shadow, or to see whether 
we have built a high edifice to the height required, we must pause to see 
that this demonstration gives us a simple way of making angles of 30°, 
60°, and 45° (see Fig. 44, bottom row). 

(a) To make angles of 30° and 60°. — ^We can make an equilateral 
triangle (all three sides equal) by pegging out at the knots a closed 
loop of cord knotted so that each knot is the ^same distance from the 
next. From what we have just learned, if all three sides are equivalent 
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(length, /), ali three angles are equivalent. Since all three make up 
180'’, each is one-tliird of 180°, or 60°. If you look back at the top row 
of Fig. 44, you will see that if the triangles ABP and ACP are equivalent, 
the side BP is equivalent to the corresponding side PC, i.e. P divides 
BC into two equivalent parts. In the equilateral triangle dissected in 



Fig. 45a 

When the midday sun is at 45° the height of the pyramid is equal to the length 
of the shadow and half the base. ^ 

the same way below we see that the sides opposite to the angles 30° 
(I of 60°) are therefore By joining the corner of an equilateral 
triangle to the middle of the opposite side we thus get an angle of 
30°, the other angle (Dem. 6) is a right angle. 

(b) To make angles of 45°. — ^Dem. 6 (b) showed us that if one angle 
of a right-angled triangle is 45° the third angle is 45° . a right-angled 
triangle of 45° has two equivalent angles and therefore two equivalent 
sides. Having laid out a right angle, we can make an angle of 45° by 
measuring equivalent distanced </) along the perpendicular and the 
base and joining the ends. The Egyptian geometers and architects 
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would do this with rope and peg on sand. You can do it with drawing- 
pins and string on the table. 

The use of this demonstration, which used to be called the Pom 
Asinorum, or bridge of asses (because the asses who taught it took the 
greatest trouble to destroy the bridge which connects it with the real 
world), is seen in Fig. 45. When the sun is at 45° above the horizon 
(or 45° from the zenith), sunbeam, cM, and’ shadow, or sunbeam, 
sha’dow, and any upright object form an isosceles right-angled triangle. 



This means that the length of the shadow is then equivalent to the 
height of the cliff. To use it, you put a stick in the sand and sit around 
till the length of the shadow is the same as the stick. You then measure 
the shadow of the cliff, and this gives you its height. How it could be 
used for building up a pyramid is shown in the next figure, where 
the rule stated is only true at noon on two days of the year. Waiting 
for noon on these two days is a mug’s game. It takes far more 
time to sit around to catch the shadow of the pyramid at the moment 
when it is the same as the height than to learn the next demonstration, 
which shows you how to do the same thing when the sun’s rays are 
at any angle. So if you find it is a litde long-winded, you will have the 
satisfaction of knowing that it saves time in the long run. 

If you have access to a roof, back garden, or yard. Fig. 46 is a design 
for a shadow pole with which, as you will see later, you can find the 
height of your house, your latitude and longitude, the time of the day, 
and how much the earth appears to tilt on Its axis throughout the 
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year (i.e. the inclination of the orbit to the poles, called by astronomers 
the obliquity of the ecliptic). 

Demonstration 7 

“In similar triangles the ratio of corresponding sides is the same.” 

Jhe dissection for this is tricky; we shall do it in three stages. T.wo 
similar triangles ABC and DEF are drawn on the left of Fig. 47 so 
that you can see at once which angles are equivalent. When we wish 


'h D "h. A 



to demonstrate something new, the first thing we have to ask is what 
we already know about the sort of thing we are looking for. Here we 
are looking for ratios. The only thing we have yet learned about ratios 
is that the areas of triangles vidth the same height have the same 
ratio as their bases (Dem. 3). So we have got to find triangles of 
which the bases are corresponding sides in the two triangles we are 
comparing. To do this we have first to put both the triangles in the 
same figure. 

(i) Figure on the right: AH is measured off along AC equivalent 
to DF, and GH is drawn parallel to BC. Comparing the triangles AGE 
and ABC we first see that ^ 

zgah= zbag 

Z.GAH = Z.EHF the triangles ABC and DEF are similar) 
ZAHG=Z.AeBi^ „ ^ N " 

AGH = 

Z.AHG — Z-DFp; and Z.AGH = DEF (•.’ the triangles ABC 

and DEF are similar) 



What you can do with Geometry 149 

So comparing the triangles DEF and AGH 

^EDF = Z.GAH 

DF = AH (as we drew it so) 

ZDFE = ZAHG 

By Triangle Rule Three the triangles .DEF and AGH are 
equivalent . 


GH == EF and AG = DE ....... (a) 

A 



Fig. 48. — Demonstration 7 {continued) 


(ii) In Dem. 3 we have lealrned that triangles have the same 
height when they have their bases on one line and the opposite corners 
on a line parallel to it. This suggests the next step. Draw lines joining 
GC and HB (right hand Fig. 47)5 and to get the figure in a more 
familiar position for what we do next, look at it upside down (as in 
Fig, 48 (ii). You can now see (Dem. 3 ( 5)3 Fig. 39 (iii)) : 

Area A BGH = Area A GCH ...... Xh) 

(iii) In Dem. 3 we also learned that triangle have the same height 
if their bases are in the same straight fine and their opposite corners 
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touch. We can get two such pairs of triangles by adding the triangle 
AGIi both to the triangle GHB and to the triangle GCH, i.e. 

Area As AGH + BGH = Area As AGH + GCH 
or Area A AHB = Area A AGC (c) 

The triangles AHB Ind AGH have the same perpendicular height^ 
as*have also AGH and AGC (Dem. 3 (b)). So, from Dem. 3 (a), which 
tells us that the areas of triangles with the same height have the same 
ratio as their bases : 

Area AHB AB , Area AGC AC 
AreaAGH"AG Area AGH ‘ AH 

Since the areas of AHB and AGC are equivalent, 

AB ^ AC 
AG“ AH 

From (a) above 

DE DF 

Or from the diagonal rule (p. 98) 

^ _ DE 
AC DF 

Using a similar dissection, we can demonstrate that: 

BC BC ^ 

AC DF AB ” DE 

How Thales used this to measure »the height of the Great P 3 rramid 
of Cheops without waiting for the two days when the midday sun was 
at 45° is seen in Fig. 49. He put his stick in the ground upright at the 
tip of the shadow of the pyramid. Pole, sunbeam, and shadow give 
you a triangle with angles 90°, A, and 90° — A. The height of the 
pyramid, the sunbeam, and its shadow added to half its base give you 
another with the same angle. Since these triangles, r are similar the 
ratios of corresponding sides are the same, i.e. 

. 

P + S : s 
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Using the diagonal miCj we get for the height of the pyramid: 


H=|(ii+S) 

The height of pole (p), the base (5), and the shadows (i and S) 
can aU be measured easily at noon on any day. 




I % h&s& (y^ h) shzdxMT c£ pyramid (iSJ j shadow of pah. 

h — :: — 

Fig. 49.— How Thales Measured the Height of the Great Pyramid 


The angle A is the midday sun’s inclination to the horizon, and is therefore 
the same for both triangles. 


In essentials the same method could be used to determine the height 
of any inaccessible object. We can find how far it is away^ provided 
we can measure the angle which the top makes with the horizon by 
some sort of theodolite, like the one shown in Fig. 12. The crudest 
way is to make^a scale diagram. That is the Ipissez-faire method of 
Greek geometry. There is a better inethod, the socialized geometry, 
or trigonometry, as we usually call it, of the Alexandrians. This is 
to make a table once and for ^ of ratios of pole and shadow for any 
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angle of inclination. If you look back at Fig. 31, you will see that the 
ratio of pole to shadow for an angle of inclination A is what is called 
Jan Ain the dictionary language of trigonometry. This means, “Look up 
a number in a dictionary (table of tangents) which has been made 
once and for all, instead of going to the trouble of drawing a diagram 
to scale, every time you make an estimate.” If you look back at 
Fig. 43 (i) you will recollect that all right-angled triangles having, the 
same angle A are similar. So the ratio of perpendicular to base (pole 
to shadow, or gradient) is always the same if A is the same. There 
is only one number which represents it, once we have said what A is. 
Dem. 7 shows us that the ratio of any two corresponding sides in a 
right-angled triangle is fixed, if A is the same. 

The Greeks never took this step from a laissez-faire to a collectivist 
economy of figures. We shall see later how the Alexandrians did it, 
when we use it to measure how far away the moon is with less difficulty 
than finding the distance between Edinburgh and London. It will 
help us later if we get familiar with the names of the three dictionaries 
which are used for doing so. They are tables of tangents, sines, and 
cosines. There are three ratios of right-angled triangles commonly used: 


perpendicular _ ^ 

base 


perpendicular 

hypotenuse 


(pronounced sign) 


base 

hypotenuse 


= cos A 


(pronounced kosign) 


The reciprocals of these ratios also have names: cot A, cosec A 
and sec A respectively. Thus cot A is base -i- perpendicular, cosec A 
~ h p and stc A. == h ~ b. ^ 

There are tables for all six of these sets of ratios. They are no 
more difficult to use than a railway time-table. In the Table of sines 
one column like the departure cojumn from Waverley station in 
Edinburgh gives the angle A. The other column, like the arrival 
column at London (or other place to which you may wish to escape), 
gives you the number you want (sin A). How these tables were con- 
structed belongs to another chapter. Perhaps you will be sufficiently 
interested to want a clue already. One way of dealing with the problem 
would be to draw largp numbers of very accurate scale diagrams of 
right-angled triangles with different corner angles (A), and measure 
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Ihe sides very accurately, writing down all the results. This would 
take a long time. It would not be efficient, because we want the most 
accurate values it is possible to get in an imperfect world, where first 
attempts are not necessarily the best. As a matter of fact,jve have 
already picked up some information which could get results more 
quickly and correctly. Without noticing it we^ have collectivized the 
ratios of a few angles, but have not yet enough to make a complete 
table. 

How far we have got can be seen by first looking at a more familiar 
sort of table, such as this one, which shows the progress of travellers 
leaving Edinburgh: 


Departure, 
Waverley Station, 
Edinburgh (p.m.) 

Arrival at 

Newcastle 

York 

King’s Cross, 
London 

3.0 


6.45 


4.30 

6.30 

__ 

— 

6.15 

— 

— 

11.58 


If you compare the figures in Fig. 50 with those at the bottom of 
Fig, 44, you will be able to draw up a similar table like this: 


Angle (A) 

(degrees) Tan A Sin A 

30-1 

45 1 — 


60 


Cos A 


You will also notice two things which make preparing tables easy: 


(i) sin A == cos (^0° — A) (see Dem. 5 Q))) 
cos A = sin (90° — A) 

^ . sin A fp p . h p h\ 

(n) tan A— x (l — i — ^ i 

^ ^ cosA \b h h h h) 


Demonstration 8 

“The square of the hypotenuse of a right-angled triangle is equivalent 
to the sum of the squares of the perpendicular and the base.” 
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The dissection for this demonstratioa has been explained already 
in Dem. 6 (e) and Fig. 43. The perpendicular from the right angle 
to the hypotenuse cuts up a right-angled triangle into two triangles 
similar to one another and to the parent triangle. All we have done 




Cos 



in Fig. 61 is to arrange them so that the corresponding angles and 
sides are seen at a glance. From (iii) in Fig. 51 : 


^ (Dem.f) 
c a ^ . 

a^ = cx (Diagonal rule p. 97) 
From (iv) for similar reasons : 

' ' ^ r ^ ■ 

' , b^ = cy ■■■.. 
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Oambining both results and remembering c — x-i-y^ we see that 
— cx cy 

~ c (x y) (Dem. 2) 
a- -h 52 = c2 



Fig. 61. — Demonstration 8 
Notice another thing about this figure: 

xp 

So that P^~xy or p— 

In the last expression p is called the geometric meatii or geometric 
average of x and y. The geometric mean of 3 and 27 is Vs x 27, i.e. 
VSl, or 9. The arithmetic mean or common average is |(3 4- 27) = 15. 
In ninety-nine cases out of a hundred when politicians talk about an 
average, there is just as little reason for taking cme as the other. There 
are many kinds of averages. Which you should use depends on what 
you are going to make it do. , 

This demonstration is of the greatest importance In deternaining 
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the ratios of angles. You will recollect (if you do not, you will recall 
on looking back to Fig. 44) that if the angles of a right-angled triangle 
are 30°, 60°, and 90°, the hypotenuse (c) is twice the side (a) opposite 
the angle of 30°. To get the third side (5), taking the hypotenuse as 1, 
instead of 

c® = 

. or 

we can write P — (-|)® = 



In a right-angled triangle of 45° the base and the perpendicular are 
equivalent. So to get the hypotenuse (c) we can write : 

= 12 + P = 2 

c = V2 


Thus we can fill in the blanks of our railway table 

of tangents, sines 

and cosines thus (see Fig. 52) : 



Angle 

Tangent 

Sine 

Cosine 

30° 

1 

1 

V3 

V3 

2 

2 

45° 

i 

1 

1 


V2 


60° 

V3 

V3 

2 

1 

2 


The Greek geometers never took the step of making a table like this, 
or of extending it into a Bradshaw for every degree. So we shall leave 
how this can be done till a later stage. In the meantime, you will notice 
that we are no longer tied down to the shadow pole. Greek geometers 
had the means of makuig measurements of height without the shadow 
pole. If you have a simple theodolite (see Fig. 12), you can walk away 
from the clilf in Fig. 45 x yards till you sight the edge of the cliff 
at 30°. If ^ is the height of the cliff, 

h I '■ , , . . 

® or. A = , -7=: 

* ^/z Vs 
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If you wall? back from it till you are y yards away^ when the sighting- 
angle is 60°, 

- = Vs or h=^y.Vd 

y 

You can do a great deal more than this. Suppose you cannot get right 
up to the cliff, then you only need the distance d between two spots 



Fig. 62 

tan 45° =1 sin 45° = 1/^2 cos 45° = 1/V¥ 
tan 60° = Vs sin 60° = V 3/2 cos 60° = | 
tan 30° == l/V 3 sin 30° = i cos 30° = V3/2 

in the line directly away from the cliff where the sighting angles are 
30° and 60° respectively (see Fig. 63). 

At the end of this chapter we shall ask why the Greeks got so near 
to having a dictionary of angles without actually doing so. The point 
to notice here is that the mathematician came up against quantities like 
V2 and V3 (aipprox. 1-414 and 1-732), which could not be expressed 
with the numbers at his disposal. The prabtical man could only 
solve the problem as best he could by a sand-tracing like the one shown 
in Fig. 65, or by a sand-tracing based on tb,e geometric mean. This 
we shall give later. 
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FOUR DEMONSTRATIONS IN STAR-GAZING 

To carry on with the method of measuring inaccessible distances 
by means of known distances and angles, as when we get the height 



Fig, 63.-— Measuring the Height of a Cliff when Trespassers near 
THE Bottom will be Prosecuted 
You cannot find x or y, but you can measure out d = {x — y). 


■ ~ —= or h . 'V'’3 = 
« V3 


- d==y 
h 


h, VI -d 


Vs (ss y — — 7 = 

3' V3 

_ 

~ V3 


Multiplying both sides by V 3, w'e get 

‘ih - dVB = h 

2k = dVz 

, = 41. 

Measuring the distance of the moon froii^the earth is essentially like this. 


of a cliff, it is necessary to know something about the circle. The 
geometry of the circle was started the calendar makers. Precisely 
how? much the Greeks got from them we do not know. The second 
demonstration which follows is attributed to Thales. The first three 
are given in the third book of Euclid, and the last in the twelfth book 
of Euclid. The principle involved in the last was certainly known 
from the earliest times, when men began to make wheels for ox wagons 
or chariots. The Egyptian priests and artificers iaiew it as early as 
1500 B.C, 
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When the Phoenician Thales discovered how to inscribe a right-angled 
triangle with its comers in a semicircle, he sacrificed an os to the gods. 
It was a bad business for the ox. In the end it was a bad business for 
tlie gods. Navigation beyond sight of land became possible when men 
began to use the courses of the stars to steer the courses of their ships. 
The Phoenicians made the pole star of the priests the pole star of Ae 





Fig. 64, — Measuring the width of a River 
A simple instrument may be made by nailing a strip of wood to the centre of 
a protractor so that it can revolve freely. Screw into the two ends of this strip 
and into the two ends of the base line of the protractor screws with eyes (such 
as are used for holding extensible curtain rods) to use for sighting. Standing 
on one bank at A select an object, e.g. a tree, on the bank exactly opposite 
at C. Setting the movable arm at 90° on the scale, make a base line at 90° to 
AC by pegging down a piece of cord in line with the base of the protractor. 
Walk along this line to B, where C is seen to be exactly at 30° to AB. 
Measure AB, Then ABC is a right-angled triangle in which AC = 4BC and 
.\B — (V^/2)BC. So AC, tlie wddth of the stream, is AB -r VI. 


mariner. They began the secularkation of the calendar. Men measured 
the latitude and longitude of the celestial sphere of stars before they 
made proper maps of the spherical earth. In systematizing the measure- 
ment of the circle the Ionian Greeks laid the foundations of Alexandrian 
geography and drew a dividing line between astrology and astronomy. 

The belief that the earth is spherical is of great antiquity among 
these seafaring |ieoples. It was a cardinal point in the teaching of the 
Phoenician Pythagoras. The calendar makers fcnew it, because they 
were accustomed to look at the circular rim of the earth’s shadow in 
a lunar eclipse. The seafaring people did not<ake long to see that it 
gives a simple explanation of something which every traveller sees as 
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he strains for sight of landj or watches the shore recede. They saw 
mountains rise out of the water as they approached haven. They saw 
the tops of buildings sink into the water as they put out to sea (Fig. 59). 
When artificial light was a luxury, a voyage across the Mediterranean 
was sufficient to impress upon the imagination of the traveller the 
lengthening of days in summer and of nights in winter, as ships go 
fi|rther north. Long before Phoenician ships went further north than 
the Baltic or the coast of Devon, Bion, a disciple of the materialist 
Democritus, was telling his pupils of a land where the sun never sets. 
Geometry explored the Arctic Circle before any boat had taken a 



Fig. 66.-- Sand-tracing for Finding a Square Root 
p + p = 2 

P _j_ (V'S)!' =14-2 = 3 
P 4- (V3)2 = 1 -t- 3 = 4 etc. 

civilized man to watch the midnight sun within the Polar region. 
By then Greek geometry had already become the plaything of a pros- 
perous class with slaves to do its work. Brainwork and handwork 
reflected the stratification of social classes. At the very point when it 
had created a new instrument for man’s conquest of the world in 
which he lives, geometry degenerated into a mere toy. Only wdien 
Greek civilization was destroyed were the fruits of Greek geometry 
harvested. 

Demonstraiion 9 

“The line (tangentj just grazing a circle is at right angles to the 
line wfiich joins the centre to the spot where it touches the boundary.” 

The informal way of showing this is illustrated in Fig. 56. When 
the plmnb-line just grazes the horisos. at rest it is at right angles to it. 
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If we swing it (or swing a pendulum of equivalent length suspended 
from the same spot), it describes the arc of a circle just grazing the 
Horizon. The spoke of a wheel in line with the spot where the rim 
touches the surface on which it runs passes through a right angle in 
reaching the position when it is parallel to it. A formal demonstra- 
tion given in some textbooks of elementary geometry is illustrated in 
Fig. 67. It is given here for what it is worth, if it worries you, do not 
go on worrying. The fact is that the demonstration is less convincing 
than the experience of everyday life. 

(1) First look at (a) in Fig. 57. OP is a perpendicular dropped from 



Fig. 66.— The Principle of Tangency Illustrated by Plumb-line 
AND Pendulum 


the centre on the chord AB. In the triangles AOP and BOP, AO= r— BO. 
By Dem. 6 the angle OAP == 3 c = the angle OBP. Comparing the two 
triangles, we have 

ZOPA = 90° == Z_0?B 
05 = OP 

Z.BOP = (90° - :c) = Z.AOP 

By Triangle Rule Three the two triangles are equivalent and 
AP = PB. * 

(ii) Look at the second figure (&). You now see that AB is nearer the 
boundary and shorter, OA and OB are still equivalent, but OP is not 
much smaller tlftn OA or OB. Also the angles OAP and OBP are still 
equivalent and nearer to a right angle. 

(iii) In (c) A and B are much closer. It is getting difficult to distin- 
guish A, P, and B. The line nearly grazes the ciifcie. When it just grazes, 

Mathematics for the Million F 
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OP will be indistingiusbable from OA and OB. So Z.OAP will be 
indistingmshable from a right angle, fusing with Z.OPB, and the angle 
OAC will, therefore, be a right angle. Also Z.OBP, which is approach- 


(a.) (b) (c) 



Fig. 67.— Demonstration 9 
Why the Tangent of an Angle is So-called 
Tangent comes from the Latin verb tangerei to touch. This shows why the 
word is used for an angle ratio as well as for the line touching the circle. 

A PQ 

tanA-gg 

If the circle is of unit radius (OQ == 1 unit of length) 
tan A = PQ 


ing ZOPA in the same way, will become indistinguishable from a 
right angle. So also will /.OBD. 

The applications of this demonstration are innumerable. Two are 
specially worth noticing. The first, which depends on the fact that 
light travels in straight lines, is that, if the observer’s eye is at sea level, 
the line joining the observer to a point an the horizon is ^t right angles to 
the line which joins the observer to the eartVs centre, zenith, 

observer, and earth centre are all in line (Fig. 58), For the same reason 
the plumb-line at all points on the earth’s surface is directed towards 
She earth’s centre. 
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This demonstration can be used to calculate the distance at which a 
body of known height is just visible on the horizon, and hence among 
other things to form an estimate of how far a ship is from the shore. 

Distance of the horizon 

In Fig. 59 the observer is at A and BC is the distant object (e.g. 
(Star ad; A*s 

( zemBx. dxsbmzs, a 0®} 

r 

I 

J 

I 



mountain or ship), of which he can only just see the topmost point B, 
the rest being below his horizon line AB. Since light travels in straight 
lines, this is the line which goes through B and just grazes the circum- 
ference of the earth at A. So zlBAD is a right angle. Applying Dem.8, 
AB2 + AD2 = DB2 

=^'(DC+CB)2 
= DC2 + 2DG.CB + CBr 
Since AD and DC are both earth radii, AD — r — DC 

AB2 -f- AD2 = AD2 + 2DC . + CB® ' 

AB^ = 2DG . CB + CBS 

* On entering the earth’s atmosphere light rays aresomewhat bent (refracted). 
So the true z.d. of a star setting or rising is not exactly 90°. 
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Calling AB (the distance of the object as it vanishes below the 
horizon) and BC (its height if it were fully visible) we have 

= 2rh 4- 
= h{2r + h) 

'Since the highest mountains are about 6 miles and the radius of the 



Fig. 69. — ^The Tangent of the Horizon Line 

earth’s circumference is roughly 4,o0o, (r + h) cannot differ from r 
by more than about one in a thousand. The height ^ of a ship is 
of course extremely small compared with r. Hence we may put 
(2r + ^) == 23 -, so that * 

cP=-2h‘ 

This shows how far away a mountain 2,000 feet high must be when 
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it just dips below the sea line, if the observer’s eye is level with 
the sea. 

= 2 X X 4,000 (square miles) 

d = Vioo.ooo -h 33 

= 65 miles (approximately) 



Earth!’ s circumference 

A. R. Wallace, associated with Darwin in the great evolutionary 
controversy, started life as a surveyor, and suggested a very simple 
method of measuring the radius of the earth’s circumference Tw^o 
sticks (Fig. 60), the upper ends (A and B) of which are separated by 
a measured distance AB in a straight canal, are driven in so that they 
stand upright at the same height h above the level of the water 
Exactly midway between them a third stick is driven in so that 
its upper end D is in the line of sight with. A and B. Since the 
earth’s surface and, therefore, that of the water in the canal, is really 
curved, the height H of D above the water level of the water will 
be a little less than h. If we measure Je, H,’and BD accurately we 
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can find the radius of the earth’s circumference by applying Dems. 6 
and 8. Since 

AC = (r + ^) = BC 

the A ABC is an isosceles triangle in which 
, AD = i AB == DB 

So’ CD is dt right angles to AB (Dem. 6), and the A DBG is a rigk- 
angled triangle. Hence (Dem. 8) 

DB‘^ + DC^ = BC2 

DE^+(r + H)'^ = (r.+ ^)2 

DB" + + 2rH + H" = r" + 2rh + 

DB" + H" - A" = 2rh - 2rH 
= 2tik - H) 

DB" + H"-/i" 

2(^-H) 

Since the distance DB is very long compared with the height of the 
sticks we may neglect (H" — and 

r = |DB"-^(*~H) 

= |AB2^(^-H) 

Finding your latitude 

The stars appear to revolve in circles upwards from the east and 
downwards to the west, about an axis which passes through a point 
which is called the celestial pole. Nowadays we explain this by say- 
ing that the earth revolves around an axis which passes through 
its centre, its poles, and the celestial pole, in the opposite direction to 
the apparent motion of the heavenly bodies. Most stars set below the 
horizon and are only visible at night^during part of the year, but the 
stars very near the pole, like those in the constellation of tlr Great 
Bear, the Little Bear, Lyra, Draco, and Cassiopeia, in our latitude 
never sink below the horizon, being ^een most of the night below the 
pole at some seasons and above it at others. One star, the pole star^ 
is so near the celestial pole that it always seems to be in the satne. 
place. It lies almost exactly in line with the earth’s ^north pole and 
the earth’s centre. As" star beams are parallel, the rays v/hich reach 
us from the pole star are parallel to the earth’s axis, fou will see 
from Fig. 6i that the la|;itude of a place is the angle (“altitude”) which 
the celestial pole makes with the horizon. So you can get the htitude 
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of your house on any dear night by going into the garden and sighting 
the altitude of the pole star with a home-made astrolabe (Fig. 12). 
The pole star at present revolves in a drde one degree from the 



The altitude (horizon angle) of the pole star is the observer’s latitude, both 
being equivalent to 90“ %- zenith distance of pole star. 

celestial pole. So its altitude will not be more than a degree greater 
or less than your latitudes even if you are unlucky enough to sight it 
at its upper or lower transit across the meridian. Since the earth’s 
circumference is 25,000 mUes, this gives you your distance from the 
equator with an error of not more than 25,000 360, or approxi- 

mately 70 miles. If you want to be really accurate, take the mean of 
two observations made at the same time of night, one six months after 
the other, when the pole star will be just as much above the celestial 
pole as it was previously below it, or vice versa. 
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At the same time you may like to know how to find your longitude 
CFig. 63). Nowadays this is a very simple matter because ships have 
accurate clocks which can keep Greenwich time over a long voyage, 
and most of us can tune in for Greenwich time on the radio. Noon is 





On March 21st and September 23rd day and night are of equal length through- 
out the world. So the sxin lies above the equator. At noon the sun always lies 
over tlie line joining the north and south points of the horizon, i.e. the observer’s 
meridian of longitude. So the sun, the poles, observer, zenith, and eartlr centre 
are all in the same flat slab (or “plane”) of space. Since the edges of a sunbeam 
are parallel, the sun’s z.d. at noon on the equinoxes is the observer’s latitude. 

the time when the sun is exactly above the meridian at its highest 
point in the heavens. If our sundial registers noon an houur after it is 
noon at Greenwich, the sun has to tyavel, as the ancients would say, 
15“ fiirther west, or our earth has to rotate eastwards through 16“ 
on its axis, between the times of the two noons. We are therefore 15“ 
West of Greenwich. The peoples of antiquity discovered that time 
recorded by the shadoV clock does not synchronize in different places 
through observing when an eclipse occurred, or when a planet passed 
behind the moon’s disQ. The Babylonians had hour-glasses of sand, 
and could observe the time which elapsed between noon on a particular 
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day and the beginning or end of an eclipse or occultation. Before 
chronometers were invented this was the chief way of finding longitude. 
If at one place a lunar eclipse was seen to begin at 8 hours after local 
noon and at another 9| hours after local noon, noon in the second 


to Wast 



At noon the sun lies directly over the line joining the north and south points 
of the horizon, i.e. the meridian of longitude on which you are located. In the 
figure it is directly above the Greenwich meridian, and it is tlierefore noon 
at Greenwich. If you are 30° East of Greenwich the earth has rotated through 
30° since your sundial registered noon. It has therefore made one-twelfth of 
its twenty-four-hourly revolution, so that it is now two o’clock by the sundial. 
If you are 60° West the earth has still to rotate 60° before the sun will be over 
your meridian, i.e. one-sixth of its twenty-four-hourly rotation; so your sundial 
willregister 8 a.m. ^ 

place occurred hours earlier than noon at the first (see Fig. 116a). 
So the second was 1|- X 15° — 22|° East of the first. The construction 
of maps based on latitude and longitude was never achieved by the 
Greeks. It was done when Greek geometry was transferred to the 
great shipping centre of the classical world, Alexandria. 

% • 

Demonstration 10 

“The Lines joining the ends of the diame^r to any spot on the 
boundary of a semicircle enclose a right angle.” 

F* 



x~2 y~l 

R?idms of cirde. = ^2(x+y) ot1%. 

To find the geometrical mean of 1 and 2 (i.e. V 2) inscribe a right-angled triangle 
in a semicircle of which the radius is the arithmetic mean (i.e. 10. 

To find V6 by this method make » = 3 y = i r = 2J 

Fig. 64. — Demonstration 10 

The steps in the dissection are ali given in (&), (c), and {d) of the 
same figure. The radius of the semicircle in Fig. 64 is r units of length 
They may be tabulated thus : 

a+b + c =180° 

+ + + •■= 180° 

(x+y) + ix+y)=^mr 

2c = 180° 

e"' , ■ ■ ' = 90° ■■■ , 
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This demonstration shows ns how to make a sand-tracing for the 
geometric mean of two numbers (Fig. 64 (e)). So it can be used as a 
hieroglyph to get square roots with greater accuracy than the method 
of Fig. 55, In Dem. 8 (see Fig. 51) we found that 

/»= 'sfxy 

To’find \^xy (see Fig. 51) we need to construct a right angle, of whish 
the perpendicular (p units of length) from the right angle divides the 
hypotenuse into x and y units of length. Suppose I want to get V7. 
If X = 7 and j; — 1, xj; = 7. So I make a line 8 units long, and put 



Fig. 66. — Demonstration 11 

C = 180° - fl (Fig. 33) 
b = c (Dem. 6) 
b + c = 2c 

Up a perpendicular 1 unit from one end (or 7 from the other). At the 
spot halfway along the line I draw a semicircle of radius 4 units. Join 
the ends of the line to the point where the circle cuts the perpendicular. 
You have here a right angle, and this gives you the length of p. 

Demonstration 11 

“If two right-angled triangles are formed on the same side of a 
perpendicular to the diameter <)f a semicircle by joining where it 
meets the boundary to the centre and to the end of the diameter, the 
angle at the centre is ftvice the angle at the end of the diameter.” 

The steps in the demonstratioil of this are fully explained in Fig. 65. 
First notice that G = 180° — a, also 

a + b+c = 180° 

/. b + c = 180° -a* 

2c = 180° - a 

2c =G , 

c -iC 
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This demonstration is of very great importance, because it is used, 
as we shall see later, to get the first Alexandrian dictionary of sn>iEs. 
Fig. 66 shows you how you can make circles on the board of the shadow 
pole (Fig. 46) for a large series of angles, starting with any angle 
(e.g. 60°, 30°, 45°) which you know how to get. Other angles from 
which you might start to got a fresh series of circles for measuring 
sun’s angle by the shadow pole are given in Fig. 66a. 

Demonstration 12 

“The ratio of the boundary of a circle to its diameter is the same 
for all circles.” 

This means the same as saying that the boundary is “so many 




Fig. 65a.— How to get Angles op 67^° and 76® 

The two angles A are equivalent in both figures (Dem. 6). Their values are 
shown by Dem, 6. 

times” the diameter, whatever the size of the circle. The number is 
a number which stretches like V^, as it stands for a measurement. 
It cannot be represented in a short form like a recurring decimal, 
so it is represented by the pronoun tt. Later we shall see that its value 
lies in the neighbourhood of dj. The demonstration which leads us 
to it links up the measurement of the triangle with the measurement 
of the circle. It shows how to find the rim of a wheel if we know the 
spoke, or what size of spoke we need to make a run which turns so 
many times in a mile. It is the basis of the cyclometer (the first model 
of which was made in Alexandria about 100 B.c.) and the speed indi- 
cator. It is the basis of all large earth measurements gnd estimates of 
the size of the sun arid moon. As we know the circumference of the 
earth (calculated very simply on p. 234), it gives us the earth’s radius 
and the circumference d any circle of latitude. Without it there would 
haye been no Columbus and no George Stephenson, 
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'It is a tempting speculation to suppose that the measurement of 
the circle was suggested by polygonal figures and circles drawn^, as 
they are so easily drawn, on the yielding conves surface of the clay 




is' 



Starting with 67J° and 76° as in Fig. 65 a we can also get: 

33i° ... 76° 37J° 18f° . . 

on the potter’s wheel. Figures like those in Fig. 67 suggesting sunlight 
and shadow, sun and moon, eclipse and noon, ever-present realities 
of work and vJbrship in the ancient world, are reminiscent of the 
geometrical patterns which adorned ancient vessels like Cyprian 
vases (circa 1000 B.C.). Or it may have been discovered through the 
way a hexagon was inscribed in a drcie by tfie Babylonians, possibly 
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to divide the ecliptic belt into the six primitive constellations of the 
zodiac. 

Looking at Fig. 67 you see at once three things; (a) the boundary 


Circle enclosed be- 
tween two squares 
(polygons of 4 equi- 
valent sides). 



Polygon of 4 equiva- 
lent sides made up of 
8 right - angled "tri- 
angles with centre 
360° 

angles — g— = 45°, 


Circle enclosed be- 
tween two polygons 
of 6 equivalent sides. 



Polygon of 6 equiva- 
lent sides made up 
of 12 right - angled 
triangles with centre 
360° 

angles -jj- =« 30° 


Circle enclosed be- 
tween two polygons 
of 8 equivalent sides. 


Fig. 



Polygon of 8 equiva- 
lent sides made up 
of 16 right-angled 
ti-iangles with centre 
360° 

angles = 22|°. 


67 —From the Potter’s Wheel to v 


and area of a circle are less than the'^boundary and area of a polygon 
enclosing it, and greater than that of the polygon it encloses; (b) a 
polygon enclosing (sides tangent to) a circle or a polygon enclosed by 
(corners touching) a circle can be built up to twice'' as many right- 
angled triangles as the number of sides wliich the polygon has; (c) the 
centre angles of these triangles together make up 360°. 

Looking next at Fig. 68, you see how to make a polygon of any 
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number (») of equivalent sides enclosed by a circle of radius r units 
of length, or enclosing a circle of radius R units. Placing the angle A 
at the centre, we can go on putting 2 k equivalent right-angled triangles 


1^) To hiul2^ up a 
polY<^an of ri 
■'sidzs mclDs-cl 
a cvrcU of 
Vddias' V « 



(ib) To kuTT up a polp^an. of n siAcs oticlostn^ 

a drciz ot minis’ R 


bdj3& io 
lA 
3t0 * 
2ft 

Fig. 68 

alternately with their hypotenuses together and with their bases 
(i.e. base to A) together, until we get back to where we started. If all 
the centre angles add up to 360°, and they are all equivalent: 

360° 

*=-2S- 

Now look at Fig. 69. On the left are two circles enclosing two polygons 
with equivalent sides. On the right are two polygons with equivalent 
sides enclosing two circles drawn with the same centre. In the figure 
n is 6. In each figure the larger and smaller polygons are drawn so that 
the 12 right-angled triangles into which they can be dissected lie with 
their corner angles in common. Since all right-angled triangles with 
the same corner angle are similar (Dem. 5 (c)% the ratio of corre- 
sponding sides of the larger and smaller triangles is the same (Dem. 7), 
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If we call T the radius of the small circle and R the radius of the 
larger circlcj the figure on the left shows us that: 

PB^OB 
ph Ob 
PB ^ R 
** ph r 

X _ ?? 

* * 2n Xpb ~ 2r 


Since these enclosed polygons are made up of 2n such triangles, their 



Fig. 69. — To Illustrate the Fixed Ratio of the Boundary of the Enclosed 
AND Enclosing Regular Polygon to the Diameter 


boundaries are 2n times pb or PB, So if C" is the boundary of the 
larger and c” the boundary of the smaller polygon, D being the 
diameter of the larger circle and d the diameter of the smaller circle: 


What you can do with Geometry 177 

i.e. the ratio of the diameter of the enclosing circle to the boundaries 
of polygons with n equivalent sides is always the same if n is the same. 

From the figure on the right we get: 

pa ro_PA 

p6 PO pO~ pa 

2» X (PA) ^2R *D 
2« X {pd) 2r d 

So if we put C' and c' for the boundaries of the larger ffld smaller 
enclosing polygons 

D " d 

So it is also true that the ratio of the boundary of a polygon of n equal 
sides to the diameter of the circle it encloses is the same for all circles 
which we can draw. 

Looking again at Fig. 67 you will see that if the number of sides is 
greater, the boundary (and area) of the inner polygon is nearer to the 
boundary (and area) of the outer polygon, and both differ less from the 
boundary (and area) of the circle which lies somewhere between 
these two limits. By going on making enclosed and enclosing polygons 
with a greater and greater number of equivalent sides, we can get 
nearer and nearer to a figure which is indistinguishable from the circle 
lying between them. As the ratio of the boundary of similar enclosing 
polygons to the diameter is the same for all circles which we can draw, 
and the ratio of the boundary of similar enclosed polygons to 
the diameter is the same for aU circles which we can draw, the ratio 
of the boundary (c) of the circle itself to its diameter is the same for 

all circles. We call this ratio tt, i.e. 

* 

IT OT c — Trd— 277 r 
a 

We shall work out how to get* a good value for tt later, when we 
have seen how it is used. As you will probably want to have some 
idea, after going to so much trouble, we shall give a first estimate. 
Euclid did not ploceed to use this demonstration, though in fact the 
Egyptians had arrived by 1500 B.c, at a value (3*16), which is good 
enough for working to an accuracy of 1 per cent. If you had asked 
him what is the good of knowing it, he would have offered you a small 
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coin for your trouble. Here is the small coin. The boundary of the 
square which encloses a circle of diameter d is 4<f. Draw it and you 
will see why. So the boundary of the circle is less than 4d. The polygon 
of 6 equivalent sides is made up of 12 right-angled triangles of 30“. 
We have seen that the perpendicular to 30° is half the hypotenuse 
(Dem. 6). For the potygon enclosed by a circle of radius |-<i the hypo- 
tenuse (see top of Fig. 68) is equivalent to the radius. So the perpen- 
dicular to the centre angle is Jd. The boundary of the polygon with 
6 equivalent sides is 12 times thisj i.e. 3d. So the boundary of the 
circle is less than id and more than 3d. That is to say, rr lies betw'een 
3 and 4 (w == 3-5 zfc 0-5). A glancg shows that the boundary of the 
circle is closer to that of tlie 6-sided polygon it encloses than to that of 
the square which encloses it. So tt is more than 3 and nearer to 3 than 
to 4. In other words, it lies between 3 and 3-5 (tt = 3-25 ± 0*25). 

Having a value for rr, we can get the area of a circle without difficulty 
Looldng at the lower figure in Fig. 68 you see that the area of the 
enclosing polygon of n sides is : 

2n times |R , (perp.) (Dem. 3) 
or |R times the boundary 

When n is so large that we cannot distinguish the boundary of the 
polygon from that of the circle, 

A - |R .rrD 

Since D = 2R, A = 7rR‘ 

If we know the radius of the earth, rr helps us to find its bulk, 
Euclid gives a demonstration which enables us to do so. We have 
omitted any reference to the Greek geometry of solid figures in the 
present chapter for a simple reason. The results can be obtained with 
much less labour by other kinds cf mathematics which superseded 
Greek geometry. What we have learned is sufficient to show us 
the beginnings of these later developments. If we can find the distance 
of the moon, by the metliod at whkh we have hinted and shall latei 
on examine more fully, we can find its radius by the same method 
So we can get the bulk of the moon. We shall have it in the sky bj 
and by (Chapter Vl). ^ „ 

THE CLIJViAX OF GREEK GEOMETRY 

The Greek geometry which Euclid brought to Alexandria about 
300 B.c. had already reached its climax. It embodied all the necessary 
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principles from wMch the Aiesandrians and Arabs derived simple rales 
of caiculatioiis and a more economical method of surveyings astro- 
nomical and geographical as well as architectural and domestic. 
The failure of the Greeks to make any noteworthy discoveries by 
following up the daring and brilliant surmise of Anaxagoras with 
actual measurements like those of Aristarchus and Eratosthenes 
(Chapter 6) was due to the fact that geometry h*ad become a hobby of 
intellectuals who had lost interest in the social achievements of the 
craftsman and the mariner. When they encountered quantities like 
y S or iTj which cannot be represented by the sheep and cow numbers 
of their social heritage, they were confronted with two alternatives. 
One was to improve their voca?»ulary of numbers as Archimedes 
attempted to do at a later date, making it more suitable to the practical 
task of representing the imperfection of human knowledge. The other 
was to take shelter in an abstract perfection, which banished measure- 
ment from geometry. They chose the latter. Euclid does not speak, 
as we have done, of sides and areas, or the squares of numbers which 
stand (approximately) for lengths. He speaks of sides and lines and 
figures. He does not use abstract numbers, as we have done, to stand 
for so many units of measurements. He only used letters as labels 
for lines and figures, just as he could only use numbers for calculations 
which were done on a counting frame. 

Plato’s doctrine that the rule and the compass were the only instru- 
ments which a geometer should use for drawing figures is entirely 
consistent with his other views about mathematics. Geometry was 
an aid to spiritual perfection. We are not expected to attain spiritual 
perfection and enjoy ourselves at the same time. So it was natural 
for those who held this belief to make geometry as difficult and un- 
palatable as generations of schoolchildren have found it. Geometry 
was the highest exercise for culi?jvated leisure. The fun of the game 
lay in making the rules more complicated. Draughts and auction bridge 
were too tame SiT the unemployed intellectuals with whom Platonism 
found favour. They wanted chess and contract. Men who made 
mechanical devices for drawing new sorts of curves, like the early 
Athenian Archytas, found no favour, and a path to new discovery 
was blocked. 

All the while an essential contradiction lay Concealed from view. 
Figures are after all things which have to be drawn by imperfect 
human beings with imperfect instruments, ev^ if only two of them 
ire isermitted, and Emdid himself laid down the doctrine that m 
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construction (what we have called dissection) may be used, unless 
the possibility of carrying it out with these imperfect instruments has 
been demonstrated. We have done this in our preliminary rules of 
dissection. It is quite true to say that a line cannot be divided into any 
whole number of exactly equal units. It is equally true (pp. 72-78) that 
the experimental materials of Greek geometry, marks on paper or 
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Fig. 70. — The Magic Square 

You will find that any column or row or diagonal adds up to 34. Inscribed on 
a silver plate in the sixteenth century this square protected its owner from 
plague. This method of therapeutics was not limited to diseases of bacterial 
origin. It also made the same claims as psycho-analysis. There is a magic square 
on the wall of one of Albrecht Dtirer’s most famous engravings. 

scratches on wax and sand, were not the sort of things which could ever 
be used to represent something which is exactly equal to another thing. 
After the foundation of the University of Alexandria about 320 b.c. 
mathematics in Greece made little more progress. Our last glimpse 
of mathematics on the mainland of Greece, before Constantinople 
fell to the Turks, discloses the cult of the magic square (Fig. 70), which 
the Byzantine Moschopoulos brought to Italy in the fifteenth century 
A.D. The grammar of numbers ended-, where it had begun, in a medley 
of superstition and crossword puzzles. In the next chapter we shall 
see that the Greek intellectual, when faced with a crisis in his social 
culture, had already t^en to the crossword puzzle bfifore he banished 
numbers from geometry. 
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Discoveries and Tests on Chapier 4 

1, Two straight lines cross one another making the four angles A, % 
Q D. Make diagrams putting in the other three angles when A is 
(i) 30°j (ii) 60°j (iii) 45°. » 

2. A triangle has three sides, lengths a, 6, c, opposite the angles 
A, B, C respectively. Continue a beyond C to E, draw the figure and 
find what ZACE is when (i) A == 30°, B = 45°; (ii) A = 45°, B = 76°. 
If ZACE, is called the “exterior pgle” at C, what is the general rule 
connecting an exterior angle of a triangle with the two opposite interior 
angles? 

3. Draw an equilateral triangle with sides 1 unit in length. Draw 
a perpendicular from one corner to the opposite side. Express the 
area of the triangle in terms of (a) sin 00°, (b) cos 30°, If the length of 
a side is a units, what will the area be? 

4. Draw an isosceles triangle with one angle of 120°. If the equal 
sides are of unit length, find an expression for the area of the triangle. 
What is the area if the equal sides are a units in length? 

6. Draw diagrams to illustrate the following statements: 

(2a + 3&)2 = 4a2 -{- 12a& + 9&a 
(3a - = 9a2 - 12a& + m 

(2a + 3&) (3a - 2&) = Oa^ + 5a& - %¥ 

(2a + 3&) (2a - 3&) = 4a2 - 

6. In the last chapter you found out how to write down (a -f- h)\ 
(a — hf. These identities can be used for squaring many dL^ierent 
types of expressions. For example: 

~ + %xy -{- y 2x 2y 1 

This is more usually written: 

{(* + J") + ly = x" + 2xy+y‘ + 2x + 2y + l 

Notice that when two sets of brackets are used, one inside the other, 
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they are of different shapes to avoid confusion. In this way write 
down the values of the following: 

{x-Yy-{-2f {x^lf 

{x^y~2f ix~lf 

(2a^ 4- 3j;2)2 {4 a - bhf 

(x^ 4 V)=* (xy - ly 

* (x2_y)2 

7. By reversing the process you can write down the square roots 
of any expression of the form 

a^±2db-\~ 

Write down the square roots of the following: 

9x^ 4 42ry 4 4f>y® 6a -i- 9 

4^2 _ 20ah 4 25b^ x^ - 2x + I 

16a2 - 12ab 4 ^ 2x + 1 

4 24 x 3 ; 4 1443 ;® 

8 . Using the identity (a 4 0 ) (a — &) — a® — find the values 
of the following: 

(x4 1)(x-l) (x43)(x~3) 

{ab+l){ab~l) (a^ - 5“) (a^ 4 

(x43'-2)(x43'+2) 

9. It is very useful to be able to split up a complicated expression 
into factors. You have already seen how to find the factors of expres- 
sions like 4 2ab 4 The identity — b^ = (a — b) {a-}- b) 
can be used to find the factors of any expression which is the difference 
of two squares. 

e.g. - 8 l 3;2 = ( 8 x 2)2 ~ ( 93^)2 

= (8x2 - 93 -) (8x2 4 Qj') 

In this way write down the factors of: 

x^~l a^~{bi-cy 

{a by ~ (jc 4 — I 

a^~{b~cy x8-3;8 

- b^ a 2 4 2ab 4 - 1 

81 — x® • . x2 4 2x3? 4 3?2 — 22 

(x4 2 ) 2 -(x~l )2 
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10. Write down the value of the third angle of a triangle when the 
other two angles have the following values : 

(i) 15°, 75° (H) 30°, 90° 

(iii) 4 r, 81° (iv)110°,60° 

(v) 90°, 12° 

11. If you refer to Fig. 13 you will see what is meant by the zenitii 
distance (z.d.) and altitude (a) of a heavenly body. Explain why 

= 90° — z.d. and z.d. = 90° ~ a. 

12. If the altitude of the pole star is 30° at Memphis, 41° at New 
York, and 51|° at L.ondon, what is^its zenith distance at these places? 

13. The star Sirius is 106|° measured along the meridian from the 
pole star. Draw diagrams to show its position relative to the pole 
star when on the meridian at each of the three places mentioned in 
the last paragraph. What is its zenith distance and altitude in each case? 

14. Draw four right-angled triangles in which one angle is 10°, 
30°, 45°, 75° respectively. In each triangle drop a perpendicular from 
the right-angled corner to the hypotenuse. Into what angles does the 
perpendicular divide the right angle in each case? 

15. A ladder leaning against a vertical wall makes an angle of 30° 
with the w'all. The foot of the ladder is 3 feet from the wall. How high 
up the wall does the ladder reach and how long is the ladder? 

16. A wardrobe 5 feet high stands in an attic in which the roof 
slopes down to the floor. If the wardrobe cannot be put nearer the 
wall than 2 feet, what is the slope of the roof? 

17. A thatched roof has a slope of 60°. It ends 15 feet above the 
ground. In building an extensiojq^ the roof can be continued until it 
is 6 feet from the ground. How wdde can the extension be? 

18. At noon a telegraph pole known to be 17 feet high cast a shadow 
205 inches long. What was the Tsun’s approximate zenith distance? 
(Use the table of tangents.) 

19. At noon, v.^hen the sun’s zenith distance was 45°, the shadow 
of a lamp-post just reached to tlie base of a 12~foot ladder whose top 
touched the top cf the lanap-post. How much longer was the shadow 
of the Lirnp-post later in the day when the su^’s zenith distance was 
&»°? (Draw a figure. No calculation nodded,) 
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20 . The shadow of a pole 3 feet 6 inches long was found to be 5 feet 
at four o’clock in the afternoon. At the same time the shadow of a 
cliff with the sun directly behind it was 60 yards. How high was the 
cliff? 

21. A surveyor wants to measure the width of a river he cannot 
cross. There is a conspicuous object P on the opposite bank. From a 
point A on his own side to the left of P, he finds that the angle between 
his bank and the direction of P is 30°. From another point B to the 
right on the surveyor’s side, the direction of P is 45°. He then measures 
AB and finds it to be 60 feet. Draw a diagram of this, and find the 
width of the river. (Hint. Find the relations between the perpendicular 
from P to AB in terms of the segments of AB and add the segments.) 

22. A halfpenny (diameter 1 inch) placed at a distance of 3 yards 
from the eye will just obscure the disc of the sun or moon. Taking the 
distance of the sun as 93 million miles, find its diameter. Taking the 
diameter of the moon as 2,160 miles, find its distance. 

23. If sin A = cos 60°, what is A? 

If sin A = cos 45°, what is A? 

If cos A == sin 15°, what is A? 

If cos A — sin 8°, what is A? 

s/% 1 

24. If sin X ~ -g- and cos * == 2 ^ what is tan x? 

If sin »: = 0-4 and cos x ~ 0-9, what is tan :r? 

If cos = 0 • 8 and sin x — 0 -6, what is tan x? 

If sin x~0-8 and cos x ~ 0-6, what is tan x} 

25. Use tables of squares or square roots to find the third side in 
the right-angled triangles whose oth^ sides are : 

(а) 17 feet, 5 feet. 

(б) 3 inches, 4 inches. 

(c) 1 centimetre, l^- centimetres. 

How many different possible values are there for the third side in 
each triangle? ^ 

26. Make two different geometrical constructions with careful 

scale diagrams to tabdate the squares of the whole numbers from 
■I to 7. " 
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27. Make geometrical constructions to find the arithmetic mean 
and geometrical mean of 2 and 8, 1 and 9, 4 and 16. 

28. What is a star’s zenith distance when it is just grazing the 
horizon? When it is directly over the meridian, Canopus, next to 
Sirius the brightest star, is above the south point of the 
horizon in the neighbourhood of the Great Pyrknid (Lat. 30°), What 
Is the angle between Canopus and the pole star? On the assumption 
that the angle between any two stars when they lie over the meridian 
is iked, what is the most northerly latitude at wliich Canopus can 
be seen at all? 

29. If the sun is directly over the Tropic of Cancer (Lat. 231° N.) 
on June 21st, show by the aid of a diagram like that of Figs. 61 and 62 
what are its altitude and zenith distance at New York (Lat. 41° N.) 
when it is over the meridian (i.e. at noon). What is the most southerly 
latitude at which the sun can be seen at midnight on that day? 

30. What is the zenith distance of the pole star at New York 
(Lat. 41° N.) and London (61 1° N.), and the altitude of the noon sun 
on September 23rd? 

31. In a Devonshire village the shadow of a telegraph pole was 
shortest at the time when the radio programme gave Greenwich time 
as 12.14 p.m. on December 25th. What was its longitude? 

32. By dividing a polygon of x equivalent sides into x equivalent 
triangles, show that the angle between any two sides is the fraction 

----- of a right angle. 

33. What is the height of a lighthouse if its light can be seen at a 
distance of 12 miles? 

34. From a ship’s mast-head 60 feet above sea-level it is just possible 
to see the top of a cliff 100 feet high. How far is the sliip from the cliff? 

35. At noon on a certain day the shadows of two vertical poles 
A, B, each 5 feet^^high, are 3 feet 3 inches and 3 feet 1| inches respec- 
tively. If A is 69 miles north of B, what is the radius of the earth? 

36. If a square is drawn outside a circle of Linch radius so that its 
sides just touch the circle, show that the length of its boundary is 
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8 tan 45®. If it is drawn iaside the circle so that the comers of the 
square lie on the circumference, show that the length of the boundary 
is 8 sin 45°. Similarly show that the boundary of a circumscribed 
hexagon is 12 tan 30°, and of an inscribed hexagon 12 sin 30°. What 
would you expect the boundaries to be of a circumscribed and inscribed 
octagon (8 sides) and dodecagon (12 sides)? 

Ti. <Jalculate the numerical values of the boundaries of a square, 
hexagon, octagon, and dodecagon, both circumscribed and inscribed. 

Tabulate your results to show between what values -n lies, using 
the tables of sines and tangents. 

38. Show that the area of the circumscribed square is 4 tan 45°, 
and of the inscribed square 4 sin 46° cos 45°. What are the areas of the 
circumscribed and inscribed hexagon? Give a general expression for 
the area of ciratmscribed and inscribed figures with n equivalent 
sides, noticing that in the case of a square the area is 4 tan ^ ^ 

39. Since the area of a circle of unit radius is rr (vr^ = w when 
r == 1), use the general expressions you have just obtained to find the 
limits between which ir lies, taking rr to lie between the areas of 
circumscribed and inscribed figures with 180 equal sides. 

40. If the radius of the earth is taken to be 3,980 miles, what is the 
distance between two places with the same longitude, separated by 
one degree of latitude? 

41. What is the distance apart of two places on the equator separated 
by one degree of longitude? 

42. A ship after sailing 200 miles due west finds that her longitude 
has altered by 5°. What is her latitude? Use the table on p. 659. 

43. On Midsummer Day the sun is directly above tlic Tropic of 
Cancer (Lat. 23|® N.). On Midwinter Day it is directly above the Tropic 
of Capricorn (Lat. 23|® S.). Make a diagram to show at wdiat angles 
the noon’s sun is inclined to the horizon at London (Lat. 51-^ ° N.) 
on June 21st and December 21st. 

44. Show by diagr;|ms that the noon shadow always points north 
at Nev/ York (Lst 41"^ K.). 
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46. How would you know by watching the noon shadow throughout 
the year whether you were: 

(a) North of Latitude 66-F N.? 

(&) Between Latitude 66|° N, and 23|° N.? 

{c) Between Latitude 23-|° N. and the equator? 

{d) Exactly at the North Pole? 

(e) Exactly on the Arctic Circle? 

(/) Exactly on the Tropic of Cancer? 

{g) Exactly on the equator? 

46. At what latitude will the sim’s noon shadow be equal to the 
height of the shadow pole on (a) June 21sty (h) March 2ist, (c) Decem- 
ber 21st? 

47. A ship’s chronometer on September 23rd recorded Greenwich 
time as 10.44 a.m. when the sun crossed the meridian at an angle of 
66“ above the noriherK horizon. What port was it approacliing? (Use 
a map.) 

48. If New York is on the meridian of Longitude 74° W. and 
Moscow on 37|° E.j what will be the local time in New York and 
Moscow when Greenwich time is 9.0 p.m.? 

49. Using Dem. 9 and the definidon of a circle as a figure in which 
every point on the boundary is equidistant from a fixed point called 
the centre, show that the centre is also the point where lines drawn 
at right angles to the mid-point of any two chords of a circle cross 
one another, 

50. How would you use this, -if you wished to make the base of 

a home-made theodolite like the one in Fig. 12 from the circular top 
of a second-hand three-legged stool, or to pierce the centre of a 
circular tin? •« 

51. If one side BC of a mangle ABC is extended to a point D, show 
that /. ACD == ^ CAB /_ ABC. When two observers at B and G 
sight an object at A, Z. CA.B is called its paraUax with reference to 
the two observers. Explain by Dem. 6 why the parallax of an object 
is the difference between its elevations at B and C, if A has the same 
azimuth for both observe®. . 
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THINGS TO MEMORIZE 

1. In a triangle which has a base b opposite Z.B, a side a opposite 
Z.As a side c opposite /.C, and a perpendicular height h from B to 6; 

(i) Area = ^hb (ii) A + B + G = 180° 

ffB = 90° (i)C = 90°-A 

A = 90° - G 

(ii) + a® 

(iii) sin A = Y ~ cos C 

^ 0 


cos A = 


tan A == - 


sin C 
1 

' tan G 


2, In a circle of radius r (diameter d): 


Boundary = 27rr (or 7rd) 
Area == irr* 


3. Two triangles are equivalent: 

(i) If all three sides are equivalent. 

(ii) If two sides and the enclosed angle of one triangle are equivalent 
to two sides and the enclosed angle of the other, 

(iii) If one side and the angles the other two sides make with it in 
one triangle are equivalent to one side and the two corresponding 
angles in the other. 



CHAPTER V 


FROM CRISIS TO CROSSWORD PUZZLES 

or 

The Beginnings of Arithmetic 

Planning education for the Age of Plenty is quite a different thing 
from letting middle-class children of parents with “advanced” views 
do nothing at all. Generations of schoolboys have been brought to 
the Bridge of Asses by the system of education which arose from 
the cultural needs of the middle classes. They stood in front of it, 
“groaning and travailing in pain together,” as the apostle says. The 
old sort of educationist offered them the small coin of a secure appoint- 
ment for their pains, when the examinations were passed. The “new 
educationist” offers them a holiday. Rational education would show 
them that knowledge of geometry is something which it is our privilege 
to share, because it has helped to make us able to plan the society in 
which everyone can share the satisfaction of common needs. Having 
made some acquaintance with the mathematical achievements of the 
Greeks, we may recall Cobbett’s words. We can begin to see how mathe- 
matics might be taught so as to advance the liberties of the people. 

When you come to think about it, what could be a more fitting text 
for such a lesson than the Bridge of Asses ? In the fifth proposition of 
the first book of Euclid the most dramatic dichotomy in human 
history lies buried. The priestly superstitions which had grown up 
with the calendar demanded that temple sites should greet the vision 
of their august and celestial patrons. To make hotels comfortable and 
luxurious enough for star gods to, visit, slaves toiled on burning sand. 
This brought into being a craft which possessed the secret of making 
houses fit for men to live in. Greek literature made their knowledge 
the articulate possession of mankiad. The whole after-history of human 
thought may be viewed as a struggle between these two ways of dealing 
with the world. One is the way of the practical man who uses knowledge 
to change the wojrld. The other is the culture of a caste with leisure to 
contemplate the world. 

Among the Ionian Greeks there were men like Democritus, who 
realized, as we do, that knowledge is something we have the privilege 
of sharing with others . Maybe that is why they spoke of demonstrations 
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instead of proofs. The first mathematicians wanted to distribute their 
knowledge, Pythagoras, who came after Thales, went about giving 
lectures on figures and numbers to large audiences in the fifth century 
B.C., and eventually married one of his lady students, Theono, We 
soon see the beginnings of another attitude. There were otliers more 
like our eugenists and^ South Africans, for whom knowledge is some- 
thing which you keep from men who have a black skin or very little 
money. The pupils of Pythagoras formed themselves into secret societies 
and invested mathematics with the august and awful mystery which 
it has had ever since. Matliematical discoveries were communicated 
under oath. In the fourth century B.c., Hippasus, a member of one 
of these societies, is said to have been drowned in his bath for giving 
away mathematical truths for nothing. He announced in public that 
he had added a regular solid of melve faces to the list enumerated by 
the founder. There is much to suggest that the whole arrangement 
of Euclid’s elements was made to lead up to this proposition. When 
the Pjthagorean brotherhoods slackened their vows sufficiently to 
allow books to be written, geometry and the study of number had lost 
touch with the work of the world. Plato, who transmitted their tradition, 
learned his geometry from the Pythagorean Philolaus. 

Although Pythagoras himself seems to have liked sharing his know- 
ledge with others, the fate of his doctrine was a very natural result 
of the way he taught. Men like Thales and Democritus went to Egypt, 
saw what die priests were doing, rejected the magic and used the 
arts, as the u.s.s.R. rejects American economics and uses American 
engineers. One of the reassuring facts about human history is that we 
can all be rationalists about the superstitions of other people. Jews 
are notoriously secularist when there are Christians around. There are 
rarely more than a few' of the unusual people who can carry through 
a radical re-examination of their own beliefs. The Greeks were no 
exception to the rule. The merchants of the city-states were acquiring 
land and becoming slave-owners. They had not outgrown the need 
for social superstition. They had tal^gn over the Phoenician culture of 
number, which seems to have collected a vast amount of superstitious 
rubbish from the eastern caravan routes. This rubbish was highly 
intriguing to tlic prospering townspeople who had an itch for change, 
characteristic of a rapidly expanding society. The audiences of Pytha- 
goras wanted charades. He gave them brighter and better charades. 
It was a short step to die queer ceremohial of prayers w'hich his pupils 
offered to magic numbers. “Bl^s us, divine number, who generatest 
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Gods and mens O holy tetraktys, that containest the root and source of 
the eternally flowing creation/* Such was the incantation of Ms pupils 
to the number four. 

The idealistic teaching which brought large audiences to hear 
Pythagoras is illustrated by the way he invested numbers and figures 
with moral qualities. One, being regarded as the source of all numbers 
rather than a number itself, stood for reason, two for opinion, four 
for ’justice, five for marriage, because it is formed by the union of the 
first male number 3 and the first female number 2, In the properties 
of five lay the secret of colour, in six the secret of cold, in seven the 
secret of health, in eight the secret of love, i,e, tliree (potency) added 
to five (marriage). The six-faced solid figure held the secret of the 
earth. The pyramid held the secret of fire (later the logos spermatikos 
of the Stoics, the light which lighteih every man). The twelve-faced 
solid held the secret of the heavens. The sphere was the most perfect 
figure. The distances of the stars were supposed to form a harmonic 
number series like the lengths of the wires of early stringed instru- 
ments, whence the “harmony of the spheres.” Numbers were put into 
classes of bright and obliging or dull and discontented boys and girls. 
There were perfect numbers of which all the whole-number factors 
add up to the number itself. The first of these is 6, of which all the 
divisors are 1, 2, and 3 (1 -f 2 + 3 — 6). The second is 28, of which 
all the factors are 1, 2, 4, 7, and 14 (1 -f 2 4 -f 7 + 14 = 28). The 

neo-Pythagorean Nichomachus of Alexandria spent a great deal of 
time hunting for the next rwo, which are 496 and 8,128. There is 
not another till we get to 33,550,336. In a fruitless effort to get so far 
Nichomachus discovered that “the good and the beautiful are rare 
and easily counted, but the ugly and bad are prolific.” There were also 
amicable numbers. Asked what a friend was, Pythagoras replied, “One 
who is the other L Such are 220 and 284.” Being interpreted, this 
means that all the divisors of 284'’(1, 2, 4, 71, and 142) add up to 220, 
and all the divisors of 220 (1, 2, 4, 5, 10, 11, 20, 22, 44, 65, and ,110) add 
up to 2S4. You can amuse yourself like the audiences of Pythagoras by 
trying to find others. Anotiier class of good omen was the class of trian- 
gular numbers (Fig. 70). Centuries later, as w'e shall see, these turned out 
to have a use. They are formed by adding a number to all the numbers 
which go before.''For instance, the first four simple triangular numbers 
are 1, 3 = (1 -1- 2), 6 = (1 + 2 + 3)^ and 10 = (1 -f 2 + 3 -j- 4). A 
story about these shows you how mathematics was ceasing to be an in- 
8trur.aent which the Greek merchants and craftsman could use as Thalea 
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used Ms knowledge. In Lucian’s dialogue a merchant asks Pythagoras 
what he can teach him. “I will teach you to county” says Pythagoras. 
“I know that already,” replies the merchant. “How do you count?” 
asks the philosopher. The merchant begins, “One, two, three, four, 
. . “Stop,” cries Pythagoras, “what you take to be four is ten, or a 
perfect triangle, and our symbol.” 

From great antiquity this cult of magic number can be traced far 
tMeid along the inland trade routes which radiate from the ancient 
Sumerian civilization. The Hindus and the Hebrews had their perfect 
numbers and amicable numbers before Pythagoras taught. The six 
days of creation and the twenty-eight days of the lunar month illustrate 
the perfection of the Providential Plan. St. Augustine understood the 
early preference of the Hittites for perfection when he said that “God 
created all things in six days, because tMs number is perfect.” The 
Eastern influence on the teaching of Pythagoras has long been detected 
in his doctrine of metempsychosis, i.e. that every soul has a season 
ticket for travelling in bodies. There is reason to suspect that some 
of Ms geometry, and with it number phallicism, came from CMnese 
sources of a much earlier date. The number lore of ancient CMna 
gives us a clue to the first magical beginmngs of a size language wMch 
forms the basis of modern statistics. We shall now go back five hundred 
years or more and see how men first began to classify the properties 
of numbers. 

The distinctive feature of early CMnese number lore is that the 
numbers are figurate. They are represented by simple patterns of lines 
or circles or dots. This characteristic throws some light on the way 
in wMch the Hindus were able to replace the ancient letter numbers 
by a rational sci^pt. For our present purpose it is important because 
it helps us to reconstruct the beginnings of a very useful branch of 
mathematics, the study of “series.” 1^ the Chinese Book of the Pernni- 
tationSs written about five hundred years before Pythagoras, the first 
eight numbers are represented by combinations of horizontal bars, 
either whole — or broken — ^to signify the male principle (-) of the 
odd mmibers and the female principle (--) of the even numbers. 
Each number contains the secret of some object — sky, earth, fire (three, 
of course), water, air, wind, and mountain. These horizontal bars 
reappeared later in the matchstick notation, which suggested the 
Hindu mmiber symbols (= becomes 2 and E becomes 3). The Maya 
calendar script, which js the only number language based on the same 
principle as the Hindu notations also uses horizontal bars placed one 
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above another. An alternative, and for our present purpose more 
significant, way of writing numbers was to represent them by patterns 
of dots and circles (wliite circles for male numbers and black ones for 
female numbers). This is used in the first magic square which we 
meet in history. The one shown in our own notation in Fig. 71 Is 
dated at least as early as 1000 b.c. As it was actually represented in the 
old Chinese text it was essentially like that given in Fig. 72, where 
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the odd or male numbers are represented by white circles, and the 
even or female numbers by black ones. 

The cult of the magic square drifted all round the ancient world. 
At a later date its vogue may have had something to do with the magic 
called “gematria.” This is certainly the basis of the comparatively late 
cabalistic cross formed of the middle row and column of the square 
in Fig. 71. Gematria is the name for the quaint superstitions which 
arose in connexion \vith the use pf alphabet letters for numbers of the 
Hebrews and Greeks. In those days, when men were first learning to 
use signs for numbers, tiiey found themselves entangled in a bog of 
confusion by first attempts to invent symbols which took up less space 
than the earlier hieroglyphic forms. When each letter came to represent 
a number, each word had its characteristic number formed by adding 
all the separate numbers alternatively represented by its letters. When 
the numbers of two words were the same there were dark forebodings 
of hidden mysteries for hosts of commentators. The superiority of 
Achilles over Hector was due to the fact that, the letters of Achilles 
add up to 1,276, whereas the iwme of Hector was only equivalent to 

Mathtmatict for th4 G 
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13225. In Hebrew Eliasar adds up to 318. The Hebrew saga tells ‘us 
that Abraham drove out 318 slaves when he rescued Eliasar. Gematria 
linked up stars and planets and portents in the astrological writings 
of the theosophists and the astrologers of the middle ages, A latiu 



Fig. 72 — The Lo Shu in the “Book of the Permutations" 

This figure, which represents the fiirst magic square in history, was first con- 
fUucted about 1000 b.g, 

proverb (given in the Week-End Book) shown in Fig. 73 illustrates an 
analogous game. 

Plato’s obscure number, which was *‘lord of better and worse births,” 
stimulated a great deal of useless intellectual effort among the Platon- 
ists. The number of the beast in the book of Revelation, gave later 
investigators prolific opportunities for practice in this branch of 
arithmetic. So did the book of Daniel to which Newton devoted the 
intellectual efforts of his declining years. Peter Bungus, a Catholic 
theologian, wrote a book of 700 pages to show that the number 666 
of the beast was a cryptogram for the name of Martin Luther. Luther 
replied by interpreting it as a prophecy of the duration of the papal 
regime, which was h^pily approaching its predestined end. The 
Protestants, who sponsored the new mercantile arithmetic, were much 
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better at this method of propaganda. Stifel, a convert of Luther* and 
the first European mathematician to use the signs -f * — * and V in 
a book on algebra* traced his conversion to the discovery that 666 
refers to Pope Leo X. When written in full Leo X is lio decimvs. 
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Fig. 73. — Word Square Based on the Latin Sentence— 

Sator arepo tenet opera rotas 

(Arepo, the sower, delays the wheels by his works — inscription at CireO" 
cestcr, Glos.) 

The simplicity of the proof merits repetition. Stifel first saw that E, O 
and S axe not numbers in Roman script. So their inclusion is merely 
an oversight. The number letters arrange themselves with little help 
to give MDCLVI, i.e. 1,656. This is 666 + 990. It is only fair, argued 
Stifel, to add in X the alternative way of writing decimvs. This gives 
us 666 -b 1,000. The latin equiv^ent of 1,000 is M, the initial letter 
of mysterium. Hence the apocalyptic reference to the “mystery” of 
the beast. The interviews which contemporary mathematicians of some 
eminence give to Sunday newspapers need not surprise us greatly 
when we recollect that Napier, who is now famous for his logarithms, 
attached equal importance to his own method of identifying the Pope 
as antichrist. ’ * 

The separation of odd and even numbers as male and female in this 
primitive number lore of the Chinese recall^ the preoccupation of 
primitive man with the fertility of flock and field, and with the 
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patriarchal family-group- Animism of number has a strict parallel in 
ordinary speech. While we laugh at the English Podsnapj who invariably 
associates the continent with the incontinenta it is only fair to admit 
that there is a legitimate excuse for the confusion. If an Englishman 
learns a living language at all, he learns French, in which every noun 
has to have a sex. Engjhsh is a peculiarly sophisticated language in so 
faj as it has eliminated gender in the grammatical sense. The animistic 
treatment of number (Fig. 74) in the earliest Chinese books on mathe- 
matics was apparently mixed up with the recognition of a special class 
of odd numbers, which are now called primes. Prime numbers cannot 
be divided into an exact (whole) njimber of equal whole numbers. 
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Fig. 74.— Animism and Gender in Chinese and Pythagorean 
Number feoRE 

Figuratively (Fig. 74) they cannot be represented by equivalent rows of 
dots or circles. Thus 3, 5, 7, 11, and 18 are primes. The odd numbers 9, 
15, 21, and 25 are not prime numbers. The recognition of this class of 
numbers was not a very useful discovery except in so far as it simplified 
finding square roots before modern methods were discovered. 

To get all the primes between 1 and 100 you first leave out all the 
even numbers (which are divisible by 2) and all numbers ending 
in 5 or 0 in our notation (because these are divisible by 5), except, 
of course, 2 and 5 themselves. This leav^ : 
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1 2 3 6 7 9 11 13 17 19 

21 23 27 29 31 33 37 39 

41 43 47 49 51 53 57 69 

61 63 67 69 71 73 77 79 

81 83 87 89 91 93 97 99 


Now you must throw out all the numbers (other than 3 or 7) which 
are exactly divisible by 3 or 7. This leaves : ■* 

1 2 3 5 7 11 13 17 iO 

23 29 31 37 41 43 47 

63 59 61 67 71 73 79 

83 89 97 


We have already rejected all numbers divisible by 9, since these are 
all divisible by 3, and all numbers divisible by 6, 8, and 10, since these 
are all divisible by 2. Numbers up to 100, divisible by 11 or a higher 
number are also divisible by one of the first ten numbers, since higher 
multiples of 11 are greater than 100. So all those left are prime. 

The use of primes for finding square roots depends upon an important 
rule which you will meet again and again. It is illustrated by the 
following examples ; 

V'4 X 9 = V36 == 6 — 2 X 3 = Vi X V9 
V4 X 16 = VM == 8 = 2x4 = V4x VTs 


V4 X 25 = VIW = 10 = 2 x 5 = Vi X V25 
V9 X 16 = Viii = 12 = 3 X 4 = V9 X Vl6 
V4 X 49 = Vi96 = 14 = 2x7 = Vi X V49 
V9 X 25 = V225 =:15 = 3X5=V9X VIB 
V9 X 49 = ViiT = 21 = 3 X 7 = V9 X Vi9 


So we may put: 


These examples illustrate the rul^f 

V^=Va X V6 ,, 
V6 =V2.V3 
V8 =Vi.V2=2V2 
Vi2 = Vi . V3 = 2 V3 
Vl8 = V9 . V2 = 3 V2 
V24 = Vi . V6 = 2 V2 . V3 


In other words, if we know Vb and Vs, we can get the square root 
of any number formed by multiplying twos and threes, such as 32, 48, 
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72j 96. If we also know 's/Ey we can get all square roots of numbers 
formed by multiplying fives with twos and threes, e.g. 10, 16, 30, 40, 
46, 60, 60. You can test this as follows: 

If we take V2 = 1*414 and V3 = 1*732, then V6==1‘414 
X 1*732 = 2-449 correct to three decimal places. Multiplying out, 
we get: 


1-414 

1*732 

2*449 

1*414 

1*732 

2*449 

1*414 

1*732 

4*898 

0*6666 

1*2124 

0*9796 

0*01414 

0*05196 

0*09796 

0-005656 

0-003464 

0*022041 

1*999396 

2*999824 

5-997601 


The error, as we should expect, is greater in the third product, 
because we have only taken the result of multiplying and V3 
correct to three decimals, and are multiplying the errors in the values 
we gave to them, The final result is less than one in two thousand 
(0-0024 in 6*0) out. 

This rule is one which we shall use often in later chapters. You 
must be able to recognize it when it is used with fractions, e.g. 
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Notice how it can be used in cancelling expressions, e.g. 
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V3 X V3 
V3 


= V3 


or = 
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Also notice its use in the following sentences, which we shall meet 
when we come to find a value for tt : 
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The animistic belief that a real ntimber must have sex like a sheep 
or a cow recalls a proof given by Euclid in the tenth book of Ms Elements 
to show that the diagonal of a square whose sides are represented by 
whole numbers cannot itself be represented by a whole number. It 
is probably of Pythagorean origin. To follow it you need to remember 
three assumptions wMch you will not find difiScplt: 

(a) Squares of even numbers are even (e.g. 6® — 36), and squares 
of odd numbers are odd (e.g. 7* = 49). 

(b) Twice any number is even (e.g. 2x6 = 10), and any even 
number is twice some other whole number (2 = 2 x 1, 4 = 2 x 2). 

(c) If two numbers are even, tljey have a common factor 2, so that 
if two numbers have no common factor but 1, like a fraction in its 
simplest form, they cannot both be even. If one is even the other is 
odd. Starting with these assumptions, and using a number language 
in which the simplest form of a fraction must be the ratio of an odd 
to an even or of two odd numbers, the Greek argument runs like this. 
Suppose we make a square with two sides, 1 unit and 1 unit. Then 
from Dem. 8 

P + P = 2 

i.e. the diagonal is ^2. This is a fraction greater than 1 and less than 2 
(p. 94). Let us cadi it I when aU its divisors have been cancelled out. 
Then if 



a^ = 2b^ (i) 

So as is twice another whole^number it is even. Hence a is even. 
If V2 is a fraction in its simplest formj b must be odd if a is even, 
If a is even, it is twice some whole number, which we will call n, i.e. 

a = 2m 

a2 = (2M)2 = 4M^ ..... (ii) 

But combining (D and (ii), we find 

2«2 = &a 

According to this h is even. Since we have already assumed that it 
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is oddj there is a catch somewhere. That is to say, we have made' a 
wrong assumption. If, like the Pythagoreans, we assume that all numbers 
must be male or female, we conclude that V 2 is not a number at all. 
So we give up hope of making geometry useful, and banish number 
and measurement from it. 

The disciples of Plato, who enjoyed an independent income and held 
up to ridicule teachers who had to earn a livelihood by instruction, 
set great store by this ingenious argument. It will not worry us as 
much as it impressed them, nor force us, like Plato, to regard geo- 
metry as a useless and therefore exalted ornament of leisure. Being 
good citizens, we are interested in the profitable sort of brainwork 
which tells you how to do something in contradistinction to the orna- 
mental culture which concerns itself with showing what it is impos- 
sible to do. You will notice that Euclid (or more probably Eudoxus) 
made the initial assumption that the side of a square can be represented 
by the whole numbers which correspond to beads on the counting frame. 
As practical people, we have already come to the conclusion (p. 74) 
that the whole numbers which correspond to the beads are all very 
well for enumerating the sheep in each compartment of the fold but 
are not the right sort of numbers for representing estimates of the wall, 
or, for that matter, the sides of a sand tracing or ink and paper model 
of the wall drawn with Euclid’s rule and compass (Fig. 75). 

The trouble began because the Pythagoreans had pictured the line 
as a row of points pressed together like the beads in the column of the 
abacus. From that they went on to consider a figure as a set of such 
lines pressed close together sideways. The physical model was imper- 
fect, because the Pythagorean point had no shape to discuss. 

To fit physical objects together we must make them with a particular 
shape. We can make a right-angled triangle by fitting together as 
many similar right-angled triangles as*,we can cut out, and we can make 
a rectangle by fitting together many little rectangles with sides of the 
same ratio or right-angled triangles similar to the two into which it 
is divided by its diagonal. When vjp have done so the ratio of the 
hypotenuse or diagonal to the sides of each element of the figure is the 
same as that of the corresponding sides of the composite one. The 
actual number of diagonal elements is the same as^ the number of 
either of the side elements, and it has nothing to do with the ratio 
of the two. The materialist critics of Pythagoras, like Leucippus and 
Democritus, did not get themselves into these difficulties. To represent 
space as a collection of separate atoms they saw that you have to 
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have a void between them, and since you cannot make any figure you 
like by atoms spaced at equal distances from their neighbours, numbers 
of atoms counted in different directions refer to different scales of 
measurement. 

The dilemma which came from confusing what we have called flock 



Fig, 75. — ^Tiie Pythagorean Dilemma 

« 


numbers with field numbers had an interesting by-product. The 
Pythagoreans amused themselves^ with a class of figures made up of 
separate points like those of the Chinese magic square. The numbers 
of points in such figures were classified in families, and studying the 
family likeness of such figurate numbers, some of which are shown 
in Figs. 76 and '77, led to the discovery of series: In the course of time 
this led to the recognition that the right sort of numbers for represent- 
ing measurements are built up like series which^o on as far as you like. 
We shall come to them m Chapter x. 

G* 
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What is called Greek arithmetic was mamly occupied with studying 
these figurate numbers. It paid little attention to devising rules of 
calculation such as we possess to-day. That was left to the counting 
frame. The art of calculatioHj without which we could have no modern 
mathematicsj was despised by the Greek intellectual of Plato’s time. 
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Fig. 76 

Note that the square numbers can be formed by addition tlius : 

1 3 6 10 16 21 28 86 .. . 

1 3 6 10 16 21 28 36 

1 4 9 16 26 36 49 64 


The Study of figurate numbers produced no immediately useful results. 
It is important because it led to the study of series, which ultimately 
provided the clue to an understandiCg of numbers which are not full 
grown. We shall devote the rest of t^ chapter to studying how the 
recognition of series began. 

A series is a set of numbers arranged in a definite order so that 
each term is connected with the next according to a definite rule. The 
“natural” number series is the simplest example. When the whole 
numbers are arranged,in the custoinary order 


1 2 S 4 6 6 7 8 . . . 

we recognize at once that each term is one more than the previous 
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term or one less than its successor. The first two simple series to be 
added to the natural number series, as we have seen, were the series 

3 6 7 9 11 13 16 17 19 .. . 
and 2 4 6 8 10 12 14 16 18 . . . 

In either of these series each term differs by ^ from its successor or 
predecessor, being 2 more than the latter and 2 less than the former. 
Series of which successive numbers differ from one another by the 
same amount are called arithmetic series (or progressions). Another 
of this class is 

3 10 17 24 31 38 45 52 . . . 

A different sort of connexion is seen in another series which we 
have met : 

A' TWO tAt nrf-sT todip^tt etc. 

Here every term is ten times its successor, or a tenth of its predecessor. 

Series in which every term is so many times (or such and such a 

fraction of) its predecessor whether the numbers are arranged in 
ascending or, like this one, in descending order of size are called 
geometric series. The rules for the connexion between the numbers in 
these two of the many different families of series can be stated thus. 
If m is any number in a series, the next number in an arithmetic 
series is m + 6, and the next number in a geometric series is nib 
(m times b). For any particular series b is always the same number. 
It may be a whole number or a fraction. Thus b is 2|- in the arithmetic 
series 

3 6| 8 10| 13 15| 18 . . . 

Describing a series in this way does not distinguish between two 
arithmetic series like * 

1 6 9 13 17 21 25 29 . . . 

3 7 11 15 19 23 27 31 . , . 

or between two geometric series like 

0-6 0-06 0*006 0*0006 0 00006. .. 

0*7 0*07 0*007 0*0007 0*00007.., 

Another way to bring out the connexion between the numbers in 
a series is to regard the latter as the ofifepring of the natural number 
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series (marriage of male and female numbers in the ancient number 
lore). Thus, putting the parent series above, we may represent the 
even numbers as the daughter series : 

Parent 1 2 3 4 5 6 7 8 . , . 

Daughter 2 4 6 8 10 12 14 16 .. . 

Or we may put down the son series : 

Parent 1 2 3 4 5 6 7 8 . . . 

Son 3 6 7 9 11 13 15 17 .. . 

In this patriarchal family-group each daughter is two years younger 
than her next elder sister, and each Boy is two years younger than his 
next elder brother. In other w'ords, if m is any number in either series, 
the one which follows is m -f- 2. So our first way of describing a series 
does not distinguish between boys and girls. We can do this by dating 
their births from the beginning of the old-fashioned marriage in which 
a new addition to the family happens with annual regularity. Looking 
at the daughter series and the parent series, we see that any number 
in the daughter series is twice the corresponding number in the parent 
series. If we call any number (or terniy as is more usual) in the parent 
series «, the corresponding number (or nth term) is 2n. Similarly 
every term in the male series is formed by adding 1 to twice the corre- 
sponding term in the parent series. In other words, the nth term is 
2n -f- 1. If you do the same with the series 

7 9 11 13 15 17 19 . . 

you will find that the nth term is 5 + 2n. This way of describing 
series leads to a very striking peculiarity of geometric series. We shall 
see later how it led to the discovery of logarithms. Here is a geometric 
series put below the generating (or parent) series of natural numbers : 

123456 7 8 9 10 ... 

2 4 8 16 32 64 128 256 512 1,024 . . . 

We can also write this : • 

Parent 1 2 3 4 5 6 7 8 9 10 

Offspring 2^ 2- 2^ 2® 2’ 2® 2® 21° 

In the same way we can write 

Parent 1 2 3 4 5 6 . , , 

Offspring 10 100 “ 1,000 10,000 100,000 1 , 000,000 . . , 
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in the alternative form 

Parent 1 2 3 4 5 6 

Offspring 10^ 10^ 10=^ 10^ 10® lO® 

Geometric series were among those which the Pythagoreans studied. 
If they had been using numbers to describe the, real world, they might 
have made a discovery which is the basis of our system of recurripg 
decimals. This would have allowed Achilles to catch up with the 
tortoise. One of the things which they worked out v/as how to find the 
sum of all the numbers in a geometric series,* such as : 

4 12 36 IQS’ 324 972 2,916 

The seven terms of tliis series may be written: 

Parent 1 2 3 4 5 6 7 

Offspring 4 4(3i) 4(3^) 4(3^) 4(3^) 4(3^) 4(38) 

If we put the first term at the end, the sum, S, may be written: 

S = 4 ( 31 ) 4. 4(32) 4(33) 4(34) _|_ 4(35) ^ 4(36) 4. 4 

Now 3 times the sum of this series written in its original order of terms is 
3S = 4(31) + 4(32) + 4(33) + 4(3^) + 4(3^) + 4(3®) -j- 4(3’) 

Twice the sum can be got by taking away the sum of the series from 
3 times the sum of the series, thus : 

4 ( 31 ) + 4 ( 32 ) 4. 4(33) + 4(34) 4. 4(36) _|_ 4(36) ^ 4(37) 

4(31) + 4(32) 4. 4 ( 33 ) ^ 4 ( 34 ) ^ 4 ( 35 ) 4. 4 ( 36 ) , , , 4. 4 

Difference = 2S = 4(3^) — 4 

So the sum is half this amount, or 

4^372 

Check this by addition, thus: 

4 4. 12 4- 36 + 108 + 324 + 972 + 2,916 = 4,372 

In modem m^ber shorthand we should express the rule which is 
illustrated by this example, using letters or abstract numbers, like n for 

* When the word “sum” is used by mathematicians in connexion with s 
series, they mean some short rule which saves the trouble of performing a 
laborious addition “sum”. 



2o6 Prom Crisis to Crossword Puzzles or 

the number of terms, b for the number by which succeeding terms are 
multipiied, and a for the first term, thus: 

^ a(6" - 1) 

b~l 

The method used js essentially the same as that which we use 
fqr finding a fraction equivalent to a recurring decimal. 

04 = 0-1 + 0-01 4- 0-001 + 0-0001 + 0-00001 + and so on 


Similariy 

X (0-1) = . . . 0-01 + 0-001 + 0-0001 + 0-00001 + and so on 


Subtracting the bottom from the top series, we get: 


1(0-1) = 0-1 or 0-1 


10 X 0-1 
9 


1 

9 


We have already referred to the simple triangular numbers 

1 3 6 10 15 21 28 36 46 65 etc. 

The figurate representation of these numbers is given at the top of 
Fig. 76. This series, to which the P 3 rthagoreans attached magical 
properties like geometric series, led to no useful results in their own 
hands. If the Pythagoreans had been less interested in saying prayers 
to perfect numbers, and more concerned about making numbers which 
fit the imperfect observations of imperfect human beings, they would 
have seen the catch in Zeno’s paradox. They might also have advanced 
towards the beginnings of a mathematical study of “probability.” 
Triangular numbers did not become important till two thousand years 
later, when a decaying aristocracy was squandering its resources at 
the gaming tables and wealthy merchants were securing their gains 
with combination locks. In the earlier history of number lore, triangular 
numbers probably played an important part in suggesting rules for 
forming and adding the terms of series, which were much studied 
later, in particular by the Hindus. One of the things which helped to 
stimulate the need for a shorthand of number rules^ or as we call it 
today symbolic algebra, was the cult of finding the sum of a series. The 
achievements of the Hindm in finding rules for doing so would be 
astonishing, if it were not for the fact that the Eastern peoples were 
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fattiiliai: with a clue which is generally omitted from textbooks of 
elementary mathematics. 

You will see from Figs. 76 and 77 that a variety of number series. 
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e.g. the triangular number series, can be represented in a figurative 
form. Just as straight-line figures in Greek geometry can always be 
split up into triafigles, figurate numbers can be split up into triangular 
numbers. This means that if we know how the triangular number 
series is formed, we can easily recognize the rule which connects the 
numbers in any series of figurate numbers The rule for the formation 
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of the simple triangular numbers is easy to see when they are arranged . 
below the generating series of the natural numbers : 

1 23 4 6 6 7 8 9 10... 

1 3 6 10 15 21 28 36 45 55 . . . 

You first notice that all the odd terms are exactly divisible by the 
corresponding number in the parent series. Putting down the odd 
terms only we see another thing: 

1 2 3 45 6789 10 

1(1) . . . 3(2) . . . 5(3) .r. . 7(4) ... 9(5) . . 

Each odd term in the triangular series is formed by multiplying the 
corresponding term in the parent series by half the next higher term in the 
parent series. This is how the Pythagoreans would have put it. In our 
shorthand, using n for a term in the parent series, the corresponding 
(or nth term) in the series of simple triangular numbers is : 

«(»+ 1 ) . rr. 

2 “ 

You will easily see that this rule also works for the even terms. Thus 
the eighth term should be: 

In the general rule given we have used for the first time a new part 
of speech, the mathematical adjective. If T stands for any triangular 
number, the n written at the bottom right-hand corner tells us which 
T we are talking about, namely, the triangular ntunber corresponding 
with the number n in the parent series, or, as we usually say, the wth 
triangular number. If we wrote T^-i this would mean the (n — l)th 
triangular number, i,e. the one immediately before the «th. This, of 
course, would be : 

{n - 1) {[n - 1] -i- 1) _ (« - 1)« 

,2 ” 2 . 

7(8) S(*^) 

Thus the seventh or (8 — l)ihi triangular number is — — — = 28. 
How triangular numbers can be used to get the rule for making 



The Beginnings of Arithmetic 209 

other series is seen in its most simple form in Fig. 76^ which shows 
the series of square numbers, i.e. 

Parent 123 4 66789 10 etc. 

Offspring 1 4 9 16 25 36 49 64 81 100 etc. 

In this case we see at once that the rule for forming the son and 
daughter series from the generating series is 'simply that the nth 
term (Q„) is n^. If we had not recognized these numbers straight away, 
we could have seen the rule from the figurate form of the series. The 
square number is made up of the corresponding triangular number 
and the next one below, i.e, 

a. - T„ + T„-i = 

Using Dem. 2 we can write this : 

The “pentagonal” numbers (Fig. 77) can be treated in the same 
way. The series is : 

Parent 1 2 3 4 5 6 . . . 

Offspring 1 5 12 22 35 51 . . . 

Here the figure gives : 

Pn=Tn-i + «2 

_ n(n - 1) , ^2 _ «(« - 1) I ”(2«) 

~ 2 i-w- 2 "^2 

You can derive some amusement from getting similar rules for 
forming a series of “hexagonal” numbers (see also Ex. 22, p. 228) : 

1 7 19 37 61 91 .. . 
or the series of stellate numbers in Fig. 77: 

18 21 40 65 96 . . . 

You can also gfet a good deal of fun, if you have some marbles or 
ball-bearings, by making up figurative number series which corre- 
spond to solids of which the faces are made up of points like atoms in 
the modern theory of crystal structure. Three general classes may be 
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distinguished: (a) the pyramids, {b) the prisms, (c) regular polyhedra 
such as fit inside or enclose a sphere. The pyramid class is formed by 
adding successive layers of which the next above the ? 2 th is the (n — l)th 
member of the same figurate number series, and have the general 
formula (F„ + F«_i . . . -H 1). Thus the pyramid with a three-sided 
base (tetrahedron) is formed by adding layers of successively lower 
triangular numbers. The fourth member of the series is numericallv 
20 =(10 4 - 6 -f 3 -j- 1). With squares we get a pyramid with a 4-sided 
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000000^000000 

® @o®@©o@® 
o® a®@® o 

The yth Hexagonal Number of the series on p. 207 
Fig. 7k 

eCTg) + 6(6) + 1 or 6(T„_2) + 6(« - 1) + 1 

base. The fourth pyramidal number of this type is 30 (16 + 9 -f 4 + 1). 
The prisms are made up of m layers of the same flat figurate number. 
This may be written [wi] . in which [. .] means “go on adding . . . 
layers of.” If the parent series is the square numbers, the solid is a 
cuboid, and, if w = k, it is a cube. If the series is the triangular numbers, 
the figure is a triangular prism. Polyhedra are built up by fitting 
together pyranuds with superimposed faces just as higher figurative 
numbers can be built up by fitting together triangular numbers. You can 
try and bmld some of them yourself, if you have some wire and beads. 

The Pythagoreans studied series of this essentially ornamental 
kind. They confined their attention mainly to whole numbers^ and 
paid very little attention to series of fractional quantities w^hich 
diminish as we go up the series, like: 

Parent 1 - 2 3 4 6 6 7 "8 9 10 

Olfspring 1 J i i i J ^ i J xV 
We have already seen that series like this sometimes choke otf,though 
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this particular one does not.* If they do, they can never exceed a certain 
quantity, however long we go on with them. Mathematicians say that 
the sum tends to a “limiting value” like the sum of the series repre- 
sented by 0 -6, Le. 

^ "l~ To'o "i" stid so on. 

When this happens, it may be quite easy to see between what limit! 
this limiting fraction h‘es, even if we cannot say what it is. In the second 
example the limiting fraction is, of course, f or f. Even if we could 
not find a simple fraction corresponding wi& the limiting value, we 
could say where it lies. In this example it lies between 0-6 and 0-7, 
0«66 and 0-67, 0’666 and 0*667, etc. We can stop short at any point 
suitable to the accuracy of our instruments. Series of this sort are thus 
the sort of numbers which we need for measuring things. They repre- 
sent the way in which the modern mathematician represents quantities 
like Tt and *v/2'wliich puzzled and paralysed the Greek intellectuals. The 
Greek intellectuals who gave up hope of making sense out of these 
quantities had the intellectual equipment to tackle tliem. It was their 
social culture which prevented them from making further progress. 

From what has been said so far, a careless reader might almost 
begin to wonder whether ordinary numbers, the “natural” numbers, 
have any use at all. Of course they have, provided they are used to 
deal wiA the sort of thin gs to which they naturally refer. In nature 
they were first applied to the individual sheep of a flock or cattle in 
a herd and similar distinct things. They are the proper numbers to 
use in dealing with the statistics of a population. Some of the most 
controversial questions in modern mathematics arise in the study of 
statistics built up very largely on the sort of series w'hich are most 
useful to describe measurements. Just as the Greeks could not see the 
wall for the sheep, some statistiaans do not seem to see the sheep 
for the wall. It has already been hinted that the triangular numbers 
play an important part in the fundamental principles of this branch 
of mathematics. The Chinese seem to have had some notion of tlie 
special meaning which we attach to them in the modern theory of 
probability. 

To see what tiley mean from this standpoint,, an illustration from 
playing-cards will help. The illustration is not inappropriate, because 
the whole study of mathematical “probability” ^grew up in this atmo- 
* Se« How oa p. 228., 
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sphere of Chinese puzzles and playing-cards, and some of the mathe- 
matical tricks which are used in it have much in common with the 
magic square and the crossword puzzle. Perhaps our grandchildren 
will think that it has not yet outgrown the magic square. We are all 
familiar with a question such as : What are the odds that 1 shall select 
the Ace of Spades aji|d the Ace of Hearts, if I take two cards from a 
§et of all four aces ? The mathematician interprets this in the following 
way. There are sis ways of taking two cards from the set. These are : 

(a) Spade, Heart. (c) Spade, Club. (e) Heart, Club. 

(b) Spade, Diamond, (d) Hear^, Diamond. (/) Diamond, Club. 

One of these is the selection prescribed. The other five represent 
failure to get the result. The odds are five to one against getting it. 
For the present we will take this as a purely grammatical statement 
about how mathematicians talk to one another about odds. It does 
not necessarily mean the same thing as saying that if I do it often 
enough I select the right cards in about one-sixth and the wrong ones 
in about five-sixths of the attempts I make. Such an assertion implies 
knowing a number of other things about the real world : as, for instance, 
how the cards are shuffled, whether they are manufactured in such 
a way that one gets into the same position in the pack as often as 
another, or that a person drawing from the pack has no way of identifying 
individual cards by irregularities of printing, texture, and thickness, 
besides other experimental data with which mathematics is not directly 
concerned. When we come to talk about probability later, we shall 
have to draw a very clear distinction between mathematical probability y 
which is really concerned with stating something about all the possible 
ways in which something may happen if the right conditions are fulfilled, 
and actual probahilityy which has more to do with how we behave 
when we do not know whether all the conditions are fulfilled or not. 

In stating the possibilities of selecting from, a group of separate 
objects like playing-cards or populations, we meet two classes of 
numbers corresponding with two kinds of selection. The first, called 
comhinationSy are used when we are only interested in the qualities of 
the things selected, e.g. in this illustration whether the card is a heart 
or a spade. Gombinations are numbers which tell us the number of 
different things which we can take from a set of so many, when we are 
allowed to select so mmy at a time. They are represented by tlie noun 
C with two adjectives, one written in the top left-hand corner teUing 
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us to what size of set it refers, the other written in the bottom right- 
hand corner telling us what number W'e are allowed to take from the 
set at a time. Thus ®Co means the number of different ways in which 
I can select two objects from a set of five different objects. If you 
look at Fig. 79 you will have no difficulty in continuing the series 
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Fig. 79. — Triangular Numbers as Combinations 


of numbers representing the combinations of 2, 3, 4, 5, 6, 7 , , . 
different objects taken two at a time. You will get this result; 

3Q 4C^ 5C^ 6Q 8Q... 

0 1 3 6 10 15 21 28 . . . 

You will see at once that ^ 

”C2 — == 1) 

That is to say, the number of ways in which I can take two cards 
from the complete pack of 52 is -|(52)(51) = 1,326. So the odds against 
picking two particular cards, e.g. the Queen of Spades and the Jack 
of Diamonds, are 1,325 to 1. If we are allowed to select three cards, 
we need to know ihe rule for the series : » 

4C3 6C3 6C3 etc. 

You will easily find the first few terms in this series by using s 
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figurative device like that in Fig, 80, or, if you prefer itj letters, e.g. 
taking three from the five abcde^ we have: 


ahc abd abe acd ace ade 
bed bee bde ede 

The series nms: 


• 

Bn in Bn 

^3 '-•3 

1 4 10 

®C3 ’G 3 

20 35 

% »C3 ... 

56 84 , . . 

This : 

series is built up 

from simple triangular numbers in the 

O#0 

l^umher of w^rs of taldn^.3 from a 'hast:p of 3 

=C 3=1 

0 ®C 2 ) 

v#o 

o#®v 

0 ®v 

'NtiTvJbej' of of 

tsikin^ 3 from a 
luap of 4-4 

Vw .3 C= 4 

#ov 

o®v 

®#v 

o®® 


ow 

#®T 

Jfmnhor'cf wnys of 
taking 3 from a 

Tieap of S 

^C 3 = 10 


Fig. 80.— Higher Combinations and Triangular Numbers 


same way as the simple triangular numbers are bmlt up from natural 
numbers. Indeed, we can build up the natural numbers in the same 
way from unity (or Reason, as the Pythagoreans would say), “the 
source of all numbers” : 

11 1 1 1 

1(1+1) (1+1+1) (l+l-'+l+l) (1+1 +1+1 + 1) 

1 2 3 4 5 

Similarly we may build up the simple triangular nupabers 

1 2 3 4 ' 5 

1 (1+2) (1 + 2 + 3) (1+2+3+4) (1+2+3+4 + 5) 

1 3 6 10 15 
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The series for which we are looking is built up thus : 

13 6 10 15 

1 (1 + 3) (1 + 3 + 6) (1 + 3 + 6 + 10) (1 + 3 + 6 + 10 + 15) 
! 4 10 20 35 

We shall call these the “second order triangular numbers” (®T)^ 
As stated earlier, they represent solid figures, namely tetrahedra (pyra- 
mids with a three-sided base). The rule for forming them is seen when 
we write them like this: 

1 2 3 4 6 . . , (grandparent series) 

1 4 10 20 35 

1(1) f{3) 1(6) f(10) f(15) 

This gives us the simple rule : 

2T = (•”~^' . T = (” + ^) (« 4- 1) • >8 (dot means 

” 3 ” 3.2 multiply) 

Notice that the number « placed as an adjective in the bottom right- 
hand corner of T stands for the corresponding number in the irand- 
parent series (1, 2, 3, 4 . . .) 

Looking back at the series ”€3, you will see that 

«C3=2T„_2 

You get ^T„_2 plotting « — 2 for « in the previous sentence, i.c. 

«r - 

. ^ ■* — — j; 


This means that if you are allowed to draw any three cards from a 
full pack, the number of possible ways is 


62 . 61 . 60 
3.2 


= 22,100 


That is to say, the odds against pickmg the Ace of Spades, the Ace 
of Hearts, and the Ace of Diamonds together m’e 22,099 to 1. 
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You can go on making higher triangular numbers according to the 
same plan, as the following triangles show: 



NATURAL 

NUMBERS 



SIMPLE 

TRIANGULAR NUMBERS 







1 

= 

1 





1 

= 1 






1 

1 

= 

2 




1 

2 

= 3 





1 

! 

1 

= 

3 



1 

2 

3 

= 6 




1 

1 

1 

1 

= 

4 


1 

2 

3 

4 

= 10 



1 

1 

1 

1 

1 

= 

5 


1 2 

3 

4 

5 

= 15 


1 

1 

1 

1 

1 

1 

= 

6 

1 

2 3 

4 

5 

6 

= 21 

i 

1 

1 

1 

1 

1 

1 



1 2 

3 4 

6 

6 

7 

= 28 

SECOND 

ORDER 

TRIANGULAR 


THIRD ORDER 

; TRLWGULAR 




NUMBERS 





NUMBERS 









1 

= 

1 





1 

= 1 






1 

3 


4 




1 

4 

= 5 





1 

3 

6 


10 



1 

4 

10 

= 15 




1 

3 

6 

10 

= 

20 


1 

4 10 20 

= 35 



1 

3 

6 

10 

15 

= 

35 


1 4 10 20 35 

= 70 


1 

3 

6 10 15 21 

= 

56 

1 

4 10 20 35 56 

= 126 

1 

3 

6 10 15 21 28 

= 

84 

1 4 10 20 35 56 84 

= 210 


FOURTH ORDER TRIANGULAR 
NUMBERS 

1 = 1 

15 = 6 

1 5 15 = 21 

1 5 15 35 = 56 

1 5 15 35 70 = 126 


FIFTH ORDER TRIANGULAR 
NUMBERS 


1 

1 6 
6 21 


1 == 1 
6 = 7 
21 = 28 
56 = 84 


I 6 21 56 126 


From these triangles we can get the following rules : 

«Ci = « 

n(n — 1) , 

' 2.1 

«(n- l)(«-2) 

' 3.2.1 


«C3 = 




* n(n ~ 1) in - 2) (« - 3) 


4. 3. 2.1 
n(n — 1) (n — 2) (n — 3) (n — 4) 
6 . 4 . 3 . 2.1 


210 
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We now meet another interesting series wliich plays an important 
part in statistics. This series was known to Euclid^ who used it to 
arrive at some entirely useless conclusions about prime numbers- 
The series 

1 2 6 24 120 720 6,040 . . . 

is called the factorial series. It is born in this ?i;ay: 

Parent 1 2 3 4 6 

1 2.1 3.2.1 4. 3. 2. 1 6. 4. 3. 2, 1 

Olfspring 1 2 6 24 120 

Each term is formed by multiplying the corresponding number of the 
parent series by every number below it in the parent series. The nth 
term is often written n! The exclamation mark is not an interjection. 
There are no interjections in mathematics. It is the verb which means, 
"Multiply the number by every whole number below it till you 
get to 1.” 

Factorial numbers represent another way of selection based on 
arrangement or order. The numbers of such selections are called 
simple permutations, written ”P„, which means the number of 
arrangements of n things if all are taken. For instance, there are six 
permutations of all the letters ABC, namely, ABC, ACB, BAC, BCA, 
CAB, CBA. The rule for getting simple permutations is : 

= n\ 

The rule is explained by the fact that, if there are, say, four different 
objects, any one of the four can be put first. This gives four different 
arrangements to begin with. When any one has been put first any of 
the remaining three can be put second. So each of the first four 
arrangements can be carried ou? in three ways, making in all 4 x 3 
ways. When we have placed the first and second in any one of these 
4x3 ways, we can fill the third from the two which are left in two 
ways. So each of these 4x3 arrangements of the first two places can 
be combined with either of two ways of selecting the third place, 
i.e. we have altogether 4X3 x 2 ways of selecting the first three 
places. Each of these can only be combined with one way of filling the 
last place, since the other three objects have been used up in filling 
the previous ones, so 

*P4-=4.3.2.1 or i] 
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The following diagram may help you to construct others which illus* 
trate the rule for numbers higher than 3. 


First. Place 

Second Place 

Third Place 

a 

ab 

abc 


m 

acb 

B 

ha 

bac 


he 

hca 

e 

ca 

cab 


cb 

eba 


(Three ways) (Two ways for each) (One way for each) 

All the different 'ways in which complete pack of cards may be 
arranged are represented by 52 !. This number is too big to put down 
here. It is 80 followed by sixty-six other figures. This is the number of 
miles which light travelling at 186^000 nuies a second covers in about 
13*7 X (1,000,000)^ years. If this tempts you to hope that you would 
ever commit to memory all the ways of arrangmg a pack of cards, you 
would be well advised to give up poker and take to biology. The number 
of nerve fibres in the human brain is only about three thousand 
million- 

We call all the arrangements we can make by selecting all the numbers 
of a group simple permutationSj and write the number for a group of 
n different things because we can combine both ways of selection 
by taking only a certain number r less than the whole set. Such permu- 
tations are written '‘P,,. Thus ^Pg means the possible number of 
different arrangements of four different things, wheu we can select 
any three of them at a time. To get the rule for finding these numbers, 
go back to the series for combinations. You wfil see that: 

_«(«- l)(M-2)(«-3)(n — 4) 

c 

This illustrates the more general rule 

»C = ”(« — 1) (» - 2) . . . (» - r -f 1) 

^ ,r\ 

V If we are allowed to arrange each set of r different objects in every 
'! possible way, there will be r! times as many arrangements as there 
? are combinations, i.e. ^ » 

«P rl X 

I ■ * ■ ■■ ' ■ r!'- 

® — n(n — 1) (« — 2) , * . (« — r -j- 1) 
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As m illustratioa, if the key-word of a combination lock is red^ 
the number of possible ways in which the lock can be set is 26 ^ or 
ITjSTh. If repetition of letters is not allowed, the number of ways is 
reduced to i.e. 26 . 26 . 24, or 15,600. But if you know the key- 
word is really a word, the number of possibilities is still further reduced; 
and you may save time by learning some elementary philology. 

While malting the acquaintance of these combination-lock numbers^ 
notice that stating the odds against picking four aces from a pack is 
not the same thing as stating the odds against picking first the Ace 
of Spades, then the Ace of Diamonds, then the Ace of Hearts, and 
then the Ace of Clubs. For the firs^t we need which is 


62 . 51 . 60 . 49 
4.3.2. 1 


== 270,725 


So the odds are 270,724 to 1 against. For the second we have a 
particular order of this combination, i.e. which is 

62 . 51 . 50 . 49 = 6,497,400 


So the odds are 6,497,399 to 1 against doing it. 

Before leaving the magical stage in the evolution of the use of 
numbers there is another class of number triangles to which we may 
refer. These did not become important in mathematics till the time 
of Newton. It is quite probable that they were knovm to the Eastern 
peoples, who invented the number “0” about 100 b.c., at a much 
earlier date than that at which they became known in Europe. We 
have traced forwards the ancestry of certain series of numbers, starting 
with the succession of units or with the natural number series derived 
from it. All series which are built up in the same way as triangular 
series can be traced backv^ards to a triangle of which the apex is made 
of zeros. Such triangles are c3Qed vanishing triangles. Vanishing 
triangles of the simple triangular numbers may be represented thus ; 


0 

0 0 
0 0 0 
I 1,1 1 

2 3 4 5 6 

1 3 6 10 16 21 


or 



Such triangles are formed by first putting dowa t certain number of 
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terms of a series in succession on the base line. The line above is formed 
by subtracting terms next to one another. The nest line is formed in 
a similar way from the one below it. This is continued till we get 
nothing but zeros. The reason why triangular series vanish is easy 
to see. The successive series of triangular numbers are based on adding 
adjoining terms of the parent series. They all have the same ancestry. 
Thus the parent series of the second order of triangular numbers is 
the series of simple triangular numbers of which the parent series is 
the natural number series. This can be looked on as the offspring of 
the succession of units. The difference betv/een any pair of successive 
terms in a series of units is obviously zero. Here is a vanishing triangle 
of the second order of triangular numbers to illustrate the ancestry 
of such series more fully: 

0 

1 1 
3 4 5 

3 6 10 15 

I 4 10 20 36 

These triangular arrangements of numbers lead to a very simple 
trick which helps to find how some series are built up. We shall explain 
it more fully in a later chapter. The principle which underlies it is 
this. A large number of series, in fact all series which can be repre- 
sented figuratively, can be looked upon as built up of the series of 
triangular numbers. Since we can always represent the ancestry of the 
latter by a vanishing triangle, we can form a vanishing triangle for 
any series of figurative numbers. You can try this for yourself with 
the series of figurate numbers like those given in Figs. 76 and 77. 
For instance the vanishing triangle of the series of squares of the 
aatural numbers is : e 

0 

2 2 
3 6-7 

1 4 9 16 

Here is a new series which betrays its ancestry very^soon, though the 
numbers, as they stand, may not suggest anything to you : 


1 ^ 3 4 5 6 . . 

1 6 14 30 65 91 . , 
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The vanishing triangle at once leads you to the series of squares 
of the natural numbers : 

0 

2 2 
5 7 9 

4 9 16 25 

I 6 14 30 55 

The nature of the series is : 

P (P + 22) (p + 22 + 32^ (P + 22 + 32 42) etc. 

It is easy to see that the differences between successive terms of 
such a series is the series of squares, as the second line of the vanishing 
triangle tells you. The simple law which leads you from the vanishing 
triangle to the nature of a series will be explained when we have 
dealt with the discovery of the number “0.” In referring to them here 
we have anticipated the solution of the next crisis in mathematics. 
They are included because their discovery arose naturally from the 
same social context as the figurative numbers of the Pythagorean cult. 
The representation of the pedigree of a series by a vanishing triangle 
was the culmination of experiments with numbers arising quite 
naturally from the ideology of a civilization still mainly made up of 
pastoral people living in patriarchal family-groups. 

When we amuse ourselves at the expense of these early societies 
struggling to lisp the language of number in the childhood of civili- 
zation, it behoves us to ask whether we ourselves have completely 
grown out of magic. Caution is all the more pertinent when we recall 
the queer theosophical preoccupations of men like Pascal and Newton, 
who contributed so much to the^sort of mathematics which is most 
useful in solving problems of measurement in the age of machinery. 
For European civilizations the numbers in w'^hich magical properties 
reside are more particularly seven^and three. Theology bequeathed to 
us the seven golden'^candlesticks, the seven evil spirits cast out of 
Magdalen, the seven sorrows, the seven deadly sins, the seven (deadlier) 
virtues, and the sevenfold amen. The number seven has not been 
neglected by the 'unofficial theologians, more tfsually referred to as 
philosophers. In tiie year that Piazzi discovered Ceres seven planets 
were known : namely, Mercury, Venus, Earth, Mars, Jupitei^ Saturn, 
Uranus. In the same year ffie Prussian philosopher Hegel wrote 
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upbraiding scientists for the neglect of philosophy. He illustrated his 
disapproval by the amount of time astronomers wasted in looking 
for a new planet when philosophy clearly established the only possible 
number as seven. Since then other planets have been discovered- 
Neptune followed shortly after (1846), Pluto was discovered in 1930^ 
because astronomers are materialists so long as they remain in their 
observatories. 

The magical content of the number three, which has occupied a 
position of veneration in European culture, seems to be Semitic in 
origin. Probably the worship of triangular numbers, and the mystical 
attributes of the triangle itself in the Pythagorean culture, is traceable 
to the triangular symbol of the ancient Hittites, now the two triangles 
of Zionism. The phallic association of the threefold figure, as of the 
fleur-de-lys, and of the curious philological derivatives of the number 
itself, is widely accepted today. Besides the elementary triangles 
mentioned in the first chapter, Plato’s Timaeiis discloses the universal 
trinity of God, or the real world, our own or shadow world, and the 
logos or Word, which is God manifest in the world. The Stoics spoke 
of the logos spennatikos or seminal word, “the light that lighteth every 
man,” the divine (pyramidal) fire. During the early years in which 
the scene of the Gospel narrative is set, Philo, the leader of the Alex- 
andrian synagogue, imported Platonic doctrines into orthodox Judaism, 
identifying the Messiah with the logos of Plato. The mystery of the 
trinity was taking shape in Alexandria, the great factory of world 
religions, when Jewish national hopes were ready for the advent of the 
promised deliverer. Elaborate celestial arithmetic, which led to innumer- 
able heresies and excommunications, and eventually to executions 
which possibly outnumbered the victims of the gladiatorial contests, 
was very largely the product of converts from Platonism and the later 
Pythagorean (or neo-Pythagorean) communities of the Roman world. 
When the Platonic logic of Aristotle came to occupy a place of honour 
beside the scriptural canon in Catholic theology, the doctors of the 
Sorbonne introduced the magical properties of three into psychology, 
beginning with the trinity of thought, will, and feeling, and subdividing 
each into threefold categories. This has not yet got out of contemporary 
textbooks of psychology. 

The most bizarre e'xcrescence of this cult came at a much later date. 
At the end of the eighteenth centtuy deism had weakened public 
respect for the occultp properties of three. It was high time for the 
uBoffidai theologians of philosophy to restore its magical pre-eminence. 
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Thfe credit for this achievement must be awarded to Hegel In HegeFs 
doctrine, as in the Pythagorean cult. Reason or unity was the source 
of all. So the secret of the universe lies in finding how the reason works. 
Hegel did not waste time, like astronomers, who malte thousands of 
observations on stars, planets, and meteors, or like modern psychologists, 
who make thousands of observations on schoolchildren, lunatics, or 
the files of advertising firms. He found the truth in liis own nature. 
According to Plegel this is how the reason works. Discourse is like the 
proceedings of an empanelled jury, fated to be locked up until they find 
a verdict in favour of the Absolute, unity, or the source of all The 
weather is sultry. Tempers are jaded. Every statement which one juror 
makes is contradicted by somebody else. Eventually nothing is left but 
unity or the source of all For philosophical purposes the apex of this 
vanishing triangle is spelt “the Absolute,” for political use “the Prussian 
State” (later der Fuhrer\ in theology “God.” Every argument wiiich 
arises in the successive series leading to the Absolute consists of three 
parts. The first step, wfoich Hegel never succeeded in taking, is a plain 
statement. Hegel calls it the thesis. The second step is usually translated 
in English as the “negation” or “contradiction.” Unhappily, a defect 
of our own tongue makes it quite impossible to signify the rich content 
of the Hegelian equivalent with less circumlocution than the Shake- 
spearian catalogue, which begins with the retort courteous and ends 
with the lie direct. Finally comes the negation of the negation. This 
combines the higher truth in both the preceding steps. The only 
single English word for it is “compromise.” As is often the fate of 
compromise, it is only the beginning of a new argument. 

Since the Absolute, abas the Deity, alias the orders of the leader, 
is also reason or unity, the source of all, liistory itself is nothing but 
a succession of triangular arguments. The hereditary properties of 
successive series explain what happens. So civilization naturally 
divides itself into the Oriental stkge (“thesis”), the Classical (“anti- 
thesis”), leading up to the higher synthesis of the Teutonic, or, as we 
now say, Nordic, civilization. This last has all that is best and brightest 
in the other two. The cogency of tlie sequence has been amply con- 
firmed by recent events, which have shown us how many virile character- 
istics of the earliest Oriental dvilnations can be incorporated in the 
higher synthesis .-"'Theologians and politicians who have reinforced 
their argumentative technique by a training in the intricate per- 
versions of argument conducted on these lines are equal to most 
emergencies. The dialectic gathers into its own higher synthesis the 
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principal advantage of every preceding variety of mysticism. Like the 
number magic of the Pythagoreans, it provides an excuse for shirking 
hard work instead of using the human reason to produce constructive 
results. Once you have convinced yourself that the universe is wound 
up by the Absolute, reason or unity, the source of all, you can enjoy 
the advantage of believing that your mistakes are inevitable, and that 
everything will turn out for the best in spite of all the ineptitudes 
avoided by painstaking study of the population of a particular planet. 

Men of scientific training are not so easily attracted as theologians 
and politicians to number magic of this kind. They are prone to a 
more sophisticated form of the Pythagorean doctrine that looks for 
the secret of the universe in numbers. For instance, it is often said 
that mathematics is the grammar of science. This statement is pro- 
foundly misleading, the more so because the error is not expressed 
in a comparatively obvious form. To say that mathematics is the 
grammar of science implies that science is concerned with nothing 
more than enumeration and measurement. The plain fact is that the 
first task of science is to recognize what different sorts of things there 
are in the world. It is convenient to conceal this elementary and 
obvious truth for the simple reason that it helps people to forget that 
human nature, like external nature, can be studied scientifically. Until 
recently biology and psychology, the two younger sciences which have 
been exceedingly irreverent to traditional beliefs, have not used mathe- 
matics. They are only now reaching the stage of understanding wliat 
sorts of measurements are most useful to make, and calling in the 
services of the mathematician to help. If we go back far enough in 
history we find that primitive man probably devoted at least twenty 
thousand years to the task of recogm2dng the different sorts of stars 
in the heavens before it was possible to make measurements of their 
position and to express the times o| their appearance with numbers. 
After the emergence of the first calendar-civilizations more than 
three thousand years passed before mathematical methods »‘uch as 
those which we shall now describe ip the next chapter were introduced 
into the study of astronomy. Science has its fiirm foundation in the 
recognition of what the world is like. Nothing but confusion has 
resulted, and can result, when mathematics is used before we are 
quite clear about the'^ort of things with which we are dealing and what 
sort of measurements it is useful to make. Only then can we decide 
what sort of mathematics a useful instrument for increasing know- 
ledge. The immense success which has resulted from applying mathe- 
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matics to the study of the world when some of its features have been 
dearly delineated by careful observation has fostered a blind reverence 
which is precipitating a real crisis in our own culture, especially in the 
field of psychology where the amount of arithmetic devoted to 
intelligence-testiiig is out of all proportion to its substantial basis of 
enduring fact. We have not fully replaced the sacramental by the 
instrumental attitude to the use of number. 


Exercises on Chapter 6 

i. Given that V2 = 1-4142 

Vs = 1-7321 
Vs ==2-2361 

find correct to three places of dedmals V27, Vl8, Vl2, V24, Vio, 
and VSO. 

2. If the hypotenuse of a right-angled triangle is 1 unit of length, 
find the third side when the second side is f, f, and -f of the 
hypotenuse. 

3. Make up any arithmetical series of five terms. Call the sum S. 
Write the series backwards underneath so that the last term comes 
under the first terra, etc. Add the two together, thus getting 2S. Verify 
arithmetically that the sum of an arithmetical progression (A.P.) of 

n terms when the first term is / and the last term is I is |(/ -f /). 

4. Repeat this with another arithmetical series, 

0 . Write down the abstract number series ft f-\- f-\- 2i, etc. 

If there are n terms, express I in terms of /, «, and d. Express / in 
terms of «, /, and d. Express the last term but two in terms of (a) «, /, 
and d, and (&) w, /, and d. In this way build up the general rule without 
using proper numbers. 

6. Find the fifth term, the tenth term, and, the sum of ten terms 
in the following arithmeticai progressions. First apply the formulae you 

Mathematics for the Million H 
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have fouudj then check your results by writing out the first ten terms 
and adding them up. 

1 S 5 . . , -6-2 4-2.., 

14 7.. fl4-0-a-2a... 

6 10 15 . . . 3 4- f - i . . . 

I 1 11... 

* 7. Find the ? 2 th term and the sum of n terms in the foregoing arith” 
metical progressions. Find the jBrst term and the differences between 
two successive terms in the A.P. in which the sixth term is 13 and the 
twelfth term is 25. 

8. Find the sum of the first n natural numbers (1, 2, 3, . . .). 

9. Find four numbers between 6 and 15 such that together with 6 and 
15 they form six terms of an A.P. 

10. Find three terms between 1 and 3, which together with 1 and 
3 form five terms of an A.P. 

11. Show how to insert n numbers between / and / so that together 
they form an A.P. of n 4- 2 terms, with first term / and last term /. 

This is sometimes called inserting n aritlimetic means between / 
and 1. It is rather a stupid name, but it is a useful thing to know. It 
enables you, for instance, to find a given number of points at equal 
distances apart on a straight line. 

12. Build up the formula for the sum of a geometrical series of 
n terms, /being the first term,/r the second term,/r® the third term, 
and so on. 

Show that it is — “• 

f — 1 

13. Find the fifth term and the sum of five terms in the follow« 
ing geometrical series : 

1.2.4.. .. ' 

0-9,0.81, 0-729, ... 

h • • V 

1 . 3 . 32 . . .. 

Check your results arikhmeticaUy. 
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14. Find the Kth term and the stim of n terms in the foregoing 
geometrical series, 

15. Insert two numbers between 5 and 625 so that the four terms 
form a geometrical progression. This is sometimes called inserting 
two geometric means between 5 and 625. 

16. Insert three geometric means between ^ and 2 ^. 

17. Find the formula for mserting n geometric means between two 
numbers of which the first is / and the second is L 

18. Make up a geometrical series in which the first term is / and r 
(of the formula in example 12) is a fraction less than 1. Write out 
ten terms of the series. What would you expect the last term to be if 
you went on for ever? 

19. Remembering that if you can make a quantity as small as you 
like you can ignore it compared with quantities which have a definite 
value, see whether you can show, by examining the formula in 
example 12, that the sum of a diminishing geometrical series which 
goes on for ever (first term a, common ration r) cannot be larger 

than r 

1 -- r 

20. You can write any recurring decimal in the following way: 

0-666... ==0-6+0-06 +0-006... 

Use the result of the last example to express the following recurring 
decimals as proper fractions: 

0-6 

0-252525*. . . 

0-791791791791 . . . 

21. The expression is called the sum to infinity of the diminish- 

ing series a, ar, ar^, . . . because if we go on adding terms we get nearer 
and nearer to a total of but cannot get beyond it. 

Find the sum to infinity of the following geometrical series; 

+ l 

1 -I- -I- ^^ + , 
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22. Find the «th term 


(a) in the series of hexagonal numbers, shown in Fig. 77 and 
the alternative hexagonals 1, 6, 15, 28, 45, etc, 

Q}) in the series of stellate numbers. (Fig. 77) 

Check your formula b^ drawing figures of the third and fifth numbers. 

'23. Find by experiment (diagram) and formula how many different 
arrangements there are of the four aces in a pack of cards, the four 
aces and four kings, all three kinds of picture cards, all cards lower 
than 6 (excluding aces). 

24. Using a diagram to check the formula, find how many different 
sets, irrespective of order (i.e. combinations of cards), can be obtained 
by taking three cards, any one of which may be either a king or a 
queen, from a full pack, or four cards, any one of wliich may be a king, 
queen, or jack, or five cards, any one of which may be a king, queen, 
jack, or ace. 

25. How many different peals can be rung with six bells, all different, 
using all the bells? 

26. How many different scores can be obtained from {a) three, 
Qj) five tosses of a die? 

27. A committee consists of chairman, secretary, treasurer, and four 
ordinary members. In how many different ways can they sit at a straight 
table on the platform behind the speaker if (a) no places are reserved, 
(&) the middle seat is reserved for the chairman, (c) the secretary and 
the treasurer must sit on either side of the chairman, who is occupying 
the middle seat, and {d) the secretary sits on the right and the treasurer 
on the left of the chairman occupying^'die middle seat. 

28. A bag contains six coloured balls (all different). How many 
different pairs of two colours can be^rawn from it if (a) each pair is 
replaced, and if (b) each pair is left out, when withdraw^ 

, THINGS TO MEMORIZE x/" 

1. In an arithmetical series in which the first term is / and the last 
term is /, the sum to k'’ terms is “(/ 4- Oj or if / is the first term and 
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d is the difference between each two successive termSj the sum to 
n terms is 

2. In a geometric series in which the first term is a and the common 

ratio is the sum to n terms is ’ 

a(r” — 1) 
r — • 1 

If r is a positive fraction less than unity, the sum to infinity of a 
geometric series is 

a 

T^r 

3. The number of combinations of n things taken r at a time is 

n(n — 1) (n — 2) . . . — r 4- 1) n! 

r! r!(n-r)! 

4. The number of permutations of n things taken r at a time is 

nl 

(n-r)l 

* Footnote (sec p. 211). 

The series 1 + i 4- | • 

This series never chokes off, because, however far we have gone, we can 
always add an extra batch of terms with sum more than 
Suppose we have added n terms. Talte the next n terms 
1 1 J_ 

for the next batch. The smallest is so the svim of the terms in the batch 
1 

is more than ” ^ “ i- 

We can keep on doing this for ever, so our series has a sum bigger than 
14-14- 1,4- ... for ever; 
that is, it never chokes off. 

If a series does choke off, you will find that however many terms you take in 
a new batch, the sums of successive batches will grow smaller and smaller— 
though perhaps not regularly — ^until they get too smi^ to matter. 



CHAPTER VI 


THE SIZE OF THE WORLD 

or 

What we. can do with Trigonometry 

In 332 B.c. Egypt surrendered to Alexander the Great. To celebrate 
the conqueror a city was founded where the sacred river discharges 
into the Mediterranean. A mixed population made up of drafts of 
Egyptians, Greeks, and Jews was settled in it. Alexandria drew into 
itself aU the learning of the ancient world, the arts of medicine, dyeing, 
machinery, and navigation. Alexander died in 323 b.c. Egypt then 
became an independent state under the Alexandrian general Ptolemy. 
The Ptolemaic dynasty lasted till Egypt fell to the Roman armies. 
Ptolemy himself celebrated bis rise to power by founding the first 
organized centre of essentially secular learning — museum, library, 
and university — in the history of mankind. The three hundred years 
which intervened before the advent of Caesar’s armies led to the 
burning of the first library of Alexandria saw perhaps tlie most astonish- 
ing efflorescence of inteUectual adventure in the history of manldnd. 
The only parallel to it is the four hundred years which elapsed between 
the simultaneous publication of the De Revolutionibus of Copernicus 
and the De Fabrica Humani Corporis of Vesalius in 1543 and the 
burning of the Reichstag in 1933. Under Roman rule Alexandria 
retained its position as the intellectual centre of the civilized world, 
as it likewise remained the great centre of the handicrafts and an im- 
portant port of Mediterranean trade. A second library was set up. A 
second brief spell of activity in mathematics and medicine supervened 
in the second and third centuries A.D. before Christianity became the 
imperial religion. When the monks of St. Cyril destroyed the schools 
of pagan science, the second library was rifled of its useful contents 
and packed with superstitious rubbish long before it was destroyed 
by Moslem conquerors in the sixth century. During its successive 
stages Alexandrian science was a culture distinct from that of either 
Greece or Rome. It was pre-eminently cosmopolitan. It drew its 
personnel from men of widely different national and racial origins. 

The burning of the first library of Alexandria was an unmixed 
calamity. The collapse of die second phase in the Alexandrian culture 
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oeed not be regarded in the same light. It had reached the limits of 
fiirther development within the framework of its social equipment. 
Further advance was conditional upon a new synthesiss of which the 
Moslem eruption proved to be the necessary instrument. Arab colture 
brought together two streams of human achievement, a new number 
language from the East and the classical mathematics of the West. 
The first phase in the Alexandrian contribution is signalized by the 
invention of trigonometry. It gave back number and measurement to 
geometry. The second stage was a natural corollary of the first. Men 
were using numbers on the grand scale. Beside the new measurements 
of the heavens, the marches of Alexander and the miraculous sum of 
three himdred talents which he expended on the tomb of Hephaestion 
had become trivial quantities. A new arithmetic was indispensable. 
When the curtain falls on the last stage of Alexandrian culture, mathe- 
matics is occupied with the problem of calculation, groping for new 
methods, but still shackled with an antiquated script which barred 
the path to real progress. 

The key to both developments is the fact that mathematics was 
once again in lively contact with the world’s work. Two names 
which are prominently associated with the beginnings of the 
university of Alexandria are Aristarchus of Samos (310-250 b.c.) 
and Archimedes of Syracuse (287-212 b.c.). Aristarchus made the 
first estimate of the relative distances of the moon and the sun from 
the eardi. Archimedes, who first showed how we can calculate tt as 
accurately as we need to, was especially concerned with mechanics. 
Among other important contributions which he made we remember 
more particularly his principle of the lever and of floating bodies. In 
demonstrating the ratio of the weight and the distance from the ful- 
crum, Archimedes was not merely indulging Platonic aspirations to 
spiritual perfection and intellec^l refinement. He used his knowledge 
to design catapults which were used against — and by — the Roman 
armies. He applied his knowledge of the density ratio to measure the 
purity of precious metals. The pieasurement of w went hand in hand 
with the introduction of machinery based on the use of the wheel. 
Archimedes helped the launching of a ship by suggesting the use of 
cogs. He invented for irrigation a pump which depends on the rotation 
of a screw. Very few of iis realize the high levd of mechanical arts in 
the Alexandrian, world. About 100 B.c. Hero of Alexandria composeH 
a book in which he described the principljps of about a hundred 
mechanical appliances, which included a cyclometer, a theodoUte, a 
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double forcing pump, and the jBrst model steam-engine. The soda! 
culture of the time was using science. The intellectual worker was not 



MAP OF THE WORLD BY HECATAEUS, 517 B.C. 
Showing the primitive ideas held at the time of 
P5rthagoras. From Breasted’s Ancient Times 



hampered by the machine-wrecking ideology which is now echpsing 
the culture of Western Europe. Inventions were welcome. 

The substantial link which connected Alexandrian naathematics with 
the real world is illustrated by the fact that Hipparchus compiled a list of 
1,080 fixed stars. Archiipedes himself made the first known model in 
which the rotation of the celestial sphere and the changing positions of 
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the stars were represented by the motion of a wheel. It is probable 
that he first used tables of angles like the one given on p. 156 
in Chapter 4. Hipparchus, the Alexandrian astronomer, who lived 
about a hundred years later (c. 150 b.c.), made a table of sines, and 
used it to find the distance of the moon from the earth. By the 
time when Alexandria became a part of the Roman Empire the 
distances of the sun and the moon from the earth, as also the 
radius and the circumference of the earth, moon, and sun, had 
been determined. The circumference of the earth as determined by 



Fig. 81a. — Beginnings of the Science of Maps 

Eratosthenes (275-194 b.c.) and Poseidonius (c, 100 b.c.) was only 
about fifty miles out. Hipparchus (see Chapter 8) made star maps in 
latitude and longitude. Marinus of Tyre (c. A.D. 150) began the con- 
struction of maps in which fines of terrestrial longitude and latitude 
are laid down. You can get a very vivid picture of the close connexion 
between the rapid development of astronomy and the practical achieve- 
ments of navigation and land-surveying during this period by comparing 
three world-pictures in Figs. 8P-81A. The first is the world as the 
Greeits knew it. The second is as it was known at the time (c. 200 b.c.) 
when Eratosthenes measured the circumference of the earth. The third 
is that of Ptolemy (c. a.d. 150), who lived in the second phase of the 
Alexandrian culture. The work of Ptolemy (not the general, of course) is 
mainly a compilation based on thatof Hipparchus and his contemporaries . 

If you go back to Fig. 53 and recall how we can measure the height 


h" 
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of a cliff when trespassers near the base are prosecuted, you will see 
at once that measurement of the distances of heavenly bodies is possible 
if we can measure two angles with an astrolabe and the distance 
between the places where the angles are measured. As a matter of 
fact it is not even necessary to measure the last if we know the radius 
and circumference of the earth and the latitudes and longitudes of the 
two places. The earth measurement of Eratosthenes links up the rules 
of geometry with geography and astronomy. The extraordinary thin g 
about this achievement is ils simplicity. It requires no mathematical 
equipment except four elementary considerations: (a) rays of light 
coming from a great distance appear jfo be parallel, a familiar experience 
of life in ancient times, as we noted on p. 140; (b) a line crossing two 
parallel lines makes corresponding angles equivalent (parallel rule 
ONE, p. 126); (r) when a heavenly body is directly overhead (“at its 
zenith”) a line joining the heavenly body to the observer passes through 
the centre of the earth (p. 162 and Fig. 68); (d) at noon the sun lies 
above some point on the observer’s meridian of longitude (Figs. 62-63). 
Eratosthenes was librarian of Alexandria, As such he had access to 
records of events of importance in connexion with calendar festivals. 
He obtained the information that the sun was reflected at noon on a 
certain day of the year by the water in a deep well near Syene (now 
Assouan) at the first cataract of the Nile. This lies just at the limit of 
the tropical belt. So the shadow disappears at a certain time of the year, 
when the sun is at its zenith at noon. The reflection in the well records 
when the sun is directly overhead, i.e. vertical to the horizon. On the 
same day at Alexandria, five hundred miles due north of Syene, the 
shadow of a pillar at noon showed the sun 7^® south from the vertical 
If sunbeams are parallel (Figs. 82 and 107), this means that the radii 
connecting the ends (Alexandria and Syene) of an arc 600 miles long 
with the centre of the earth make an^^angle of 7|°. Now 71° goes into 
the 360° of the entire circle approximately fifty times. So the entire 
circumference of the earth is fifty times 500 miles, i.e. 25,000 miles. 
The radius of the earth may be obtamed by using the value of it given 
as a first approximation by Archimedes. On p. 177 we saw that the 
circumference of any circle is tt times the diameter. In other words, the 
radius (r) can be got by dividing the circumference by 27t. If it — Z} 
and the circumference (c) is 25,000: 

25,000 2 X X r 

. ^ 7 X 25,000 175,000 

22 x 2 44 

This is approximately 4,000 miles. 
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Note that in this figure the angle between Alexandria and Syene, like the 
angle between Alexandria and Rhodes in the one below, is exaggerated for 
the sake of clarity. 


QT) using ike “PoU Star 



a + + c = 180° (Dem. fi) 

a + c ~ 180“ — d — b 


a c b or c b -- a 

Hence the angle at the eatth’s 
centre made by the arc with 
its ends at Rhodes and Alex- 
andria (or any two other 
places, one so many miles 
due north of the other) is 
die difference between the 
zenith distances of the pole 
star at the two places. If D 
is the distance due north, 
the circumference of the 
earth is: 

D X 360 


Fig. 82.— The Measurement of toe Earth 
(Refer also to Fig. 107) 
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Poseidonius used the fact that the star Canopus just grazed the 
horizon at Rhodes when it was ll"" above the horizon at Alexandria. 
The principle is essentially the same as the method of the Arab 
astronomers who determined the earth’s circumference from the 
elevation of the pole star. The result of this calculation differed only 
very slightly from thg figure given by Eratosthenes. By applying 
geometry to the real world, mankind was discovering how large a part 
of the earth remained to be discovered. 

To be sure there is some doubt whether the “stadia” in which 
Eratosthenes measured the distance from Alexandria to Syene corre- 
sponded with the length of the Olympic or that of the Egyptian stadium. 
The most likely view is that he meant the latter. If so, his estimate 
was only about fifty miles out, as stated. The theoretical interest 
of the return to the doctrine of Aristarchus, and indeed to that of 
Pythagoras, when Copernicus and Kepler made new discoveries 
about planetary motion, has somewhat eclipsed the very great practical 
value of the Ptolemaic astronomy which was taught in the Moorish 
universities of Cordova, Seville, and Toledo, and used by the Jewish 
astronomers who remained in Portugal and Spain after the Moors 
were driven out of Europe. It formed the basis of the astronomical 
tables which Jewish scholars prepared for use in the ships of Henry 
the Navigator and the voyages of Columbus. 

The measurement of the circumference of the earth depends on a 
very simple application of elementary geometry. It presupposes that 
we are able to measure the distance apart of two places on the earth. 
When we try to measure the distance of the moon or the sun from the 
earth, we have to begin with a triangle of which one side is an earth 
distance, and the ratio of the other sides to the earth distance can be 
calculated. This we can do by using Dem. 7 and Dem. 8, provided 
that we can measure two of the angles ,«)f the triangle, or, if it is a right- , 
angled triangle, one of its angles. Once people realized that this is 
possible and set about doing it, the step which the Greeks just failed 
to take was inevitable. The Alexandrians started malting tables of 
ratios of the sides of a right-angled triangle. They socialized the 
achievements of Greek geometry in the new size language of trigo- 
nometry. We shall leave the discussion of how to rneasure heavenly 
di.stances until we have explained how the first trigonometrical dic- 
tionaries, the tables of sines, etc., were compiled. 

HOW THE FIRST TABLE OF SINES WAS MADE.— There arc two ti'ains 
which we might have added to our railway time-table on p.. iQfi 
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without recourse to any additional information. We shall add them 
now. First refer to Figs. 42 and 50 to recall that 

sin A = cos (90® — A) 
cos A — sin (90® — A) 

The ratios of angles which are very near to 0® and to 90“ are obtainal^le 
without any difficulty from these rules. In Fig, 83 a right-angled 



Fig. 83. — Ratios of Small Angles, Etc. 

The circle is drawn witli radius 1 unit long. The hypotenuse (r) is in each case 
1 unit (r =® 1). 

p b 

sin A — p, and cos A = - == f* 


triangle is drawn with the angle A at the centre of a quarter-circle 
the radius of which is the h 5 ’-potenuse of the triangle and is of unit 
length. So 

sin A == /> 
cos A 

% 

If we make the angle smaller and smaller till it is practically 0®;, as in 
Fig. 83 (i), h approaches nearer and nearer to r. So when A = 0, & — 1. 
Hence * 

cosO® = 1 

At the same time p vanishes, so that 

sin 0° = 0 

If we make the angle larger and larger, as in Fig. 83 (iii), till it is 
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practically QO”, p approaches nearer and nearer to r, and when A ~ 9'0°3 
p=l. Hence, 

sin 90® = 1 

Meanwhile b is getting smaller and smaller, and vanishes when 
A = 90°. So that 

cos 90° == 0 


It may strike yon as somewhat queer to talk about the ratio of the 
sides of a triangle when one of its angles is 0°, or when two of its angles 
are 90°, because the triangle then ceases to exist as a triangle. This will 
only give rise to difficulties if you fiave ideals about triangles. If you 
remember that we are going to use these numbers for measurements 
with imperfect instruments in an imperfect world, the difficulty 
disappears. We are not interested in an absolute nothing. We are only 
interested in what happens when an angle is so small that we cannot 
measure it, or when it differs from 90° by a quantity so small that 
we cannot measure it. To assure yourself that the result does not make 
nonsense, you need only take the fact that cos A is very near to 1, 
when A is very small, Since sin (90° — A) = cos A, sin (90° A) 
must be very near to 1 when 90° — A is very nearly a right angle, 
i.e. when A is very small. Conversely, if sin A is very near to 1 when 
A is very near to 90°, cos A must be very near to 1 when A is very 
small, because cos A = sin (90° A). The tangent of the angle A 

is Since p becomes smaller and smaller when A is approaching 0°, 
tan 0° == 0 

As A approaches 90°, p becomes larger while b becomes smaller. That 
P 

is to say, the ratio ^ grows beyond aU bounds. The sign used to 
indicate that a quantity is getting too large to measure is 00 , i.e. 
tan 90® =3 00 


This again is consistent with what we know already. We have seen 
(p. 153) that 


tan A = 


sin A 
cos A 


So when A = 0, tan A is 0 divided by 1, which is 0. When A is 90°, 
tan A is I divided by 0, i,e. 1 divided by a quantity so small that we 
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cannot measure it. Such a quantity could only be made up to 1 by 
multiplying it by something too big to measure. We may thus extend 
out table On p. 166 by inserting the new items: 


Angle (A°) 

sin A 

cos A 

tan A 

90 

1 

0 , 

<30 

60 

V3 

2 

1 

2 

V3 

45 

1 

1 

1 

V2 

V2 

SO 

1 

2 

2 

1 

Vf 

0 

0 

1 

0 

It is more satisfactory to put down the numbers in the form in which 
we shall use them. If you look up the table of square roots you will 

find that V2 = 1' 

'414 correct to three places, i.e. for use with mstru- 

ments which yield consistent results up to but not beyond the one- 

in-a-thousand level. For the same purpose V3 is 
may be rewritten in the more convenient form: 

1-732. So the table 

Angle (A") 

sin A 

cos A 

tan A 

90 

I'OOO 

0-000 

00 

60 

0-866 

0-500 

1-732 

45 

0-707 

0-707 

1-000 

30 

0-600 

0-866 

0-577 

b 

0-000 

1-000 

0-000 


To fill up this table with other^tems, the practical method would be 
to make very large-scale diagrams such as the one which we used to 
calibrate the shadow pole (Fig. 66), This was based on Dem. 11. In 
Fig. 84 

. AB - . AB 

sm30 and sml6 as-pp- 



sin 16® 


Since sin 30® — | 
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In the original drawing of Fig. 84, which was made sitting up in bed, 
so that no great effort to attain accuracy was attempted, AG was 
6*3 centimetres and AD was 12*2 centimetres, which makes sin 16° 
= 0*268. Similarly 

0*268, ED 


The measurements in the original figure were EF = 12*4 centimetreSj 
ED = 6*3 centimetres. This makes sin 7|° = 0*131. 

There is no better way of getting used to sines, cosines, and tangents 



Fig. 84. — Method for Making Table of Sines by Scale 
Diagram 


than to make a table for yourself of all the angles indicated m Figs. 65 
and 66 in Chapter 4. When you have done so, you will be more ready 
to appreciate the nest step, which saves us the trouble of doing so. Closer 
study of the same figure leads to a demonstration which allows us to 
calculate sines, etc., without making a scale diagram, so long as we 
have a few angles to take as a basis. These we have already included 
in the last table. The demonstration which follows is essentially the 
one used by Hipparchus to construct the first trigonometrical table. 

The demonstration represented in 'Fig. 85 shows us how to find 
the sine or the cosine of half an angle if we know the sine or cosine 
of the angle itself. It is based on Dem. 11. The only additional dissection 
is that the triangle POQ is cut up nfco two right-angled triangles by 
OS at right angles to PQ. The two right-angled triangles are equivalent 
by TRIANGLE RULE TWO because 


so = so 

The enclosed ZJSOP = 90° - |A == /.SOQ 
OP=l = OQ 
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CombiaiBg (i), (ii), and (iil), we have 

1 -f- cos A 

2 cos |A 
2(cos iA)a = 1 + cos A 

(cos |A)2 — 1(1 + cos A) 


cos |A = 


cos |A = Vi(l + cos A) 


. (a) 


Before going further, test this. You already know that cos 60° = 0- 5 
and cos SO® == |(V3). From the new rule 

cos 30= = cos 1(60°) = V'Kl.H- cos 60°) = V|(l-5) = Vf 
i.e. cos 30° = ^VS) 


The sine rule for half angles is got in the same way. Thus 
sin A — /) 

... p sin A 

sm JA = ^ — s rr • * . . 

2jy 2 cos \h 


(iv) 


You can check the sine rule for half angles first by using what 


you already Imow, namely, that sin 60° = |( VS), sin 30° = I, and 
cos30® = i(V3): 


sin 30° ~ sin |(60°) = 


sin 60° ^ (|V3) 
2 cos 30° 2(1 V3) 


-I 


Similarly you can check both rules against the result obtained with 
the scale diagram of Fig. 84, thus ; 

sin l5» = sinK30”) = 2 -^ 

cos 15° == cos K30°) = v^l+cos 30°) = V|(l +0-866) 
i.e, cos 15° = Vo '933 = 0-966 


You can get the last step from thd"tables of square roots. So 


sin 16° = 


0-5 

2(0-966) 


= 0-259 


Thi.s' differs from the value we got from the scale drawing by less 
than one per cent. 

If you arc now convinced that the half-angle rules are good ones, 
you can make a table of sines like the one which Hipparchus made at 
Alexandria about loO B.C., mth the added advantage that we have 
more accurate tables of square roots and a decimal system of fractions. 
We have got cos 16° = 0-966. So sin (90° — 15°) or sin 75° = 0-966. 
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We have also got sm 15® = 0 • 259. So cos (90° — 15°) or cos 75° = 0 • 259. 
We next get cos using tables of square roots as before: 

cos 7i° = cos |(15)° = V|(l-966) = = 0-991 


_ sin 15° 0-259 

~ 2 cos 7|°~ 2(0-991) 

This gives us 

cos 7|° = 0-991 = sin 82^° 
sin 7^° = 0-131 = cos 82 J° 


0-131 


From cos 75° = 0-259 and sin 75° = 0-966: 

cos 37|° = cos lO^)° == 'v'KI-259) = ^0-029 = 0-793 

sin 371” = siB K75)“ = = 0- 609 

This gives us 

cos 37|° = 0-793 = sin 52|° 
sin 37|° = 0-609 = cos 52|° 

From cos 45° = 0-707 = sin 45°: 

cos 22|° = cos 1(45)° = V|(l-707) = V0^3 = 0-924 
0-707 

This gives us: 

cos 22^° = 0-924 = sin 67^° 
sin 22|° = 0-383 = cos 67|° 

We can now tabulate all our results, calculating the fourth column 

in the following table from tan A = — -v -: 

cos A 

TABLE OF TRIGONOMETRICAL RATIOS IN INTERVALS OF 7-|° 


Angle (A”) 

sin A 

cos A 

tan A 

90 

1-000 

0-000 

CO 

82-1 

0-991 

0-131 

7-56 

75 

0-966 

0-259 

3-73 

67| 

0-924 ^ 

0-383 

2-41 

60 

0-866 

0-500 

1-73 

62.} 

0-793 

0-609 

1-30 

45 

0-707 

' 0-707 

1-00 

37} 

0-609 

0-793 

0-77 

30 

0-500 

0-866 

0-58 

22} 

0-383 

0-924 

- 0-41 

: 15 

0-259 

0-966 

0-27 

n 

0-131 

0-991 . 

0-13 

0 

0-000 

1-000 

0-00 



244 The Size of the World or 

Of course if you like you cau go on making the interval smaller: 
|(7|) = 3|; |(3|) = 1|; 1(1 1) = etc. Hipparchus, who published, 

as far as we know, the first table of sines, did not go further than we 
have gone. If you have actually checked all the arithmetic so far, you 
will have grasped how a table of sines, etc., can be built up, and you 
will not be likely to forget it quickly. 

Let us now stop to ask what advantage we have gained. To begin 
with, we have made scientific map-making and surveying on a scale 
adequate for long-range geographical work possible. The method 
used for the cliff illustrated in Fig. 53 presupposes, first, that you can 



get near enough to find the angles you want (30° and 60°), and secondly, 
that you have time to walk about finding exactly where the cliff has 
an elevation of 30° and 60° from the ground. The first is often imprac- 
ticable, and the second is an unnecessary nuisance. With tables of 
sufficiently small intervals, all you have to do is to sight the angle of 
a distant object, then walk any measured distance away from it in a 
direct line, and measure a second angle. In Fig. 86 the measured 
distance is d, and the angles are 26°. To make a map we can 

get all we want, namely, the height of the hill and the horizontal 
distance to the spot vertically below it. Calling the height h and the 
horizontal distance from the nearek place of observation x, we look 
up the tables and find 

tan34°~0'674 tan26° = 0-488 
We will suppose that the measured distance d is 64 yards. You will 
see at once that 


= tan 34° or jc== 


0-674 


. . (i) 
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Also = tan 26° or A ==0*488(:c -f 64 ) . (ii’k 

Gombining (i) and (ii), we get 

* = °-Mo4 + «)=^^ + '«CO-«8) 

Sothat A-^A=64(0-488) or a(i-^)=31-232 

Hence 0-276/z = 31-232 
31 -232 

h = q : 2 ^q ~ 113-16 yards or 339| feet. 

Once we have A, we can also get x at once from (i), i.e. 

113-16 ^ 

Try again with four-decimal values of tan 34° and tan 26°. You will 
get the better values ^ = 112-76 yards, x= 167-2 yards. This tells 
you how far your previous results can be trusted. 


SOLUTION OF TRIANGLES 

The last example shows us indirectly how to calculate one side of a 
triangle if another side and two angles are known. We can also derive 



simple formulae by which we can calculate without maldng a scale 
diagram any of the two angles or sides of a triangle, if we know enough 
about it in order to draw it. That is to say, if we know (a) the lengths 
of its three sides, or (b) the length of two sides and the included angle, 
or (c) the length of one side and two of its angles. The dissections are 
shown in Fig. 87. 
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If we Icnow three sides aihiCm the figure (Fig. 87) we see (Dem. 8) 

that 


- {b - 


*.». c* — = or — + 2bd — d^ 


== a’® — + 2bd 


*Since cos A ~ -f c, i.e. i = c cos A 

c® = a® — 4- 2bc cos A 

or a® — •— 2bc cos A 

c2 


cos A = 


2bc 


In tne same way we can show that 

a2 4- c2 _ ja 


cos B ~ - 


cos C = 


sac 

c* 

2a6 ' 


So if we know a, c we can get cos A, cos B, or cos Q and the tables 
of cosines give us what A, B, and C are. 

If we know the lengths of two sides a and b together with the included 
angle C, we can find the length of the third side c by looking up the 
tables for cos C, since 

c2 ~ flS £,3 ^ 2ab cos C 

We can then use the preceding formula or a simpler one to get the 
remaining angles. From Fig. 87 you will see that 

sinA = p^4-c 
p==csinA 
sin C = p -4- a 
p = {? sin C 
,% csinA = asinC 
• siaA_ sin C 

y ' c ' 

. . a sin C 
,sin A== 


Thus we can find the angle A and hence B, since B = 180^ — (A + C). 
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Similarly^ if we know two angles (A, C) and a side {a% we can gel 
the side Cj since 

a sin C 

c= — j- 

sm A 

Since B = 180° — (A + C), ■we can now get 6, since 
^2 _ jjS ^2 _ 2ac cos B 



In surveying a district the surveyor first measures accurately a fixed distance 
AB with his chain or steel tape. This is the only necessary measurement of 
length. From the end A of the tape line AB he sights with his theodolite the 
angle (1) between B and Cj a conspicuous object such as a tree. Then wallcing 
to the other end of it he sights the angle (2) Ijetween A and C. One side (AB) 
and two angles of the triangle ABC are now known. So he can calculate tire 
lengths of BC and AC by the use of the sine formula and tables of sines. These 
can be used in turn to get the sides of the triangles BEC and AGC. To do this 
he first sights the tree E making the angle (8) between E and C> then the angle 
(7) between B and E. He then knows two angles of the triangle BEC and the 
calculated length of BC. Similarly he sights Gfrom A and C. Proceeding in this 
way he sights in other directions the farm D and tire tree F from AB, thus 
mapping all the landmarks, 

TtlE DISTANCE OF THE MOON 

Hipparchus calculated the moon’s distance as approximately a quarter 
of a million miles. His estimate was not more th^n 5 per cent out. The 
method is essentially similar to finding the height of a cliff by measuring 
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its altitude simultaneously at two stations a known distance apart. In 
practice this is a little complicated, and involves the last two formulae, 
which are given in case you wish to refer to books on astronomy for 
details. You will be able to grasp the underlying principle by imagining 
how it could be done with all the resources of modern radio equip- 
ment. Suppose that an equatorial observatory Z sees the moon exactly 
at its zenith, i.e. vertically overhead, at exactly the same moment 
*when another observatory H, also on the equator but separated by 
L degrees of longitude West is watching it rise on the horizon (or 



H might be L degrees East watching it set at the same time). From 
Fig. 88 you will see that we now have a right-angled triangle, such that 

• /MAO T N earth’s radius 

sin (90° — L) = r—r. 

' moon s distance 

- .earth’s radius 

cos L = * r— P 

moon s distance 

Suppose we find that L is actually On looking up the tables 

in intervals of we find that cosTSSj^® = 0-0163. So ws may put 


0-0163 = 
Moon’s distance = 


4000 . 

— — r- m miles 

moon’s distance 

— 245,000 miles (approx.) 


Once we have the moon’s distance, it is easy to get the radius and 
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circumference of the moon. The method is shown In Fig. 89. All you 
have to do is to measure the angle between opposite spots on the 
boundary of the foil moon. If we call this angle A and neglect the earth®s 
radius as small compared with the moon’s distance: 

. T, . moon’s radius 

sm fA == r— r 

moon s distance 


If A is found to be half a degree, i.e, f A == 1 °, we find from tables that 
sin 1° == 0-0044, i.e. 

n.no ^.1 _ moon’s radius 
U UU44 _ ^ 245000 

This gives 0-0044 (245,000) miles, or approximately 1,100 miles for 



the moon’s radius. The best measurements yield 1,081 miles. We can 
now fulfil a former promise, and find tt- in the sky. The circumference 
of the moon will be 27r times this quantity, i.e. 

2 X 3^ X 1,081 — 6,800 miles approximately 

Thus the circumference of the moon is only about four and a half 
times the distance between London and Moscow. 

Later on we shall have more to say about the kind of measurements 
which the Alexandrians made with cruder instruments than ours, 
and less facilities for making observations at different places widely 
separated by distances which have been accurately measured. At this 
point in the narrative you will have realized that for astronomical 
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purfsoses tabies of angles with very small intervals are needed for 
making good measurements. Various formulae have been devised for 
doing this. The half-angle formulae which we have used are particular 



The angle POT between the lines PO and OT is the sum of A and B, 
The dissection is as follows: 

(a) From P drop a perpendicular (PS) on the middle line OS. 

(b) From P drop a perpendicular (PR) on OT. 

(c) From $ drop a perpendicular (SCj) on PR. 

\d) From S drop a perpendicular (ST) on OT. 

cases of two more general rules. TJcte demonstration of these rules is 
given in Fig. 90. The rules are: 

sin (A + B) — sin A cos B + cos A sin B 
cos (A + B) = cos A cos B — sin A sin B 
These particular formulae are important to remember because they 
are used later when come to see how the Reformation geometry 
discovered a new use for the angle ratios. The demonstration^ though 
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difficult to remember because it does not recall any previous figure^ 
is not difficult to follow. To simplify matters, we have made one length 
(OP) 1 unit long. Looking at the figure, you see 

sin (A+B)=PR=PQ+QR=PQ-f ST=(PS) cos B+(OS) sin B 
=sm A cos B-f cos A sin B 

cos (A+B) =0R=0T-RT=0T-QS=(0'S) cos B-(PS) sk B ^ 
= cos A cos B— sin A sin B 

Check these rules for yourself, like this: 

sin 75° = sin (45° -{- 30°) = sin cos 30° + cos 45° sin 30° 

0-707 (0-866 + 0-500) = 0-966* 

FINDING A VALUE FOR tt. — We have taken the value of tt as in 
getting the radius of the moon and earth. Actually the only estimate 
which we have so far shown how to get was in the neighbourhood of 
3:|. In the Old Testament (2 Chron. iv. 2) we read: “Also he made a 
molten sea of ten cubits from brim to brim, round in compass, and 
five cubits the height thereof, and a line of thirty cubits did compass 
it about.” The circumference was thus six times the radius, or three 
times the diameter. That is to say, the ancient Hebrews, like the 
Babylonians, were content with talting tt as 3. About the time when 
the celebrated evolutionary trial was taking place in Tennessee a Bill 
was introduced into the legislature of one of the backward agricultural 
states of America with the object of restoring to tt its Biblical value. 
No doubt this figure is good enough for making an ox-wagon wheel 
to lumber along a Biblical road. If the BiU had passed, the only logical 

* A second connexion between the ratios of angles is sometimes useful, and 
will be used in Chapter 9. It gives us a direct way of finding the cosine of an 
angle if we know the sine or vice versa. In the right-angled triangle on the 
right h — 1, so sin A = p and cos A — h. 

From Dem. 8 we have 
1* = pa + 

i.e. 1 == (sin A)® + (cos A)* 

It is usual in textbooks to write for 
sin A and cos A: 

(sin A)® = sin ®A and (cos A)® 

Testing this by using the fact that sin S 
l»(i)* + a 

■2 * 



So cos *A ~ I, or cos A 
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count would have been to give up steam tractors and Ford cars, ^en 
the Aksandrians, like Archimedes and Hero, began to design machmes 
with wheels they needed something better. 

Once we have tables of sines and tangents it is easy to get a value 
for w as accurately as we need to have it. The method which Archi- 
medes used makes i^ fairly clear that he had some such tables before 
.those of Hipparchus. The history of science never confirms the popular 
belief that discoveries are made singly by the isolated genius. They 
are inrariably made about the same time fay a number of different 
people. This is a commonplace of scientific history, though historians 
of science rarely disclose the simple explanation. Discoveries repeat 
themselves because intellectual work proceeds along the lines laid 
down by the social culture which the individual discoverer inherits. 

From Dem. 12 we learned that the ratio of the boundary to the 
diameter of a circle is the same for all circles, and the length of the 
boundary of a circle lies between (a) the boundary of a polygon of 
n equivalent sides drawn (ciraimscribed) around and just touching 
the circle with its sides, and (b) the boundary of a polygon of n equiva- 
lent sides drawn (inscribed) within the circle and just touching it at 
the angles. If c is the boundary of the circle and d the diameter, 


c = rrd 


So if the diameter is 1 unit (i.e. r, the radius, is |), c = tt. Having 
refreshed your memory by going back to the figures illustrating Dem. 12 
in Chapter 4, you will find no difficulty witli Fig. 91. On the left is 
partly drawn a polygon of n equivalent sides circumscribed about a 
circle of diameter 1 unit (r = |). The polygon is made up of 2n 
right-angled triangles, of which the perpendicular (p) of the centre 

angle A forms part of the boundary. So the boundary of the 

circumscribed polygon (Pj) is 2n times p. From the figure you see that 


p = I tan 
Pc = » .tan 


360° 

2n 

360° 


2n 


For instance, if the figure is a hexagon (six sides) 



6.tan30° = 6(0*58)== 3-48 
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Fig. 9i.— How Archimedes Found a Value for v 

-rt , A 

The angle A — — — 

2» 

when the polygon lias n equivalent sides 


(a.) The larger or GraittiscnheA (b)The. smaller or Insa^ei 
IPolxjy^axL Tblxii^oti^ 




Similarly you will see from the figure that the boundary (PJ of the 
inscribed polygon of n equivalent sides can be found from the corre- 
sponding equation: 

For instanccj if the figure is a hexagon, 

= 6 . sin ^ = 6 . sin 30° = 6(0’50) = 3-00 

So the value of it lies between 3*48 and 3-00. If We take the common 
average, we can write this as 3*24 dz 0-24. 

We have learned from Dem. 12 that we can make the plus and minus 
margin as small as we like, if we make the number of sides n of the 
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polygon sufficiently large. With a table of sines and tangents this is 
quickly done. You can work out the following for practice*: 


Number of 
Sides 
(n) 

Pi 

360’ 

n . sin--r— 

2n 

Pc 

360’ 

Mean it 

Erroi 
Per cent 

3 

2-598 

6-196 

3-90 

24 

4 

2'82S 

4-000 

3-41 

8-6 

6 

3-000 

3-464 

3-23 

2-8 

8 

3-062 

3-314 

3-19 

1-6 

12 

3-106 

3-215 

3-16 

0-6 

18 

3-125 

3-173 

3-150 

0-3 

36 

3-139 

3-150 

3-144 

0-07 


Archimedes was content with taldng w as a quantity between 3| 
and The Ahmes papyrus shows that about 1500 B.c. the Egyptians 

used VlO or 3T6. You can get as good a value as this by experiment 
if you measure the diameter and boundary of all the tins, plates, and 
saucepans in your house with a measuring tape. The same value was 
fashionable among the Chinese calendar-makers and engineers. About 
A.D. 480 we find that an irrigation engineer called Tsu Ch’ung chih, 
who constructed a sort of motor-boat and reintroduced the compass 
or “south pointing” instrument, arrived at an estimate of astonishing 
accuracy for the time. In our notation it is equivalent to saying that 
TT lies between 3-1415926 and 3-1415927. We do not know how he 
got it. It is not easy to believe that he did so by drawing a large-scale 
diagram. A possible clue is provided by the fact that the Japanese 
were using a method similar to that which was just being applied in 
Europe about a.d. 1700. It depends on the Chinese (so-called Pytha- 
goras) theorem about right angles. So it may have been derived from 
a procedure which was already known to the Chinese at a date little 
later tlum the time of Archimedes. U has a special interest, which will 
emerge later. The Japanese way depends on splitting the circle into 
tiny rectangles. It is based on the fact that the area of a circle is 7rr® 
(p. 178), where r is the radius, so that if the radius is 1 unit of length, 
the area of the circle is dt units of area. 

It is even tempting to wonder whether the Japanese method was 
not suggested, like the figure which was reproduced from a very 
ancient Chinese worl m Chapter 2, by drawings made on tiles. If you 
trace a circle on graph paper, you will see that the area of the circle 
lies between that of r^o sets of superimposed oblong strips, white and 
* So? Note oa p. 282, 
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shaded in Fig. 92 at the bottom. In each half of the circle there will 
be one more of the outer or longer strips than the inner or shorter, 
drawn as in the two quarter-circles at the top of Fig. 92. The quarter- 
circle of Fig. 93 is enclosed by five rectangular strips of the same width, 





Fig. 92. — The Japanese Method for Getting tt 

and itself encloses four superim;^sed rectangular strips of the same 
width. From the way the rectangles are drawn you will see why the 
fifth inner rectangle vanishes. If the radius of the circle is 1 unit of 
length, the width of each strip is 4-. The area of all the rectangles of 
the outer series is 

iyo + iyj + iyz + iya +ly4 
^Uyo+yi+yz+ya+yd , 

In a complete circle the corresponding rectangular strips would 
amount to four times this, i.e 

“ I (d'o + + JXa + d'a + J'i) 
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Similarly for the area of all the inner strips in the full circle* we 

may write : 

The values of etc,, depend on using Dem. 8, the Chinese right- 
angle theorem. In the triangle ABC: 

r®==Ja"+CAB)2 



Since r, the radius, is 1 and AB is two steps of -J, we can put: 

Similarly in the triangle AED 

i“=V + 0)' 

:>>3 = iV52-3’‘ 

In the same way y-^ = —4* 

Andyo=: 1 = ^ 

So we may now write 

A. == m + ^ ViPCTil ^ IVW^ -1- VpCTsa' + i 

A, - |[6 + VgaZrp + VW^ -h 32 + VS^^] (i) 
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Likewise 

Ai = + V'ss — 22 + VP — 32 Vpir4"2j ^ 01) 

This gives us 

A.= -^,(5+ V2i + 4 + 3) = 3-44 

and 

Ai = + V^ + 4 + 3) =2 -64 

Since the area of the circle, the radius of which is of unit length, lies 
between and A,;, and tt is the area of a circle of which the radias 
is 1 unit long, ir lies between 3-44 and 2-64. As a first approximation 
^ = 3-04 ±0-40. 

With a similar figure in w’hich the radius is divided into ten equal 
parts, so that there are ten outer and nine inner rectangles, you should 
now be able to get for yourself 

Ao = ±(10 + Vl02 - P 4- Vl02 - 22 + VlP'-Tp 
4- Vl02 - 42 4- VlO'*^ - 52 4 - ViF^P 
4_ V102 - 72 4- ViP ~ 82 4- VW^^) 

A< = ±(Vio2- p 4- V102 - 22 4- vip^i^ 

4- V102 - 42 -h V102 - 5'^ 4- V102 - 63 
4_ Vl0“ -r 72 4- Vi02 - 8'-^ + Vl02'^^) 

In this way, with the aid of a table of square roots, and calling 7r„ the 
value of TT we get when the radius is divided into n equivalent strips, 
we can build up a table like this: 

^5 =3 04 ±0-40 

= 3.40 ± 0-20 

TTjs = 3 • 12 4~ 0*14 
Tj-go == 3 • 13 4c ' 10 

If you work these out, you will ha'^e discovered for yourself that there 
is no need to make a new figure each time. The rule for getting tt can 
be expressed as a pair of series, the sum of the outer rectangles being: 

4. Vw2 - p 4. Vn2 - 2^ + VP-32 4- VP-:# . . .) 

■■ ■ K- 

The sum of the inner rectangles wiU be the same with the first term 
within the brackets left out. If you recall what was said la Chapter 3, 

Mathematics for the Million I 
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p. SS, about verbs like, “put up” and whicb include the 

meaning of other verbsj you may be interested to meet an example 
of the higher abstractions mentioned in that context. The last rule 
can be written for the outer rectangle strips ; 

■ ^ Y, 

® r *»0 

The verb (or “operator”) T with its two adverbs r ~ n above and 
r 0 below meanSj “Add up all quantities like > . formed by 

giving r the values of every w^hole number from 0 to n inclusive.” Of 
course when, r = 0 ;,\/ —■ — tts and when r = n, V rfi — = 0. 

The corresponding rule for the inner rectangle strips would then be: 



If you recall earlier discussion on the use of series (Chapter 5), you 
will ask whether it is possible to get this series into a form so thatj 
when n is very big, you can make it choke off at any convenient point, 
as you can neglect the later terms in the series representing a recurring 
decimal fraction. The Japanese actually succeeded in doing this, quite 
independently of Western influence, at the end of the seventeenth 
century. Maisunaga gave an estimate of tt which in our notation is a 
decimal fraction correct to fifty figures. We shall leave the solution of 
the problem till we can approach it in its proper historical setting, 
when we return to the discussion of series in a later chapter. What we 
have done already is enough to suggest the possibility of finding a 
series for tt which can be stretched out to any order of precision which 
measurement demands. 

A third way in which we can reach an estimate of tt introduces us 
to a literal revolution in the measurement of the angle. We have called 
the degree the unit of the priestly calendar-makers, and the right angle 
the unit of the builders of the city-state. Another way of measuring 
the angle might be called the wheelwright’s way, which we may call 
the imit of the machine age. The machine unit, which is called a 
RMUAN, is the angle joining to the centre the ends of an arc equivalent 
in length, when straightened out, to the radius of the circle to wtrich 
it belongs (Fig. 94). If we straightened out a semicircle it would be 
r times the radius, §ince the whole boundary is 27rr. So two right 
ingles are equivalent to it radians, or one right angle = |7r radians, and 
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one degree in the Babylonian measure is ^ radians. Conversely, one 
180 

radian is — , about 57|- Babylonian degrees. It is well to memorlK 
these identities using r and ® as adjectives : 

180° == TT^ (i.e, Tt radians) 

90° = 



This way of measuring the angle makes the unit depend on the 



The RADIAN is the angle unit which represents the amount which a wheel has 
revolved when the rim has covered a distance equivalent to the spoke. Hence 
277 ' radians are equivalent to 360 Babylonian degrees. 

revolution of a wheel when the rim has covered a distance equivalent 
to the spoke. If the spoke (radius) is of unit length, 1 unit of length 
corresponds with 1 unit of angular revolution. So the length of an 
arc (in the same units) is the same number as the number of radiam 
in the angle formed by joining ias ends to the axle (or centre). So in 
Fig. 95 the angle x — BC if r == 1. 

If you compare Fig. 95 with Fig. 57, you will see that, since the 
radius of the circle is of unit length, the tangent of the angle x is the 
number of units of length of the tangent BD to the circle at B, and 
since OB = r = 1, sin x — AB (the perpendicular), and cos x ~ OA 
(the base). But since 
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As already explained, if r = 1, it is also true, in radian measure, that 
X ~ BC. BC is greater than AB. If you divide a quantity by a larger 

AB 

quantity, the result is less than unity. So ^ is less than 1, i.e. 

greater than EC. If 5^00 divide one quantity 



Fig. 95 


The radius is of unit length. So 
sin * — AB 
cos X = OA 
tan ic = BD 


by a second, the result is larger than you get by dividing the same 
quantity by one still larger than the second. Hence : 


AB. xAB 

IS greater than c 


BC 

sinx: 


BD 


So when X is measured in radians, lies bettveen cos x and i . If 
X 

X becQme.s very small (dx in Fig. 95), cosx becomes practically 1. 
You enn also see that the perpendicular and the arc become practically 

indistinguishable, i.e. becomes practically 1. So the upper limit 
of is 1, and the lower limit is cos x. From this we can get the 
limits between which ir lies. 

In other words sin x lies between x and x times cos 5 ;, when s; is 
measured in radians. So sin 5° or sin lies between and 
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^ times cos (^) or times cos 5°. From the tablesj sin 5'’=0 • 0872 
and cos 5° = 0-9962. If 

sin ar = a: . cos x 

we get 0-0872 = 0-9902 x 

loU ^ 

«■ = 3-16 

Likewise, if sin ar = jc 

we get 0-0872 = ^ 

vr = 3-»14 

The mean is tt = 3 - 146 0-005. 

The above value is based on four-figure tables. These are not adequate 
for angles less than about 5° because the number of significant figures in 
the sine of the angle is not enough to give more tlian three significant 
figures in tlie result. We have now found by three methods that tt lies 
verynear to3f or3- 143.To five decimals, if we take the trouble to perse- 
vere, the value is 3 • 14159. ... By using this to get the radian or circular 
measure of an angle, you get good values for the sine of small ones, if 
you take sin » = An historical table of the values assigned to tt may 
interest you because it shows you how tt stretches out as we approach 
the machine age. 

TABLE OF VALUES OF W 
Babylonians and Hebrews and 
earliest Chinese 3-0 

Egyptians (c. 1500 b.c.) 3-16 

Archimedes (240 B.G.) Ih n [3- 140 

(interested in wheels) "j [ 3 • 142 

Chinese calendar-makers and engineers: 

Liu Hsing (c. a.D. 25) » 3-16 

Wang Fun (c. A.D. 250) 3-15 

Tsu Ch’ung chih (c. A.D. 480) 1 . f 3-1415926 

(interested in machinery) J 1 3 ■ 1415927 

Hindus and Arabs : 

Aryabhata (c. A.D. 460) 3- 1416 « 

Ai Kashi (c. a.d. 1430) 3- 1415926635897932 
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TABLE OF VALUES OF TT — continued. 

.Eiiropsaa: 

?ieta (c. A.D. 1593) 

Ceukn (c. a.d. 1610) correct to thirty-five decimal places 

Wallis {c. A.D, 1650^ and unlimited series 

Gregory {c. A.D. 1668) 

Japanese : 

Takebe {c. a.d. 1690) tmlimited series 

Matsimaga (c. A.D. 1720) correct to fifty decimal places in 
our notation 

At the present time w is known to seven hundred correct decimal 
places. Vieta obtained his value by working out the limits from a 
polygon of 393,216 sides. The later values are based on series. As a 
matter of fact ten decimal places are enough to give the circumference 
of the earth within a fraction of an inch, and thirty decimals would 
give the boundary of the entire visible universe within a fraction too 
small to be measured by the most powerful modern microscope. So 
you have no need to be disappointed with the result we have obtained 
for most practical purposes. For designing the best aeroplane engines, 
it is only necessary to know four decimal places (3 • 1416), 

ALEXANDRIAN ASTRONOMY, — ^Some account has already been given 
of the amazing achievements in earth measurements during the first 
phase of the Alexandrian culture. The measurement of celestial dis- 
tanccs is greatly simplified today by the fact that we possess reliable 
wheel-driven clocks. The Alexandrian artificers improved on the 
timekeeping methods of their predecessors by devising docks which 
depended on a continuous flow ol" water through a vessel which 
siphoned off like the arrangement in Fig. 2. Although these devices 
were highly ingenious, they did not meet the requirements of navi- 
gation. They were not portable. So/or measurement of longitude they 
had to resort to more ^implicated astronomical observations than the 
simple method which we can use today. Hipparchus, as mentioned 
earlier, made a tolerably accurate estimate of the distance of the moon 
from the earth. The Ingenuity of the methods used by these astronomers 
is well illustrated by the pioneer work of Aristarchus. 

Aristarchus attempted to make an estimate of the relative distances 
of the sun and moon from die earth and their relative sizes by observing 


f 3 '1415926537 
[3*1415926535 
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the 'aagle (a) iu Fig. S6 between the moon as seen in the earty hours 
of morning, the sun, and the earth when exactly half the surface of 



‘ArLS't'arclui5-' 

(First "Method) 


Esmfh. 



Fig. 96 


the moon is visible, i.e. at half-moon. In the new dictionary language 
wliich we have now learned, the l%are show's that 

— tnoop’s distance from the earth 
” sun’s distance from the earth 

With the crude instruments at his disposal he concluded that the 
angle was ‘S°. He had no tables of angle ratios, so using a highly in- 
genious, though to us long-winded, application of Buchdean geometry, 
he showed that the sun’s distance is between eighteen and twenty times 
the moon’s distance from the earth. Not content with this metliod, 
he used a second one to check his result. The principle of this is not 
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difficult to follow. What is fascmating about it is the daring resouxa- 
fulness of tiis performancej when one considers the time at which It 
was made. It was the first great voyage of man’s reasoning powers 
into the uncharted ocean of space. Aristarchus observed that half- 
moon occui's just before the first quarter of the moon, i.e. just before 
the moon has got a quarter of the way round its orbit, starting from a 



position between sun and earth. At the quarter a little more than half 
the face of the moon is seen, as yon will recognize in Fig. 97, where 
the mif-moon of the first quarter and the moon when exactly at the 
third quarter, i.e. exactly three-quarters of the way round its orbit 
from new moon, are drawn together. If the angle of the full moon in 
Fig. 89 is called 2ic, the angle of the half-moon is x. When the moon is 
exactly at its first or (as in Fig. 97) its third quarter, the angle between 
the two furthest points across the moon’s disc is just over x. If we 
call B the angle through which the moon revolves between half-moon 
and first quarter, the angle between the moon, the earth, and the sun 
is 90® — B; Eat this* angle is also 90® — ct. So a = B. Ar^tarchus 
made the delay between half-moon and first quarter six hours or a 
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quarter of a day, i.e.j if we take the luaar month as 28 daysj 

of a complete cycle during w'hich the moon revolves through 360 ®. 
So B is or roughly 3°; and since a — B, this confirms the 

previous estimate. Taking the moon’s distance as 240j0()0 miles, we 
see that Aristarchus made the distance of the, ^ sun equivalent to 4 | 
million miles. Actually it is about 93 million miles, a value within 
10 per cent of which was given by Eratosthenes. His instruments were 
not suitable for measuring the very small angle between half-illumination 
and first or third quarter, or between moon, sun, and earth, which 
comes to the same thing. What 4s more important is the fact that 
before there were telescopes to map out the mountains of the moon 
it 'was quite impossible to get a very accurate estimate of the boundary 
of the half-moon. The two estimates of Aristarchus involved the same 
instrumental error. A high level of accuracy in astronomical measure- 
ments presupposes a high level of technical development in machinery. 

We cannot go into further details of these first earth and sky surveys. 
The following passages from Carl Snyder’s World Machine will give 
you a vivid picture of the achievements of Alexandrian astronomy: 

“Ptolemy, in his treatise, describes another simple method, and 
there were doubtless others still. They did not agree very closely; the 
distance is, in reality, a troublesome quantity to compute, because it 
varies. . . . And with the circumference of the earth fixed, they knew 
that the moon was somewhere around 240,000 miles from the earth. 
They could likewise note that its apparent or visual diameter is half a 
degree, and, the distance known, could compute that this mild- 
mannered orb was in reality a colossal thing — a body some 2,000 miles 
through, that is, a quarter of the diameter of our massy earth. . . . 
Living in that same wonderful day was another giant, Apollonius of 
Perga, styled ‘the great geometer.’ His was the glory ’twas said, to 
have applied geometry to the problem of the heavens. Evidently by 
this was meant the higher geonibtry, for, as we have seen, Bion and 
Aristarchus and Eratosthenes and many another had already given 
good account of themselves in the use of geometrical methods. 
Apollonius developed the theory, of conic sections, and introduced 
the idea of epicycles as an explanation of the motions of the planets. 
This latter idea was borrowed by Bfipparchus, ‘greatest observing 
astronomei of antiquity,’ and it was doubtlesr the example of 
Apollonius which led him to the discovery of, the idea of parallax 
usually attributed to him. ... Be this as it may, the problem of the 
shadow cone, as is clear from the pages of Ptolemy, had been worked 
out by Hipparchus, apparently with great precision, but with the 
strange result of confirming the calculatioiis of Aristarchus. He, too, 
I* 
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found the distance of the sun about twenty times that of the moonj 
or from 1379 to 1472 half diameters of our globe. Ptolemy, a couple 
of centuries later, tries his hand at the matter, but with no better success ; 
indeed, he reduces the distance to 1210 such half diameters. . . . The 
theorem of Plipparchus gave not merely the relative but also the absolute 
measures of the solar and lunar distances, hence a direct measure of 
their size. Cleomede§ tells us that Hipparchus computed the sun’s 
built at ISO times that of the earthy Ptolemy made it 170 times. But 
Aristarchus, by what method he does not state, figured the diameter 
of the sun at between six and seven times that of the earth, hence about 
three hundred times its bulk. He sets the moon’s diameter at one-third 
that of the earth — an error of but one tw'elfth; admirable, if yet im- 
perfect approximations. The marchrofthe mind had begun 1 . . . There 
is, in an oddly-jurnbled work, Opinions of Philosophers ^ attributed, with 
slight probability, to familiar old Plutarch, a paragraph which says 
that Eratosthenes had engaged the same problem. True to his love of 
concrete measures, he gives the distance of the moon at 780,000 stadia, 
of the sun at 804,000,000 stadia. Marvellous prevision of the truth! 
For though he makes the distance of the moon only about tw^enty earth 
radii — too small by two-thirds of the reality — his figure makes the 
sun distant 20,000 radii, which, as nearly as we may estimate the stadium, 
was practically the distance that, after three centuries of patient investi- 
gation with micrometers and heliometers, is set down as the reality. . . . 
It is with a deepening interest, bordering even upon amazement, that 
we find yet another great investigator of antiquity announcing similar 
but quite distinct estimates. This was Poseidonius, the teacher of 
Cicero and of Pompey, ... We have already noted that his measures 
of the earth, adopted by Ptolemy, was the sustenance of Columbus. 
He had closely studied tire refraction of light, and gives us a really 
wonderful calculation as to the height of the earth’s atmosphere. In 
the pages of Cleomedes we learn that he equally attempted to establish 
the distance of the stars. He puts the moon at two million stadia away, 
the sun at five hundred million! This, on his earlier estimate of the 
earth’s diameter, would place the moon at fifty-two radii of the earth, 
which would be nearer than the computations of Hipparchus. It would 
mcike the sun’s distance 13,000 ra?dii. If we talte his later figure 
(180,000 stadia), the distance would become 17,4.00 radii, an estimate 
which, considering the necessarily wide limits of error, does nor differ 
greatly from that of Eratosthenes, and equally little from the truth. 
Compare it with the thirteen hundrea radii of his forerunners! Compare 
it with the notions of Epicurus, almost his contemporary, a very wise 
and large-minded man in his way, who yet believed that the sun 
miaht be a body two feet across!” 

What Aristarchus succeeded in showing is that the sun is at 
least 4| million miles mway, an epochal advance in man’s knowledge 
ot the universe he inhabits. The faiiiire of Aristarchus to get a better 
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result exposes the error in Plato’s separation of brainwork and tech- 
nology. The success of Eratosthenes and Apollonius, who gave excellent 
estimates which disclosed a realm of vast intellectual adventure 
for all who came after, exposes the poverty of Platonic idealism as a 
means of enriching man’s intellectual life. In putting back measure- 
ment into geometry, and so bringing georqetry back to earth, 
Alexandrian materialism attained a new vision of the grandeur of the 
heavens. The vastness of the prospect engulfed the “heavenly race of 
the gods” from whom Plato derived the ancestry of philosophers. 
The calendar reformed by the orders of Caesar, on the advice of Sosi- 
genes, an Alexandrian astronomer-, who introduced the leap year to 
compensate for the fact that the earth takes about six hours more than 
365 days to go round the sun, ushers in a new social era. The ancient 
star religions were losing their social function as timekeepers. Astrology 
had made way for the secular science of astronomy in the great centre 
of Mediterranean shipping, where the most prominent landmark sur- 
viving to our own time is the “Sailor’s Pillar.” The intellectual fruits 
of these discoveries were set forth in a systematic form in the Almagest 
of Ptolemy, about a.d. 160, a book which played an important part in 
the astronomy of the Arabs, who translated it and transmitted it to 
Europe. From its pages the pioneers of the Great Navigations learned 
the art of map-making and of finding the position of a ship at sea. They 
also learned how much of the world remained to be explored. 

ALEXANDRIAN ARITHMETIC. — ^You will possibly have noticed, perhaps 
with some regret, that astronomy which is of any use to the mariner 
for finding the position of a ship at sea, and a value of rr which is good 
enough for machinery, both involve a good deal of arithmetic. The 
sort of arithmetic which was encouraged by Greek idealists, as we 
have described it in the last chapter, does not help us to make laborious 
calculations. Logistic, as they called aids to rapid calculations with the 
counting frame, was despised by the Athenians. The more practical 
Alexandrians necessarily adopted a different point of view. At the out- 
set, we find Archimedes grappling with the task of making numbers 
suitable to the work which numbers are called on to perform. He seems 
to have realized the advantage of expressing 7t as a series, and he was 
the first mathematician to make the discovery thirt a series of diminish- 
ing fractions can choke off. He gave the sum of unlimited geometric 
series like the following: , 

i i i ^ xi's ’ “ " 
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The method he used is the same as the one which we use to show 
that the Uiilimited recurring decimal 0*l = Tp, Each term in the 
series is haif its predecessor; so we subtract half the series from the 
series itself, thus : 

s = i + i + i + A+A +#4 • . . 

I s = . . . !•+ j- + 4 - + ^ • • • 

• Whence S — -jlS — or vS ~ i.e. S = I. Elowever long we go 
on, the sum of the series chokes off at 1. The advantage of series like 
this for representing measurements to any required order of precision 
can be seen by comparing the sum of the first five and the first ten terms : 
0-5 ' 0-5 

0-25 0-25 

0-125 0-125 


0-0025 

0-03125 


0 -96875 


0-0625 

0-03125 

0-015625 

0-0078125 

0-00390625 

0-001953125 

0-0009765625 


0-9990234375 

By taking the first five terms we get 0-97 correct to two decimals. 
This is roughly 3 per cent less than 1. By taking ten terms we get 
0-9900, wlilch is only one in a thousand out. You will shortly see that 
the rapidity with which the senes chokes off was much more difficult 
for the Alexandrians to recognize with the numbers which they actually 
used than it is for ourselves using decimal fractions. The Attic Greek 
numeral system used the first nine letters of the Greek alphabet for 
1 to 9, the next nine letters for 10 to^O, the next nine for 100 to 900. 
To do this they added three archaic letters (digamma, san, koppa) 
to the ordinary alphabet to make the letters up to 27. Using our own 
familiar alphabet, this is the same as» putting: 


a 

b 

c 

d 

e 

f 

g 

h 

i 

1 

, 2 

3 

4 

5 

6 

7 

8 

9 

I 

k 

. I 

m 

n 

0 

P 

q 

r 

10 

20 

30 

40 

50 

60 

70 

80 

90 

s 

t 


V 

etc. 





100 

200 

300 

400 

etc. 
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In this notation the number 17 would be represented by;^, the num- 
ber 68 would be ohi and 259 tni. You may now find k easier to see how 
the Platonists mixed up their notions about God and the number 3. 
To get beyond 999 they had to start all over again, using the same 
letters with ticks to signify higher decimal orders. Archimedes wrote 
a tract in which he made an estimate of the number of grains of sand 
in the world. This was by no means a useless performance in an age 
when people’s ideas of how big things could be tvere confined by the 
number of letters which they had at their disposal. In the Sand Reckoner 
Archimedes hit on two of the most powerful peculiarities which reside 
in the modern number script. He proposed that all high numbers 
should be represented by multiples of simple powers of ten. He also 
hit upon the law which underlies the modern calculating device called 
logarithms. The rule can be seen by putting side by side any simple 
geometric series and its parent series, e.g. 

123466 7 8 9 10 

2 4 8 16 32 64 128 256 512 1,024 

If you want to multiply any two numbers in the bottom series, all 
you have to do is to look up the corresponding numbers in the parent 
series, add them, and the result is got by taking the number in the 
bottom series corresponding with the number represented by their 
sum in the parent series. Thus to multiply 16 by 32, add the corre- 
sponding parent numbers (logarithms, as we call them today), 4 + » ~ 9. 
The number (antilogarithm, as we call it today) in the bottom series 
corresponding wdth 9 in the top series is 512, which is the answer 
required. Test this rule by building up other series, e.g. 3, 9, 27, 81, 
243, 729, etc. In the shorthand of modern algebra, the rule can be 
written in the mathematical sentence: 

X a” == a’"+" 

Archimedes did not succeed ia reforming the number script of 
his contemporaries, nor in making tables of logarithms by which any 
multiplication can be carried through rapidly. Such a change would 
have meant uprooting the social culture of his time. People were still 
using the oM notation for /ozo numbers. His brilliant failure shows 
that we cannot afford to let the mass of mankind be uneducated, 
however much entertainment the eugenist mSy get from reflecting 
upon his superiority to the rest of his fellows. An advance like that 
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proposed by Archimedes must arise from a sense of common need. 
It is not enough that a few isolated men of genius should recognize 
what is wanted. The mathematician needs the co-operation of the 
plain man, just as much as the plain man needs the mathematician 
if he is to enjoy a punctual system of wheel-driven transport. 

This Attic alpliabe^t was a millstone about the necks of the Alex- 
andrians . The first stage of the Alexandrian culture was signalized by 
tremendous achievements in the art of measurement as applied to 
astronomy and mechanics. It introduced calculations of appalling 
magnitude to people who used a number script wliich introduces an 
entirely new set of symbols at each decimal order. The second stage 
of the Alexandrian culture is characterized by a serious attempt to 
tackle the problem of devising simple and rapid means of calculation. 
This brought back number into- geometry in another way. Geometrical 
figures such as those of Dem. 2 and Dem. 4 were used to suggest 
calculating devices. We have already referred to the arithmetic of 
Nichomachus of Alexandria to illustrate the practical importance 
of these demonstrations. Two names of far greater importance are 
those of Diophantus (c. a.d. 250) and Theon {c. a.d. 350). 

Diophantus anticipated the greater part of the algebra of the Hindus 
and the Arabs. As Hindu mathematics begins about a hundred and 
fifty years after his death there is reason to suspect that his work 
became known in the East via Persia. We shall refer to his contributions 
in a later context. For the present it will suffice to notice that Diophantus 
was the first person to me a mathematical gerund, the part of speech 
which includes the characteristics both of a noun and of a verb (see 
Chapter 3). Before Diophantus multiplication was confined to numbers 
treated like nouns. It was not clearly recognized that a new grammatical 
convention had been introduced by such equations (Dem. 2) as 
• 

a(b -}- c) — ab ac 
a(b — c) — ab — ac 
(a-i‘b)(c-\-d)?=ac/+ad-i-bc-\-bd 
(a + b')(c~~d)~ac—ad-i~bc~bd 

These equations raise a problem of which the solution is contained 
in the last? of Signs* which Diophantus first used for calculation. By 
a geometrical figure we can make a model of the quantity (a + b) 
by joining a line a units long to a Mne i) units long. We can also repre- 
sent (a — &) as the number of units of lengths by which a line a units 
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long exceeds a shorter line b units long. We have shown in Dem. 2 
that we can represent products like a(b + c) or a(b ~~ c) by rectangular 
figures. We have shown in Dem. 4 that we can represent products 
like (a + b) (a + h) and (a + 5) (a — b% or, what comes to the same 
thing, (a h) (c d) and {a + J) (c — d). What would be the result 
of multiplying expressions like (a — h) (a ~ or (a — b) (c ~ d)} 
The geometrical representation of this problem is seen in Fig. 98. 
The shaded rectangle of area (a — d), together with the three 


^ — — 



ITie Law of Signs' of 

FiG. 08 


rectangles whose areas are respectively bd, h(c — d), and d(a — b% 
makes up the w'hole rectangle whose area is ac, i.e. 

(a — b) (c — d) bd + b(c ~ c?) -f- d(a — b) — ac 

{a — h) {c — d) bd he — hd ad — hd — ac 

(a — h) {c — d) he ad — hd ~ ac 

Take away be and ad from each side and add hd to each, then 

(a -- b) (c d) === ac ~~ ad be bd 

Now compare this cxpre.ssioa with these: 

(a + b) (c + d) — ac -j- ad+ be + bd 
(a b) (c ~ d) — ac — ad be hd 

You will see that in each case the numbers in, the result are got by 
multiplying in turn each of the numbers of one multiplier by each 
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of the numbers in the other. The signs which precede the munbers 
follow the rales*: 

+ X + == + 

—“X-f or-hx — = 

_ X - = + 

This adds a new raie for simplifying work on the abacus. If we want 
to multiply 19 by 2S, we have 

19 X 2S = (20 - 1) (30 - 2) = 20(30} - (20)2 - 30 + 2 
GOO - 40 - 30 + 2 = 532 


Hieon of Alesandria multiplied numbers witiiout the use of the 
abacus, or at least only using it for the final step, by means of a multipli- 
cation table. As there are three decimal orders in the alphabetic script, 
the complete table involved the multiplication of three sets of nine 
rows and columns instead of one set of ten rows and columns, like 
our own. A part of this is given in Fig. 99, and it is sufficient to be 
able to follow the ensuing example. To multiply 13 by 18, the steps 
would be : 


i3xl8=(I0-f3) (10+8) 

= 102+8(10)+3(10)+3C8) 

=100+80+30+24 

=23^1 


/cX;7rf-=(y+c)0"+^) 

^jl})+jQi)+c{j)+c{h) 

=s+g+/+/ed 

=^m 


Alternatively, 
i3x l8=(10+3) (20-2) 

=10(20)-2(10)+3(20)-S(2) 

= 200 - 20 + 00-6 

=234 


icxy/i=c/+c) —5) 

=tld 


You can develop a sympathetic attitude towards the Alexandrians by 
making up sums like these and working them out by a multiplication 

* In using the sign rule remember that —(<2 + b — c) means the same as 
— ICa + - c) = (- a — b 4- c), e.g. 

y 4- 3C’ 4- Sc* 4* (y® 4- ~ 2cx) ~ 2y 4~ 236® 

y 4 - 2c* — (y 4- — 2c*) = 4c* 

We have put jc because the Alexandrian numbers represented addition by 
juxtaposition. To distinguish this from multiplication, which is represented 
by juxujpositioa in mod#® algebra, wc have inserted brackets where multi- 
pHcatioa I# indicated. 



Part of the Alexandrian Multiplication Table 

(Roman alphabet substituted for Greek letters) 



Fig, 90 
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table like that in Fig. 99. Of course, if you want to multiply fairly large 
numbers you will have to increase the size of your table. 

Tiieon also dealt with a practical problem which has arisen in oui’ 
attempt to make a table of angle ratios. We had to use a table of square 
roots. The method of getting a square root of numbers like ^/3 and 
V2 given on p. 170 is estremety laborious. This is the method which 
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Fig. 100 

Theon used. It is shown in Fig. 100. On the right is the same figure 
as was given for Dem. 4 representing 

{x + af = x® -f -b 

The figure on the left is essentially the same, but instead of a we have 
written d'.r, which does not mean d multiplied by x, but a quantity 
very small compared with x (dwarf x). As before 

{x -r dxy == + 2:^dx) + {dxY 

or (x + doif — X* = 2x(d!x) -f 

The figures show you that (dx)^ is veiy small compared with the two 
rectangles x(dx\ so we should not be much out if we put 

(x + dx)^ — x^ — 2x(dx) 

or 

■2x ; 

You can see that this is very Htde out by the following arithmetical 
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example. The quantity 1-01 may be written (i-|-0-01X in which 
0-01 may stand for dx and 1 for x, since 0-01 is very small compared 
with 1. We then get approximately 


(1.01)2_p 1 -0201 -1 

dx — • ■ — 2 


0-01005 


The value obtained (0-01005) differs from the original one (dx — 0-01) 
by only 0 -00005. 

To get a square root by using this formula v,’e first make a guess. 
For instance, we know that is bemeen 1 and 2, since P(— 1) 
is less than 2 and 2^(— 4) is greater than 2. Since 14® = 196, a good 
guess is 1 -4. This is a little too small, so we may put = 1 -4 -f- dx, 

(1-4-f = 2 

Then from the formula, 

. (l-4 + dx)^-(l-4) « 

” 2(1 -4) 

2 -(1-4)2 2-1-96 

” 2(1-4) 2-8 

= 0 014 (approx.) 

So we have approximately 

(1-4 + 0-014)2 = 2 
or 1-414 = 

This, of course, will be a little out. So v/e take it as a second approxi- 
mation, and proceed to a third, putting dH for the new dwarf i.e,* 
a -414 + dhf = 2. 

, 2(1 - 414 ) 

This gives d2;c = 0-0002. So as a tliird approximation we can give 
■\/2 — 1 •4142. Comparing these successive approximatioas, we .find ; 

(1-4)2 =1-96 error 2 per cent 
(1-414)2 = 1 ‘999396 „ 0-03 per cent 

(1-4142)2= 1-99996164 „ 0-002 per cent 


We can continue like this as long as we need to do so, 

* Note carefully d’^x does not mean d squared muIdpHed by x. It is shorthand 
for second dwarf a. The ® is an adjective, not a verb. 


...i 
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Tlieoii was the last of die Alexandrian mathematicians of impor- 
tance. His daughter j Hypatia, edited the works of Diophantus and 
taught mathematics in Alexandria. She was murdered by the monks 



Apollonius, who lived about 230 B.c., broke away from Plato’s rule and studied 
curves which cannot be drawn widi a compass and rule. In particular he 
studied three curves which correspond with the boundary of a slice of a cone. 
Two are shown here. The ellipse is the figure which represents the orbits of 
the planers. The parabola represents the path of a cannon ball. A third conic 
section will be used, when w'e describe (Chapter 11) the expansion of the 
gas in an internal-combustion engine. Using Euclid’s geometry of solid 
figures, Apollonius anticipated some of the leading principles of the Reforma- 
tion geometry. When men began to bother about tiie orbits of the planets with 
new observations supplied by the inventidh of the telescope, and when artillery 
and wheel-driven mechanisms came into general use, they were using projection 
maps for navigation. These projection maps, based on tlie principle of latitude 
and longitude, were the death-blow to Plato’s geometry and the embryo of the 
Reformation geometry which will be studied in Chapter 9. 

of St. Cyril, who attached more importance to philosophy than to 
mere chastity. Gibbon describes how they scraped her naked body 
with oyster shells. “Je me contente de remarquer,” observes Voltaire, 
“que St. Cyrilie etait homme et homme de parti, qu’il a pu se laisser 
trop comporter a son ^le; que, quand on met des belles dames toutes 
nues, ce n’est pas pour les massacrer; que St. Cyrilie a sans doute 
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demande pardon k Dieu de cette action abominablcs et que fe prie 
le pere des misericordes d’avoii pitie de son ame.” 

Theon’s method of arriving at a square root introduces us to a 
conception which plays a very important part in the modern branch 
of mathematics called the differential calculus. The method used by 
Arcliimedes for getting the value of it illustrate^ the principle which 
lies at the root of the integral calculus. The invention of latitude and 
longitude by Hipparchus and the curves of Apollonius (Fig. 101), 
another brilliant Alexandrian, embody the basic conception of the 
Reformation geometry. Diophantus laid the foundations of algebra. 
The germs of almost every important advance of the sixteenth and 
seventeenth centuries of our own era can be found in the achievements 
of the Alexandrians. That they progressed so far and yet failed to 
advance further is not explained sufficiently by saying that Alexandrian 
civilization participated in the downfall of the Ronran Empire. It had 
reached the limits of further growth within tlie social culture which 
it had inherited. The next great advance came because a less sophisti- 
cated people were equipped with a number script which could meet 
the requirements of Alexandrian mathematics. The essentially novel 
feature of the Hindu culture was that men who were not advanced 
mathematicians had invented what the most brilliant mathematicians 
of Alexandria had failed to invent, a symbol (0) for nothing. There is 
no more fitting epitaph for the decay of Alexandrian science and 
mathematics than two lines from the poem of Omar Khayyam, himself 
foremost among the Arab mathematicians who brought together the 
fruits of the Hindu and Alexandrian contributions to human knowledge : 

. , . the stars are setting, and the caravan 

Starts for the dawn of nothing, oh make haste . . . 


Chapher 6 

DISCOVERIES AND TESTS 

1. Use the formula cos“ A + sin^ A — 1 to find 

(«) cos 40“ and sin 50", given that sin 40*^1 
(b) cos 75° and sin 15°, given that ois 15° 


0-6428, 

:0-966a 
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2. Using the half-angle formula. 

If sia20° — 0-3420, cos 20^ = 0-9397, find sin 10“, cos 10®, 
an 20”, and tan 10®. 

3, If sin 40° = 0-6428, and cos 40° = 0-7660, find sin 60°, cos 60°, 
Ian 60°, sin 20°, cos 2Q,°, tan 20°. 


’ 4. If sin 50° = 0-7660, sin 43° = 0-6820, sin 23-|° = 0-3987, find 


ihe follomdng: 

cos 50° 

tan 50° 

cos21|° 

tan21|° 

cos 26° 

tan 25° 

cos 43° 

tan 43° 

cos 47° 

tan 47° 

cos 40° 

tan 40° 

cos 23|° 

tan 23-|° 

cos 66-|° 

tan 66-|° 

0 . If cos 40° : 

= 0-7660, sin 40° 

= 0-6428, 

cos 15° = 0-9659, 

sin 15° = 0-2588, 

cos 26-r- 0-8949, 

and sin 26|° 

= 0-4462, use the 

formulae for sin (A -f- B) and cos (A + B) to find: 


cos 55° 

sin 55° 

cos 66|° 

sin 66|° 

cos 41|° 

sin 4i|° 

cos 56|° 

sin 56-|° 


6, Using the values in the previous examples, see whether you can 
find what the correct formula is for sin (A — B) and cos (A — - B). 
Verify your result by reference to the figure in Chapter 9, p. 461. 

7, In books on trigonometiy is called cosec A, -d—- is called 

j sm A cos A 

sec A, and r is called cot A. These are abbreviations for secant, 

tan A 

cosecant, and cotangent. Use the method for demonstrating that 
cos^ A 4- sin^ A — 1 to build up the following formulae which are 
sometimes used in higher mathematics: 

1 -f cot- A == cosec* A 
1 + tan* A sfe sec* A 

8, Solve the cM problem in Fig. 53 by using the sine formula for 
the solution of triangles, first to get the distance from the nearest point 
of observation to the top of the cliff, and then the height. 

,9. If in Fig. 87 you*make A greater than 90° and drop the perpen- 
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dicular p on to the side 6 extended beyond the comer h, show that 
the cosine formula becomes 

— P y (T y the cos (180° — A) 

and the sine formula becomes 

sin (180° — A) _ sin B __ sid C 

a be ’ 


10. If the formulae for the solution of triangles when A is less 
than 90° are 

gS — ^2 _j_ gS „ 2hc cos A 

, . . fl! sin B a sin C 

and sm A = ■ — z — = 


and when A is greater than 90° are 

jjS 2hc cos (180° — A) 
and sin (180° — A) = etc. 

what is the connexion between : 

{a) cos A and cos (180° — A) 
and {b) sin A and sin (180° — A) 

If you could find a geometrical meaning for the sines and cosines of 
angles greater than 90°, what would you conclude to be the numerical 
values of the sine, cosine, and tangent of 150°, 135°, 120“? Verify 
your result, using the sign rule of Diophantus and the formula 
cos^ A 4- sin® A — 1. 

11. Two men start walldng at the same time from a crossroads, 
both walking at 3 miles per hour. Their roads diverge at an angle of 
15°. How far apart will they be at the end of two hours? 

12. From a base line AB, 500 jmrds long, the bearings of a flagstaff 
from A and E are 112° and 63° respectively. Find the distance of the 
flagstaff from A . 

13. From a boat out at sea the elevation of the ’top of a cliff is found 
to be 24°. The boatman rows 80 feet straight towards the cliS?, and 
the elevation of the top of the cliff K now 47°.» What is the height of 
the clifi? 
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14. Three villages A, B, and C are connected by straight, level roads. 
AB = 6 miles, BC = 9 miles, and the angle between AB and BC is 
130°, What is the distance between A and C? 

15. A boat sails 8 miles due south. It then changes its direction and 
sails for 11 miles in a line bearing 54° east of north. How far will it 
men be from its starting-point? 

16. From the formulae for sin (A -f B) and cos {A -f B) find the 
formula for sin 2 A, sin 3A, cos 2 A, and cos 3A. 

17. From the formulae for sin (A •‘f- B) and sin (A — B), cos (A -f B) 
and cos (A — B), show that 

sin C -{- sin D - 2 sin cos 

C D C — D 
cos C -f cos D = 2 cos — ry — cos — ^ — 

. ^ ^ „ C-bD . C-D 

sin C — sin D = 2 cos — ^ — sm — — 

^ ^ . C-bD . C-D 

cos C — cos D = — 2 sm — - — sm — ^ — 

Hence show how die half-angle formulae can be built up from the 
formulae for the addition of angles. Hint: C -f D — 2 A, C — D = 2B. 

18. Using trigonometrical tables, find the limits between which 
5T lies by considering the boundaries and areas of the inscribed and 
circumscribed figures with seventy-two sides. 

19. Use the fact that sin x is very nearly equal to x, when jc is a very 
small angle measured in radians, to obtain values for sin '|°, sin F, 
and sin 1|°, taldng tt as 3 • 1416. 

20. Since the moon’s rim almost exactly coincides with that of the 
sun in a total eclipse, the angular diameter of the sun (cf. Fig. 89) 
may be taken as roughly half a degree. Taking the sun’s distance as 
93 million miles, find the diameter of the sun, using the fact that for 
small angles measurefi in radians sin 5® x and cos X == 1. 

21. Tabulate in steps of one degree, the angles 1° to 10° in radiansj 
and tabulate in degrees taking steps of quarter-radians the angles 
from 0 to 2 radians. 
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22 . In the next few examples talce the earth's radius as 3,960 miles. 

The ancient Inca capital Quito, Kisumu os Lake Victoria in Kenya, 

and Poiitianak in Borneo are all witMs half a degree from the equator. 
The longitude of Quito is 78“ W. of Greenwich, Kisumu 35“ E., 
and Poiitianak 109° E. Find tlie shortest distance between each two 
of these places, using the value for tt. 

23. Archangel, Zanzibar, and Mecca are all within about a degree 
of longitude 40° E. The latitude of Archangel is 64 N, The latitude 
of Mecca is N., and of Zanzibar 6° S. What are the distances 
between them? 

24. Withtheaidofafigureshowthatthelengthofadegreemeasured 
dong latitude is x cos L, if x is the length of a degree at the equator. 

25. If Winnipeg and Plymouth are within a third of a degree of 
latitude 50° N., find the distance bettveea them if Plymouth is 4° W. 
of Greenwich and Winnipeg is 97° W. 

26. Reading and Greenwich have the same latitude, 51° 28' N., 
and the longitude of Reading is 69' W. Hov/ far is Reading from 
Greenwich? 

27. Two places are on the same meridian of longitude. The latitude 
of A is 31° N. B is 200 miles from A. What is the latku.de of B? 

28. Using the method given on p. 272 for multiplying 19 by 28, 
illustrate the law of signs by multiplying; 

(a) 13 by 27 (c) 16 by 39 

(b) 17 by 42 (d) 21 by 48 

(e) 28 by 53 

29. Do the multiplications gi’'-»en in Example 28 with the aid of the 
Alexandrian multiplication table. 

30. Sum the following geometrical progressions to n terms: 

(a) 3 - 9 + 27 . . . (c) 2|- - + 1 . . . 

(i)i— i + A-'- Wi — 

Check your results arithmetically by finding the sum to five terms, 

31. Find (a) the 2Kth term and (&) the (2«+ l)th term of the 

scries etc. ' 
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THINGS TO MEMORIZE 


= + cos A), 

sin A 


== — cos A). 


1. cos I A = 

sia lA H - 

2 cos |A 

2. cos® A -f sin® A — 1 ; sin A— -v/l — co^A; cos A= Vl — sm®A. 

3. sin (A d: B) = sin A cos B ± cos A sin B. 
cos (A ± B) = cos A cos B sin A sin B. 

' 4. a® = Ir -f- c® — 2hc cos A — + 2&c cos (180° 

„ sin A sinB sinC sin (180°— A) 

"a “ c ” a 

6. When X is measured in radians, if x is very small, 

sin — 3C — tan 
cos af — 1 

7. - X - = -f 


-A). 


sin 0° = 

COS0° : 

sin 30° = 


+ 

+ 

: 0 — tan 0° 

: 1 = tan 45° 
; I = cos G0° 


+ 
^ _ 


+ 


VZ 

sin 60° = — cos 30° 

sin 45° = ~ = cos 46° 
V2 


Footnote to p, 254; Values of v 

We have found values for w by using the tv/o approximate equations 
IT = « sin ttjn and w =» « tan tt/w with various values of n, and in the fourth column 
of the table we give the mean of the two values of ir derived from these equations, 
so that this column contains i«(sin it/?! + tan Trjn). With the help of formulae to 
be demonstrated later, we can work out expressions for the errors of these 
approximations to it, when n is large, but you may have difficulty in following 
the rest of this footnote until you have read a few more pages ahead. 

One of the formulae, given on p. 498, is 
a® c® 

■ 3! ri ■“ 7f ■ 

where a is an angle given m radian measure. If we put a ~ itfn, we find 

and, if n is large, the last term given on the right and all others after it are 
ncgligilde, so tliat, approximately, <• 

.n TT* 

nsm- = IT 

n 6«» 

In a similar mtinner we find, again approximately, that 


n tan - 


= IT + 


3«» 

nl 



CHAPTER VII 


THE DAWN OF NOTHING 

or ^ 

How Algebra began 

To introduce the nest stage in the narrative we cannot do better than 
quote Dantzig’s admirable book Number.'^ “This long period of nearly 
five thousand years saw the rise and fall of many a civilization^ each 
leaving behind it a heritage of literature, art, philosophy, and religion. 
But what was the net achievement in the field of reckoning, the earliest 
art practised by man? An inflexible numeration so crude as to make 
progress wellnigh impossible, and a calculating device so limited in 
scope that even elementary calculations called for the services of an 
expert. , . . Man used these devices for thousands of years without 
midng a single worth-while improvement in the instrument, without 
contributing a single important idea to the system, . . . Even when 
compared with the slow growth of ideas during the dark ages, the 
history of reckoning presents a peculiar picture of desolate stagnation. 
When viewed in this light, the achievement of the unknown Hindu, 
who some time in the first centuries of our era discovered the principle 
of position, assumes the proportion of a world event.” 

During the first centuries b.c. and A.D. a '“matchstick” number 
script was being used in China. This was essentially hieroglyphic, a 
representation of computation carried out with bits of stick. The use 
of symbols like ^ z: for 3 and 2 is nearer to the hard reality 
of the counting board than the more sophisticated literal numeration 
of the Hebrews, Romans, and Greeks, whose practice was to introduce 
new symbols for each column in the counting frame (Fig. 6). Thus 
in Roman script the signs I, X, Q, M stand for the columns of units 
tens, hundreds, and thousands. Repetition of X three times (XXX) 
meant three beads on the ten column, and repetition of I twice meant 
two beads on the unit column. If the Romans had written 32 as (III) (11) 
there would have been nothing to distinguish it from 320, 302, 3,200, 
3,002, etc. The same applies to the matchstick notation. If we write 
32 as ~ what is to distinguish it from any of the other numbers 
mentioned? There is one simple way of getting over this, namely, 
* London : George AUei & Unwm, Ltd. 
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to use some sigOj at first a dot, then a circle (0), to stand for tiie empty 
colmxm of the abacus. Thus 320 would be ™ . and 302 would be 


Before the introduction of tlie . or 0, : 


: had become and 


rr had become 2j original form of our 3 and 2, This practice 
began in India at some time betw'een 100 B.c. and a.d. 150. It was 
not primarily a mathematical discovery in the academic sense. It v/as 
a* practical one. The Hindu vrord for (0) is siinya, which means empty. 
The identification of 0 with “nothing” or zero was an afterthought. 
The same discovery was made independently by the Maya calendar- 
civilization wiiich flourished abouft a.d. 500. The Mayas adopted a 
vertical arrangement of .number symbols of the matchstick type in 
their stone moriiiments. 

The epochal character of this step has been universally recognized. 
Laplace, the brilliant mathematical astronomer who told Napoleon 
that God is not a necessary hypothesis in natural science, refers to 
it in a significant passage: 


“It is India that gave us the ingenious method of expressing all 
numbers by means of ten symbols, each symbol receiving a value of 
position, as well as an absolute value; a profound and important idea 
which appears so simple to us now that we ignore its true merit, but 
its very simplicity, the great ease which it has lent to all computations, 
puts our arithmetic in the first rank of useful inventions; and we shall 
appreciate the grandeur of this achievement when we remember that 
it escaped the genius of Archimedes and Apollonius, two of the greatest 
men produced by antiquity.” 


The same surprise is expressed by Dantzig: 


“Pardculariy puzzling to us is the fact that the great mathematicians 
of Greece did not stumble on it. Is it that the Greeks had such a 
marked contempt for applied science, leaving even the instniction of 
their children to the slaves? But if so, how is it that the nation that 
gave us geometry, and carried this science so far, did not create even 
a rudimentary algebra? Is it not equally strange that algebra, that 
cornerstone of modern mathematics, also originated in India, and at 
abom the same time .that positional numeration did?” ^ 


No doubt it is impossible to give a complete answer to such questions. 
Still it is not so difficfilt to see some light on tliem. One reason why 
the mathematicians of antiquity were unable to accomplish this feat 
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is that they inherited a social culture which forced them to use a number 
script evolved before the need for elaborate calculations with large 
numbers vt?as keenly felt. In such a situation advance could only come 
from a less sophisticated people, who did not begin to write numbers 
until large numbers were being used freely. The volume of world trade 
expanded considerably during the time of thp Roman Empire. A 
problem which occurs in the Lilavati^ and is quoted below, illustrates 
how the first Hindu arithmeticians were preoccupied with problems 
of taxation, debt, and interest. The difficulty of understanding why it 
should have been the Hindus who took this step, why it was not taken 
by the great mathematicians of antiquity, why it should have first been 
taken by the practical man, is only insuperable if we seek for the 
explanation of intellectual progress in the genius of a few gifted indi- 
viduals, instead of in the whole social framework of custom thought 
which circumscribes the greatest individual genius. What happened 
in India about a.d, 100 had happened before. Maybe it is happening 
now in Soviet China. At a certain stage iit the history of culture the 
eruption of a less sophisticated community proves to be a turning- 
point. History chooses the foolish things of this w’orld to confound 
the wise, and the weak things to bring to naught the mighty. To the 
mathematician this essential social truth is not flattering. It is foolish- 
ness. To the eugenist it is a stumbing-block. To accept it is to recog- 
nize that every culture contains within itself its own doom, unless it 
pays as much attention to the education of the mass of mankind as to 
the education of the exceptionally gifted people. 

An answer to the other question, why the Greeks failed to develop 
algebra, and why the Hindus and Arabs succeeded where they had 
failed, will emerge in the course of this chapter. The invention of 
mnya or “0” liberated the human intellect from the prison bars of the 
counting-frame. Once there was ^ sign for the empty column, “carrying 
over” on slate, paper, or other material for writing was just as easy 
as carrying over on the abacus. The new script was a perfect rr^odcl 
of the mechanical action, and it had an advantage that the mechanical 
model lacked. It could stretch as far as necessary in either direction. 
If you ha're an abacus with, say, four columns (e.g. M, C, X, I), you 
get into difiiculties when you start calculating with numbers larger 
than 9,990. On paper it is just as easy to handle mechanically sums like 

9,999,999,999,999,999^ 

as to handle quantities like 9,999. Then again, many simple character- 
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Istics of series of numbexs, as we have iHustrated by means of the 
Zeno paradox in the jGirst chapter, are recognized at once. Their 
meaning does not lie buried in the obscurity of a literal notation. As a 
matter of fact, isolated men of genius in Alexandria, like Diopliantus 
and Theon, did tackle the same kind of problems as the Hindus and 
Arabs, who succeeded them. Their algebra was hopelessly complicated 
l^y the fact that they used the same symbols for words and proper 
lumbers. So they could not confine the use of letter to abstract 
lumbers. A fruitful interest in the rules which apply to the use of 
numbers began precisely when a new social culture, springing from 
die working life of a community With no fetters of agelong oistom, 
provided the apparatus for handling numbers with ease, and suggested 
practical problems for numerical solution. The Greeks lacked the social 
impulse to develop an algebra. The Alexandrians felt the need and 
lacked the social equipment. The Hindus had the social equipment, 
when the need arose. We shall discuss separately in tliis chapter 
three currents which contributed to the algebra of the Hindus and 
the Arabs ; first, the need for simple rules of calculation, or algorithm^ 
as arithmetic was called in the thirteenth century, after the Arab 
algebraist, A1 Khwarismi; secondly, the solution of practical problems 
involving numbers, i.e. the “solution of equations’ll and finally, the 
renewed study of series. 

Our knowledge of Hindu mathematics begins with the Lilavati 
of Aryabhata about a.d. 470. This author discusses the rules of arith- 
metic, uses the law of signs of Diophanrus, gives a table of sines 
in intervals of 3f°, and evaluates rr as 3T416. In short, Hindu 
mathematics starts where Alexandrian mathematics left off. Just a little 
later, in the sixth century, comes Brahmagupta, who follows the same 
themes as Aryabhata: calculation, series, equations. These early 
Hindu mathematicians had already stated the laws of “ciphers” or 
sunya on which all our arithmetic depends, namely 

a X 0 = 0 
a -}- 0 =^a 
a — 0 — a 

They used fractions freely without the aid of metaphorical units like 
minutes and seconds, writing them as we do, except that they did not 
me a bar. Thus seven-eighths was written g. About a.d. 800 Baghdad 
becartie a centre of leaning under a Moslem Caliphate. Exiles from 
the Alexandrian schools which had been closed after the rise of Chris- 
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tiarnty had brought pagan science into Persia at an earlier date. Greek 
piiilosopiiical works had also been brought thither by banished Nes- 
torian heretics. Jewish scholars were set by the Ctdiph to translate 
Syriac and Greek tests into Arabic. The works of Ptolemy, Euclid, 
Aristotle, and a host of other authors of classical scientific treatises 
were circulated from Baghdad to the Moorish universities which were 
set up in various countries, notably Spain, during the ninth and tenth 
centuries. 

The Arab nomads who conquered and overran the min.s of the 
Roman Empire had no priesthood. Within the world of Islam 
timekeeping broke asunder from imy association with a pre-existing 
priestly caste. Jewish and Arabic scholars were set to the task 
of making calendars. They improved on the astronomical tables 
of the Alexandrians and Hindus, and they brought to their task 
the advantage of the simple number script which the Hindus had 
invented. Among the famous mathematicians first and foremost 
comes Aikarismi (A1 Khwarismi), who lived in the ninth century a,d. 
Another great mathematician, Omar Khayyam, lived in the tw'elfth 
century a.d. You v/ill recall the close connexion between this new 
awakening of interest in mathematics and the secular task of keeping 
time, in the vmrds of the Rid/aiyat: 

“Ah but my computations, people say, 

Have squared the Year to human compass, eh? 

If so, by striking from the Calendar 
Unborn to-morrow and dead yesterday. . . 

This quotation reminds us that the intellectual and even the literary 
awakening of Europe in the fourteenth and fifteenth centuries had 
very little to do with the Byzantine cult of decorative art. The metre 
of Fitzgerald’s translation is based on the original. The poetry of 
modern Europe in both rhyme and metre is, like our chemistry and 
our algebra, the debt of our social heritage to the Moorish occupation 
of Spain and South France. Provencal ballad poetry was modelied on 
the songs sung by the Troubadours, when the works of Arab mathe- 
maticians were being translated into European languages. Of later 
Arab writers., A1 Karki and AI Kayami of the eleventh century are 
especially important. A later Hindu arithmetician Bhaslcara in the 
twelfth century is also noteworthy. The translations of these works 
w^ere the foundations of European mathematics.'' 

The two chief foci for the introduction of Arabic and Hindu 
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mathematics to the backward Nordic peoples of Europe were 
the Moorish universities of Spain and Sicilian trade in the 
Mediterranean. A Sicilian coin with the date 034 Atnio Domini 
is the first extant example in Christendom of the official use of 
the so-called Gobar nunieralSj the Hindu numbers as modified by 
the western Arabs. Jn Britain the earliest case is said to be the 
^eat roll of the St. Andrew’s chapter in 1490. Italian merchants were 
using them for their obvious advantages in commercial calculations 
in the thirteenth century. The change did not come about without 
obstruction from the representatives of custom thought. An edict of 
A.D, 1259 forbade the bankers of Florence to use the infidel symbols, 
and the ecclesiastical authorities of the University of Padua in A.D. 1848 
ordered that the price list of books should be prepared not in “ciphers,” 
but in “plain” letters. Three social elements contributed to the difilision 
of the Aioorish culture. The first is tiiat the Christian religion, in 
replacing the Roman Pantheon, had taken over the social function of 
the priests as calendar-makers, as v/e shall see more clearly in the 
next chapter. As the custodians of the calendar, the monks were 
interested in mathematics. Thus Adelard of Bath disguised himself 
as a Moslem (about a.d. 1120), studied at Cordova, and translated the 
works of Euclid and Alkarismi, together with the Arabic astronomical 
tables. Gerard of Cremona about the same time studied at Toledo. 
He translated about ninety Arabic texts, including the Arabic edition 
of Ptolemy’s Almagest. The heretical ecclesiastic Paciulo, who had the 
good fortune not to be found out, translated the arithmetic of Bhaskara, 
and introduced Theon’s method of getting square roots. Of equal 
importance is the independent culture of the rising merchant-class. 
A foremost figure among the mercantile mathematicians is Leonardo 
Fibonacci, whose Liber Abad (a.d. 1228) was the first mercantile 
arithmetic. Iiis name is remembered for a quaint series of numbers, 
entitled the Fibonacci series. It is; 

0 1 i i I A « Ar etc.* 

As far as its author was concerned, this seems to have been &jeu d’ esprit. 
Oddly enough a use has been found for it quite recently in applying 
Mendel’s laws of heredity to the effects of brother-sister incest. 

* K the sth term Is its connexion with its predecessors is 
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Fibonacci, who was the despair of his teachers as a boy, found mathe- 
matics interesting by applying it to the social needs of his class. He 
came to mal« up series for fun, when he had learned to use equations 
to solve practical problems in interest and debt. Leonardo was patron- 
ized by the atheistical Frederick II under whose encouragement the 
University of Salerno became a centre from which Jewish physicians 
carried the Moorish learning into the ecclesiastical centres of learning 
in Northern Europe. The third stream of difiusion is represented by 
these Jewish physicians. “Physician and algebraist” was a term still 
used in Spain until quite recently, just as surgeon and barber went 
together in the Middle Ages, Maybe the intellectual accomplishments 
of barbers were underrated. 

Before proceeding to an account of the new arithmetic or Algorithm, 
it will help us at a later stage if we pause to recognize what latent 
possibilities of the new numerals immediately impressed themselves 
on the imagination of the unsophisticated pupils of the Moorish culture. 
Stifel, whom we have already met as a commentator of the Apocalyptic 
“mysterium,” was not referring to the number 666 when he wrote, 
“I might write a whole book concerning the marvellous things relating 
to niunbers.” He was referring to new connexions which suggested 
themselves when mankind acquired a script which could reproduce 
the mechanical work of the counting-frame without any need for the 
device itself. Consider the number MMCCCXXXII (2,332) in our 
notation. The Roman figures are a label for two beads on the first 
(units) column, three beads on the second, three on the third, and two 
on the fourth (thousands) column. The essence of the old systems was 
that each symbol (M, C, etc.) stood for a particular column, or in the 
case of Hebrew and Attic Greek a particular bead in a particular 
column. Written in Gobar numerals, reading from left to right, 2,332 
give us the number of beads in thp successive columns without recourse 
to any new symbols. For practical purposes the symbols stand for the 
beads only. The columns themselves are distinguished by the position 
of the numbers, an empty column being represented by “0.” Plowever, 
position itself can be described by the use of numbers, as you will see 
by considering the meaning of the munber 6,666,606, This means 
that if we had an abacus going up to millions, i.e. with seven columns, 
there would be six beads in the seventh (millions), six in the sixth 
(hundred tho?rsands), six in the fifth (ten thousands), six in the fourth 
(thousands), and so on. Now a million is (iOx 10x10x10x10x10) 
i.e. six tens multiplied together, or 10^. Similarly a hundred thousand 

' Mathematics for thi Millitm K 
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is 10®. In other words, each bead in the seventh column stands for 10®. 
Each bead in the sixth column stands for 10®, each bead in the fifth 
column stands for 10^, each bead in the fourth column for 10®, and 
each bead in the third column for 10®. Putting this in a simple rule, 
we may say that 10” is the value of each bead in the (n + l)th column. 
The consequences of this rule, found out by Stifel, apparently excited 
him almost as much as the number 666, which led to his conversion 
to the Reformed doctrine. 

Consider what it meant. First, we have found a physical model 
for 10” which takes us far beyond the confines of Greek geometry. 
Greek geometry could give us a model for 10^ i.e. a line 10 imits long, a 
model for 10®, i.e. a square of side 10 units long, a model for 10®, i.e. a 
cube of side 10 units long. Beyond that point (see p. 86) the number n, 
put where we put it in the top right-hand comer, to mean the operation 
of multiplying n tens together, had no physical equivalent in the real 
world. With the new number script 10^® (a billion) meant the value 
which would be given to each bead in the thirteenth column of a 
counting-frame with thirteen or more columns, if such were made. So 
the horizon of large numbers widened out immeasurably. What of 
smaller numbers? We have said nothing of the first column. To see 
the implications of the new way of translating 10” we have to 
arrange the geometric series in the descending order in which the 
irdex numbers (n) occur in the number script, thus : 

column 6th column 5th column 4th column 3rd column 2nd column 

1,000,000 100,000 10,000 1,000 100 10 

10 ® 10 ® 10 ® 10 ® 10 ® 101 

You now see that n goes down one step when the value of the bead is 
reduced through dividing by ten. So the index number n of the first 
coltunn should be one less than 1, |.e. 0. Indeed we may go further. 
One less than 0 is ■— 1, so 1 divided by 10 is 10“i. Thus we can stretch 
the horiam of the index numbers backwards to any degree of smallness 
thus : 

. 10,000 1,000 100 10 1 ^ Y-k TTi^oir • • • 

iO® 10® 10® 101 10° 10“1 10“® iO-s 

A second marvellous thing relating to these numbers is that they 

can equally well give us the meaning of a” when a is any number 
besides 10. This is another way of saying that the advantages of the 
Hindu mimerals have nothi% to do with the mysterious properties 
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of. 10. On the contrary the mysterious properties of 10 are merely 
due to the fact that Hindu numerals were introduced to fit a counting- 
frame on which the index numbers went up one when the value of 
the beads went up ten. Ten itself was chosen in the first place simply 
because man used his ten fingers to count. Suppose we were ail one- 
armedj as our militarists would like us to be. We should then count 
in fives as the military Romans did to some extent by using the 
intervals V, L, D, for 5, 50, and 500. The first column of the 
counting-frame would have five beads, each worth one, the second 
column five beads each worth five, the third column five beads each 
worth five times five, the fourth fi^e beads each worth five tlmpg five 
times five. When we had counted all the beads on the first column we 
should switch them back and put one bead in the second column, 
leaving the first empty. When we had counted five in the second 
should switch back all of them and put one out in the third. So if we 
used 0 for the empty column we should write 1, 2, 3, 4, as we do m. 
the decimal system, but five would be 10, and twenty-five would be 
100. Using the words themselves for our own notation, we should 
have the symbols: 


One to five 

1 

2 

S 

4 

10 

Six to ten 

11 

12 

13 

14 

20 

Eleven to fifteen 

21 

22 

23 

24 

30 

Twenty-one to twenty-five 

One hundred and twenty-one to 

41 

42 

43 

44 

100 

one hundred and twenty-five 

441 

442 

443 

444 

1,000 

The multiplication table for this system is 

given in Fig. 

102 with 


a table for addition. Having worried it out for yourself, you may then 
multiply the number corresponolng with 29 (“104”) in our notation 
by 31 (i.e. “HI”), using exactly the same method as the one we use 
ourselves, except that the tables of multiplication and addition will 


have to be those in Fig. 102. Thu"^ 

104 104 

or if you are more used ^ Hi 
104 to the other way l^l'^ 

104 104 

' 104 ■ , . ■ • 104 

12,044 ; : 12,044 
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5 ^ 5 ^ 5 '^ 5 ^ 5 ^ 


.3125 62.5 125 25 S 1 3125 625 125 25 5 1 



(a) Ts(uUiplica^^ %Jble, (h) T^idiiLyn. 'TaBZc £>r 
■far om-armei, aJoaaiS samjZr- 


Fig. 102.— The Abacus of the One-armed Man 

The principle of the abacus is that the value of a bead in successive columns 
from left to right is given by: 

. , , x6 x3 jc2 a:i ifi 

In our notation x = 10. For the abacus drawn here x — B. 

104 in the notation of the one- 111 in the notation of the one- 

armed abacus would be 1(25)4-0(5) armed abacus would be l(25)-f 1(5) 

-f 4(1), i.e. 29 in the notation of the +l(l)j i-e. 31 in the notation of the 

ten-finger abacnis which we use. ten-finger abacus which we use. 

The number “12,044” means 1(626) 2(125), 0(25), 4(6), 4(1), i.e. 899, 
which is what you get by putting 


29 


29 

' 31 


31 

87“ 

or 


S9 


87 

899 


899 
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If Humao communities were bred like stock, they could select for the 
disease known as lobster claw. The moral qualities which most eugenists 
would wish to perpetuate are not much less repulsive. A community 
with this deformity might use a two-linger abacus. One would be 1, 
2 would be 10, 3 would be 11, 4 would be 100, 5 would be 101, 6 
would be 110, 7 would be 111, and 8 would be 1,000. There would 
be no multiplication table to learn except 1x1 = 1, and the only 
addition would be 1 -f- 1 = 10. Square roots would be easy, and 
the only disadvantage would be the large amount of paper which 
would be used. You can make up sums in the dual notation, 
which greatly intrigued Laplace, if you want further proof that 
the interesting properties of 10 are due to the nature of the Hindu 
arithmetic rather than the converse, as most of us grow up to 
believe. 

ALGORITHMS.— The scope of the new arithmetic is set forth in the 
introduction to one of the earliest books on the new Craft of Nombrynge 
(a.d. 1300) to be written in the English language. “Here tells that 
ther ben 7 spices or partes of the craft. The first is called addicion, 
the seamde is called subttaccion. The thyrd is called duplacion. The 
4 is called dimydicion. The 5 is called multiplicacion. The 6 is called 
diuision. The 7 is called extracdon of the Rote,” 

You will already have grasped the fact that the number symbols 
of the Hindus were different from all other number symbols which 
preceded them. Those of their predecessors had been labels with which 
you recorded a calculation you were going to carry out, or had already 
performed, on the counting-frame. The Hindu numerals swept away 
the necessity for this clumsy instrument. Addition and subtraction 
could be done as easily “in one’s head” as on the abacus itself. Carrying 
over “in one’s head” in the language of modern physiology means 
that the brain receives from sipj^ll changes of tone in the muscles of 
the eye-socket and fingers with which we count precisely the same 
sequence of nerve messages as those which accompany carrying over 
on the counting-frame. Carrying pver two means that we have started 
all over again twice with the beads of one column and have to put two 
beads in the next column on the left to register the fact. The reason 
why this is possible is that the use of 0 or smya fox the empty column 
makes the number of figures precisely equivaleht to the number of 
columns on the counting-frame. 

The algorithm of multiplication which wes* use is based on the 
same principle as Egyptkn duplatioa. Thfe, as our quotation shows, 
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rampeted side by side with it for some time. In Dem. 2 we learnea 
that 

a(b"{-c-\-d) — ab + ac + ad 

So multiplying 632 by 7, i.e. 7 times (500 + 30 + 2), is the same 
thing as 

‘ 7(500) + 7(30) + 7(2) 


To begin with, this would be written: 


632 

632 

7 

7 

U 

3^0 

210 

210 

3,500 

"l4 

3,724 

3,“^ 

This was soon shortened to: 


632 

632 

7 or 

7 

3,724 

3,724 

Once this step was made by applying the rule of “carrying over,” a 
simple method for multiplying numbers of any size followed naturally. 

Thus 


632 (732) = (532) 700 + (532) 30 + (632) 2 

This can be written in the form suitable for addition in either of two 
ways, the one on the right being better because it is suitable for 
approximation, especially when dednml fractions are used: 

632 

632 

732 . • . , 

732 

1,004 2(532) 

372,400 700(532) 

15,960 30(532) 

16,960 30(532) 

372,400 700(632) 

1,064 2(532) 

389,424 ’ 

389,424 


The earMest commercM arithmetics which used the Arabic Hindu 
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algorithms put dowa the numbers which are carried OYer* 
thus 2 



The answer was read off by adding the columns diagonally. Multipli- 
cation, as we carry it out, presupposes that we have access to a table 
for multiplication. The identification of number symbols with the 
beads instead of with the columns reduces the size of the table necessary. 
We only need to be able to multiply up to ten times ten, and this is 
an undertaking vastly less formidable to the human memory than 
learning the Alexandrian multiplication tables used by Theon. Dupla- 
tion lingered on side by side with our own method of multiplying 
because the full advantage of the latter is only reaped when the table 
has been committed to memory, so that continual reference can be 
dispensed with. This could not happen till there were new schools 
to meet the requirements of the mercantile class. Germany took the 
lead in tliis development. The craft of nombryngt was so important 
in Germany during the fouiteetjifh century that it could boast a guild 
of Rechmmeister. You must not imagine that there is even at the present 
time any absolute uniformity in the various algorithms in use. In 
Europe the two alternative ways, of carrying out multiplication (left- 
right and right-left) are both practised today very much as they were 
used by the Arabs. There is less uniformity in the methods of division, 
and the one taught in English schools is not exactly like any of the 
Arabic ones. It is a comparatively late device fifst used, as far as we 
know, by Calandri in 1491. If you do not know why we divide in the 
way we do, the best way to tmdemtead it is t» use abstract numbers 
for the value of each bead on the counting-frame, giving the value 
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1 for the first colmmij sc for the second, x® for the third, and ^ for 
the fourth, etc. We can rewrite. the previous multiplication: 

6^ + 3x + 2 
+ 3x + 2 

35:r* 4- 2U-® + 14^^ (because lx* X 5x^ — 7 X x X x X 5 

15;c^ 4 9a:®* 4* 6a: X x X x == S5x% etc.) 

* 4 10a:® 4 6a: 4 4 

35a4 4 36^3 4 33a:® 4 l2-t 4 4 (If = 10, this is 389,424) 

division on the abacus is repeated ’ subtraction. Dividing 389,424 by 
732 means, how many times can 732 be taken away from 389,424, 
leaving nothing over? How the method of division which we use corre- 
sponds to working with the counting-frame is seen by putting it in the 
form (dox^ 4 SGx® 4 33a:® 4 12a: 4 4)^ (7a:® -f 3a: 4 2), thus : 


7a:* 4 3x 4 2 ) 35x^ 4 36r> 4 33a:® 4 12x 4 ^ 
35;c^ 4 + 10:c® 


( t)X‘‘ -f- ifx -t 2 


Taking away Bx^ times 

21jc® 4 23:c® 4 12a: 4 4 ’3'*“ + 3x + 2 empties 
21;<?+W+6* 

UxS 4- nr 4- 4 

i^x -t- -b ^ 7*2 + 3a; + 2 empties 
14a:® 4 6'V 4 4 the fourth column. 

' Taking away 2 times 


0 


avraj^ jb LUJLiCd 

0 7x®4- 3*+ 2 empties the 
remaining columns. 


The fact that we still use the commercial idiom “borrow one” in 
subtraction and division reminds us that the laws of calculation were 
developed in response to the cultural needs of the mercantile class. 
The use of abstract numbers for the value of the beads shows you 
why the laws of arithmetic are just the same for the one-armed abacus 
as for the ten-finger abacus. The use of number symbols which could 
represent a counting-frame with as many columns as we need is a 
parable of the growing volume of trade which necessitated operations 
with large numbers. The popularity of the new methods grew, as 
Europe absorbed from the East the social invention which made it 
convenient to dispense with the a>unting-frame altogether. Paper and 
printing, like sunya, came from the East. The “dawn of nothing” was 
also the dawn of cheap inateriai for writing. 

We have anticipated later discoveries than those of the Arabs by 
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pointing to some of wiiat Stifel called the marvellous things relating 
to the liindu numbers to suggest a simple answer to the question 
Dantzig asks in the passage quoted at the beginning of this chapter. 
How the search for general rules about the behaviour of numbers was 
prompted by the flood of light which the new symbols shed is well 
illustrated by the fact that all the algorithms fqr fractions now used 
were invented by the Hindus. The Greek treatment of fractions neve^ 
advanced beyond the level of the Egyptian Rhind papyrus. Fractions 
w'ere dealt with metaphorically by imagining smaller unitSs just as 
we divide tons into huiidredweightSj and these into pounds, and 
pounds into ounces. This inabiiity’to treat a fraction as a number on 
its own merits is the explanation of a practice which continued for 
several millennia. The mathematicians of antiquity went to extra- 
ordinary pains to split up fractions like -/j into a sum of unit fractions, 

e.g. A = A + IT + ¥4 5 or A + A + T A + As- As this 

example shows, the procedure was as useless as it was ambiguous. 
A simple explanation of such apparent perversity is that the first 
calculators were trying to put side by side two fractions and see whether 
one was larger than the other in the same way as we might compare 
two weights like 1 stone 1 pound 1 oimce with 1 hundredweight, 1 stone 
and 1 pound. When we remember that the Greeks and Alexandrians 
continued this extraordinary performance, there is nothing remarkable 
about the small progress wliich they achieved in their arithmetic. 
What is remarkable is that a few of them like Archimedes should have 
discovered anything at all about series of numbers involving fractional 
quantities. 

Equipped with their simple and eloquent number symbols, the 
Hindus broke away completely from this metaphorical way of dealing 
with fractions. They wrote fractions as we write them, and as they 
had an arithmetic which lent itself4;o rapid calculation without mechani- 
cal aids, they experimented with them as with whole numbers. Thus 
Maliavira (a.d. 850) gave our rule for dividing one fraction by another 
in the same words which a school teacher might use today: “Make 
the denominator the numerator and then multiply.” The three 
fundamental rules are recognized by the use of geometrical figures 
such as the one given in Cliapter 3 (cf. Fig. 103) as soon as wc have a 
sensible way of writing down fractions. We have illustrated the rule for 
multiplication, namely : 

d bd § 7 3S 

K* , 




Fig, 103.“Multipucation of Fractions 


The rule for division simply depends on remembering that division 
is the “inverse” operation, i,e. | -r J means “Find the number which 
when multiplied by ^ gives This can be put in abstract numbers ; 
c a 

cx __ a 
i ” 6 

Applying the diagonal rule, wc get 

tr 3,, 4 7 X 3 ^ 21 

be 5 • 7 “4 X 5 "“ 20 

Similarly the rule for addition and subtraction follows from the rule 
for multiplication thus : # 


a c 1 


^ad ±. he 



= ^^iad±bc) 



:i ± 20 
o5 


' The answer to Dantzig’s question supplied by this line of development 
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does not seem very obscure. In so far as algebra was developed in 
connexion with the practical need for rules to make calculations quickly 
and easilys it progressed rapidly as soon as people began to use and 
write numbers in such a way that the rules w'ere easy to recognizej, 
andj if recognizeds were easy to apply. The cogency of this consider- 
ation in contradistinction to the fashion of saving further work by 
invoking a peculiar racial aptitude for arithmetic is even better illus; 
trated by the last “spices” of the craft of “nombrynge/’ the “extracdon 
of the Rote,” or, as we now say, the extraction of square roots. This 
was the parent of one of the marvellous things relating to numbers 
discovered by Stifel and his coritemporaries. We saw how Stifel 
stretched the paper counting-frame of the Hindu numbers backwards 
to represent tenths, hundredths, thousandths, etc., by imaginary 
columns with index numbers — 1, — 2, — 3, etc., to the right of the 
units column. If we make a gap or put a dot at the right of it to show 
which is the units column, the numbers 125 in 1 • 125 mean 1 tenth, 
2 hundredths, 5 thousandths, just as the same numbers read to the 
left of the dot in 6210 ■ 1 mean 6 thousands, 2 hundreds, and 1 ten. 
The way this practice grew up was directly associated with the rule 
for using prime numbers to simplify extraction of square roots. The 
Hindus and Arabs greatly improved on the simple trigonometrical 
tables of the Alexandrians in connexion with their own studies in 
astronomy. This, as we have seen, requires tables of square roots. The 
advantage of stretching the counting-frame to the right of the units 
column to represent fractions in descending order diminishing by 
one-tenth at each step, was grasped in principle by the Arabian 
mathematicians. If they wanted V2 they would put it in the form 

approxunatioE. ox V20000 

“^2000000 1 _______ 

for a second approximation, lobOQQO lOTO ^^2000000 for 

a third approximation, and so on. Trial at once show^s that V200 
is roughly 14, which, divided by 10 came to be written 1 4. 
Similarly the nearest whole number for V2000000 is 1,414 and this, 
divided by 1,000, was written with a gap 1 414 to indicate that the 
414 is what we call the decimal fraction part of the square root. Tables 
of square roots printed in this form are given by the Redmimdster 
Adam Riese in 1522. Independently as a natural offspring of the same 
process A1 kashi of Samarkand gives ins value for rr as 3 14159 , 
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correct to nine decimals about a.d. 1400. The decimal point ,to 
mark the gap was introduced by Pelazzi of Nice about 1492. In England 
it is written above the line, in America on the line. On the Continent 
a comma on the line marks the gap. The introduction of the typewriter 
makes it fairly certain that the English custom will be superseded by 
the American or Cor^tinental one. By the time of Adam Riese people 
^ad grasped the essential truth that the rules which govern the arith- 
metic of a numeral system based on the principle of position are exactly 
the same, whatever value x we give to the beads of a particular column. 
In other words, addition, multiplication, division, subtraction, etc., 
are exactly the same for decimal ffactions as for whole numbers, the 
only precaution necessary being to arrange the numbers suitably to 
show where the point should come (e.g. the left-right method of 
multiplication), or to put in the decimal point at the right place by 
common sense. 

Stevinus, who was a warehouse clerk, put in charge of the provision- 
ing of his army by William of Orange, advocated the legal adoption of 
a decimal system as early as 1585. The idea was revived by Benjamin 
Franklin and others at the time of the American Revolution, and 
thoroughly carried out in the end by the initiative of the National 
Assembly of France. England still clings to an antiquated jumble of 
weights and measures, and has not yet completely succeeded in intro- 
ducing the Gobar numerals into the House of Commons, The scientific 
ignorance of English politicians is much the same as it was in the days 
when Government offices had not yet exchanged the taUy-sticks of 
our Palaeolithic for the counting-frames of our Neolithic forbears. 
Charles Dickens refers to this belated reform in an entertaining 
passage: 

“Ages ago a savage mode of keeping accounts on notched sticks was 
introduced into the Court of Exchei^uer, and the accounts were kept 
much as Robinson Crusoe kept his calendar on the desert Island. A 
multitude of accountants, bookkeepers, and actuaries were born and 
died. . . . Still official routine incUned to those notched sticlts as if 
they were pillars of the constitution, and still the Exchequer accounts 
continued to be kept on certain splints of elm wood called tallies. In 
the reign of George III an inquiry was made by some revolutionary 
spirit whether, pens/ink and paper, slates and pencils being in existence, 
this obstinate adherence to an obsolete custom ought to be continued, 
and whether a changd' ought not to be effected. All the red tape in the 
country grew redder at the bare mention of this bold and original 
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conception, and it took until 1826 to get these sticks abolished. In 
1834 it was found that there was a considerable accumulation of them; 
and the question then arose, what 'was to be done with such worn-out, 
worm-eaten, rotten old bits of wood? The sticks were housed in West- 
minster, and it would naturally occur to any intelligent person that 
nothing could be easier than to allow them to, be carried aw’ay for 
jBrewood by the miserable people that lived in that neighbourhood^. 
However, they never had been useful, and official routine required 
that they should never be, and so the order v/ent out that they should 
be confidentially burned. It came to pass that they were burned in a 
stove in the House of Lords. The stove, overgorged with these pre- 
posterous bits of wood, set fire to the panelling: the panelling set fire 
to the House of Commons; the two Houses were reduced to ashes; 
architects were called in to build others; and we are now in the second 
million of the cost thereof.” 

The failure of Stevinus to persuade the Dutch Republic to adopt 
the decimal system of fractions is an historical portent with a lesson 
for oui own time. The Dutch merchants were too much occupied with 
theology to pay attention to a pressing practical reform which had 
sprung from their own cultural needs. The world had to wait till the 
middle classes had outgrown the doctrinal disputation of the Protestant 
Reformers, Today we can see just as clearly the need for educational 
reforms which spring from the working life of another social group 
which is in process of becoming a governing class. Fascist Europe, lilte 
Spain in the time of the Dutch war of independence, has chosen the 
path of reaction and cultural decadence with an outburst of brutality 
hardly less savage than the accomplishments of the Inquisition. Will 
Sowet Russia be too much concerned about the squabbles of its 
Hegelian calvinists and its holistic Arminians to tackle such serious 
issues as a rationally planned language for mankind? Perhaps we must 
leave the issue to a happier period, when the movement towards a 
rationally planned use of the instruments of human welfare in a 
different social context breafe down the Bastille of custom thought. 
Meanwhile the duty of reasonable men and v/omen is clear. We 
must remember that when the middle classes had climbed to the 
apex of their prosperity, Erasmus, Servetus, and Stevinus seemed 
closer to the brain and heart of European culture than were Luther, 
Knox, and Calvin by whose orders Servetus was committed to the 
flames. In the long run the buildem of the City of God are not 
necessarily its most respected dtizens, CMvia hoped to build the 
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City of God in Geneva. A monument to ServetuSj who discovered 
the circulation of the blood before Harvey, is the judgment of history 
on the dialectic of Calvin. 

EQUATIONS.—Alesandrian mathematicians had been forced to pay 
attention to the art of calculation by the problems they encountered 
in avStronomy and mechanics. The early Hindu mathematicians devoted 
a great deal of attention to problems involving numbers such as arise 
in trade. When we speak of this early Hindu work as algebra^ we must 
remember that the words algebra and aritlimetic are used in school- 
books in a somewhat different sense from that in which they are used 
in histories of mathematics. WhatJs called arithmetic nowadays docs 
not correspond with the arithmetika of the Greeks, dealt with in 
Chapter 6. The arithmetic of our schools is made up partly of rules 
for calculation based on the Hindu and Arab algorithms and partly 
of the solution of numerical problems without using the abstract 
number symbols of what is ordinarily called algebra. The simple and 
consistent rules for using abstract numbers and the shorthand symbols 
for mathematical verbs and operators have been evolved very slowly. 
Diophantus was the first person to attempt anything of the kind, and 
for many centuries mathematicians dealt with problems involving 
numbers on entirely individualistic lines. Each writer would use a 
shorthand which he understood himself without attempting to 
introduce a universal convention. So he was forced to fall back on the 
language of everyday life when he attempted to explain his methods 
to other people. Mathematicians use the tenn “algebra” to mean rules 
for solving problems about numbers of one kind or another, whether 
the rules are written out in full {rhetorical algebra), or more or less 
simplified by abbreviations {syncopated algebra), or expressed with the 
aid of letters and operative signs exclusively {symbolic algebra). The 
problems in commercial arithmetic jyhich we learn to solve at school 
correspond with what the mathematician calls ihetoricai algebra. 
There was no continuous line of evolution in the use of a shorthand 
symbolism. Individual authors used abbreviations of one kind or 
anotlier, sometimes substituting letters for numbers* The Arabs used 
syncopated expressions corresponding with what we would call equa- 
tions. Individual authors among the first converts to the Moorish 
learning, like the Dominican friar Jordanus (about a.d. 1220), replaced 
words altogether by symbols. His amtemporary, Leonardo of Pisa 
(Fibonacci) did the same. The following examples, which show the 
transition from pure rhetorical algebra to modern algebraic shorthand, 
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are not given to exhibit a continuous historical sequence so much as 
to bring into clear historical perspective the fact that size language 
grew by imperceptible stages out of the language of everyday life. 

RegiomontamSi A.D, 1464; 

3 Census et 6 demptis 6 rebus aequ|tur zero. 

Padoli, A.D. 1494: 

3 Census p 6 de 6 rebus ae 0. 

Vieta, A.D. 1591 : 

3 in A quad — 6 in A^plano + 6 aequatur 0 

StevinuSi A.D. 1685 ; 

3@-60+6O = O- 

DescarieSi A.D. 1637 : 

dx^ - 5 a : + 0 = 0. 

The advance from “rhetorical” discussion of rules for solving 
problems to symbolism of the modern sort was wellnigh impossible 
for the Greeks, who had already exhausted the letters of the alphabet 
for proper numbers. Although the Hindu numerals removed this 
obstacle to progress, there was at first no social machinery to impose 
the universal use of devices for representingoperators.The only operative 
symbol which was transmitted to us by the Arabs from Hindu sources 
is the square-root sign (V)- In medieval Europe the social machinery 
which paved the way for this tremendous economy in the language of 
size emerged in a somewhat surprising way. Our word “plus” is short 
for “surplus.” In the medieval warehouses the marks and 
were chalked on sacks, crates, or barrels to signify whether they 
exceeded or fell short of the weight assigned. These signs were intro- 
duced into general use by one of tie first products of the printing press 
— ^Widman’s Commercial Arithmetic, published in 1489 at Leipzig — 
and one of the first to use them for solving equations was Stevinus 
who, as already mentioned, WES', a merchant’s clerk. An English 
commercial arithmetic by Record, published a century later, introduced 
“x” and From this point onwards the shorthand first used by 
Descartes was generally adopted, and mathematics was liberated from 
the clumsy limitations of everyday speedi. Again you will notice how 
a turning-point in the history of mathematics arose from the common 
social heritage rather than tlirough an invention of isolated genius . 

The transition from rhetorical to symbolical algebra is one of the 
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most important things to understand in mathematics. What is called 
solving an equation is putting it in a form in which its meaning is 
obvious. The rule.s of algebra tell us how to do this. The really difficult 
step consists in translating our problem from the language of everyday 
life into the language of algebra. At this point the mathematician 
himself may go astyay, because the mathematician may have less 
opportunity for understanding the problem as stated in the language 
of everyday life than the plain man who is not a mathematician. Once 
a problem has been translated into a mathematical sentence (or 
equation)^ we can safely trust the mathematician to do the rest. 
What remains is a problem in ^he peculiar grammar of mathe- 
matics. The danger lies in trusting the mathematician to do the 
translation. 

To understand the art of translating from the language of everyday 
life to the language of size we have to face a very common difficulty 
in learning any foreign language. We cannot easily make sense of a 
sentence in a foreign language merely by looldng up the words in the 
dictionary. Every language has its own particular idiosyncrasies of 
word order or idiom. If we do not understand something about the 
idiom of a language we may go badly astray, like the French Huguenot 
pastor who preached a sermon for the benefit of English tourists. He 
took for his text: “The devil goeth about as a roaring lion, seeking 
whom he may devour.” The discourse was divided into three headings : 
first, “who the devil he is,” second, “what the devil he is doing,” 
third, “where the devil he is going.” So we shall supplement what 
we have said about the grammar of language in an earlier chapter by 
the following three rules and two cautions. 

Ruks.~(i) Translate separately each separate item of information 
(stated or implied) into the form “By or with something do something 
to get something.” • 

(ii) Combine the statements so as to get rid of any quantities which 
you do not want to know about. To do this you may have to add to 
statements explicitly made others which are only implied. 

(iii) Get the final statement in the form “The number I want to 
know (x) can be got (— ) by putting down an ordinary number.” 

Cautions. — (iv) See that all numbers representing the same kind of 
quantities are expressed in the same units, e.g. if money all pounds 
or all shillings, etc,, if distance all yards or all miles, etc., if time all 
seconds or ail hours, die. 

(v) Check the result. 
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To illustrate translation of verbal statements alxjiit numbers into 
tbe idiom of algebraical symbolism we shall now give six problems 
which can be put in the form of the simplest sort of equations which 
the Hindu mathematicians gave rhetorical rules for solving. Before 
doing so a further word of explanation may not be amiss. When you 
are fluent in the use of a foreign language, you trapsiate into the correct 
idiom, one way or the other, straight away. When you are beginning, 
you have to go step by step. To show you that solving problems is not 
a special gift but merely the art of applying fixed rules of grammar ^ we 
shall go step by step with the problems which follow. Of course, you 
will not need to construe sentence by sentence when you have got 
used to the trick of translation. You will then put dowm the equation 
which represents the verbal statement in one or tw'O steps. 

Example /.—The current account of a local trade-union committee 
is four times the deposit account, the total of the two being £S5. How 
much is there in each account? 

First statement: The current account is four times the deposit 
account, i.e. “By 4 multiply the number of pounds in the deposit 
account to get the number of pounds in the current account.” 


4d=c (i) 

Second statement: The two together make £Z5, i.e. “The number 
of pounds in the current account must be added to the number of 
pounds in the deposit account to get /)35.” 

c d-d ==35 (ii) 

Combining both statements, we get 

4d + = 35 

/. 6d==35 

The deposit account is £1^ and the current account Is £(S5~7)~£2S, 
Check: 4 X £7 ==£28. ' 

Example train leaves London for Edinburgh at i o*dock, 

going at 50 miles per hour. Another train leavw Edinburgh for London 
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at 4 o’clock, going at 25 miles per hour. If Edinburgh is 400 miles 
from London, when do they meet? 

What we are told allows us to get how far the trains have got in 
any time. What we want to get is the time which elapses before they 
are both the same distano: from Edinburgh, or the same distance 
from London. As thi| time is assumed to be after the second train 
has started we will reckon it from 4 o’clock, i.e. the time (I) required 
is so many hours after 4 o’clock. 

First statement : Train A leaves London at i o’clock, i.e. “Add 

3 (time between 1 o’clock to 4 o’clock) to the number of hours after 

4 o’clock when the trains meet to get the number of hours (T) train 
A has been travelling.” 

3 + <-T 0) 

Second statement; Train A travels at 50 miles per hour away from 
London, i.e. “By 50 multiply the time (T) the train has been run- 
ning when they meet to get the distance (D) from London when they 
meet.” 

60T=D Oi) 

Third statement: Tlie second train leaves Edinburgh at 4 o’clock, 
travelling at 25 miles per hour, i.e. “By 25 multiply the time (t) after 
4 o’clock when the trains meet to get the distance from Edinburgh 
where they meet.” 

25^-d . .Cm) 

Fourth statement: The distance from London to Edinburgh is 
400 miles, i.e . “From 400 subtract the distance (d) from Edinburgh 
where they meet to get the distance (D) from London where they 


meet ” 

400 — d = D. . . .. . . (iv) 
Combine (i) and (ii) 60(3 + i} = D . . , , . , . (v) 


Combine (iv) and (iii) 400 — 25i ~ D . . . , \ . . (vi) 
Combine (v) and (vi)^ 

S0(3 + ^ ^ m 25i 
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Divide both sides by 26 to reduce arithmetic. 

2(3 + = 16 - i 

or 6 + 2^ == 16 ^ 

2 ^+ 1 ! = 16 - 6 



— 3J (hours after 4 o’clock) 

= 3 hours 20 minutes after 4 o’clock 
= 7.20 p.m. 

Check: 50(3 + 3 J) + 25 x 3| = 400 

Example ///.—How much tea at 2s. 3d. (27d,) per lb. must be added 
to 50 lb. of tea at 3s. (36d.) to get a mixture worth 2s. 6d. (30d.)? 

Finst statement: Some tea (x) is to be added to 50 lb. we have already 
got, i.e. “a; lb. must be added to 50 lb. to get the number of lb. (N) 
in the mixture.” 

60 4- a: = N (i) 

Second statement: This tea is to be sold at 80d. a lb., i.e. “By 30 
multiply the amount (in lb.) of the mixture to get the total value (T).” 

30N = T (ii) 

Third statement: The price of the x lb. added is 27d. per lb., i.e. 
“By 27 multiply the number of lb. added to get the value (t>) in pence 
of the added quantity.” 

21 X — V (iii) 

Fourth statement: The original 50 lb. of tea was worth Ss. (3Gd.) 
per lb., i.e. “By 36 multiply 50 to get the value (V) in pence of the 
original 60 lb.” 

36 x 60 = V (iv) 

Common sense adds the fifth statement which is implied but not 
stated: Add the value of the tea added to the value of the original 
60 lb. to get the total value, i.e. 

+ V = T ....... (v) 

Combine (i) and (ii) 30(60 -}-*) = T (yi) 

Combine (iii), (iv), tv) 27a 4- 36(60) == T . . . . (vii) ' 
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Combme (vi) and (vii) 


‘Check: 


30(50 + ;c) = 27:c+ 36(50) 
1,500 + 303: = 21x + 1,800 
30jc - 21x = 1,800 ~ 1,500 
3;c = 300 

• x = 100 (lb.) 

27 X 100 + 50 X 36 

iso 


Example IV . — ^The race of Achilles on p. 16. 

First statement : The speed of the*hero is ten times the speed of the 
tortoise, i.e. “By 10 multiply the speed (s) of the tortoise to get the 
speed (S) of Achilles.” 

lOj = S (i) 


Second statement: Achilles starts 100 yards behind tlie tortoise, 
i.e. “To 100 add the distance (d) which the tortoise has gone when he 
is overtaken to get the distance (D) Achilles has run (in yards) when 
he catches up.” 

100 + d=D (u) 

To connect these statements we have to remember that the speed is 
the distance divided by the time (i!), which is obviously the same in 
both cases (i.e. the time when the tortoise is overtaken is the time 
when Achilles catches him up). So we may add two more implied 
statements. 

Third statement: The distance which the tortoise goes till he is 
overtaken must be divided by the time he runs to get his speed. 



Fourth statement: The distance that Achilles goes before he catches 
up must be divided by the time he runs to get the speed of Achilles. 




. . . . (iv) 

Combine (i) and (iii) 

m _ 

— -s .. . . . 

.... (v) 

Combine (ii) and (iv) 

100 + d , 

t . . . . 

. . . .(Vi) 
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Combme (v) and (vi) lOi __ 100 + d 

~r t 

Multiply both sides by t 

IQd == 100 + i 
lM~~d= 100 
.% 9d = 100 

= Hi (yards) 

Example V. — When I am as old as my father is now, I shall be five 
times as old as my son is now. TSy then my son will be eight years 
older than I am now. The combined ages of my father and myself 
are 100 years. How old is my son? {Week-End Book) 

First statement; When I am as old as my father I shall be five times 
as old as my son is now, i.e. my father is now five times as old as my son 
is now. This means, “By 6 multiply my son’s age (s) to get my father’s 
age (/).” 

6s=/ . . . : , 0) 

Second statement; When I am as old as my father my son will be 
eight years older than I am now. Split this up thus; (A) From my 
father’s age (/) take mine (m) to get how long it will be (1) before I 
am as old as he is. 

/-m = I (A) 

(B) These I years must be added to my son’s age (s) to get how 
old he will be (S years) when I am as old as my father is now. 

l+s=S (B) 

(C) Eight must be added td^my present age to get my son’s age 


I years hence. 

w+8~S . . . . . 

. . (Q 

Combine (B) and (G) 

w -f 8 == /+ 5 . . . . 

. . (D) 

Combine (A) and (D) 

-j- 8 =/ — m -f 5 


.or 


. . . (iO 


Third statement: The combined ages of my father and myself ke 
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100 yearsj i.e. “My father’s age must be added to mine to get 100 


^’ears),'* 

m+/-100 

or m — 100 —f ...... (iii) 

Combine (i) and (ii) + s = 2w + 8 

' 65-2»i4-8 (iv) 

Combine (I) and (iii) 100 — 5s == »3 . (v) 


Combine (iv) and (v) 6s = 2(100 — 6s) + 8 
6s = 200 -1- 10s + 8 
6s + 10s = 200 +8 
16s - 208 
s = - 


i.e. My son is 13 years old now. 

Example VL — (An early Hindu problem from the Lilavati of 
Aryabhata, c. a.d. 450.) “A merchant pays duty on certain goods at 
three different places. At the jfirst he gives | of his goods, at the 
second | of what he has left, and I- of the remainder at the third. 
The total duty is twenty-four coins. What had he at first?” 

First statement: At the first place he gives a third of his goods 
away, i.e. “From what he had (x) take | of its worth to get what he 
had left {y) when he got to the second place.” 

x-\x^y 

or tx^y (i) 

Second statement: At the second place he pays a quarter of its 
wortii, i.e. “From what he had when'he arrived take J of its worth 
to get what he had (z) when he went on.” 

y~iX^z 

OT iy-=z. (ii) 

Third statement: He paid one-fifth of the residue at the third place, 
and this made the total duties up to twenty-four coins, i.e. “To 1- of 
what he had when he got there add the duty he paid at the second 
(^>0 and the duty he paid at the first (|a:) to get 24.” 

+ ly -I- lx == 24 , / . . . , (iii) 



How Algebra Began 31 1 

Gombine (ii) and (iii) 

(ix ib' + + ia: = 24 

or i J = 24 . . . . * , (iv) 


Combme (i) and (iv) 

(f X l)x -b = 24 
or gjf = 24 

5 X 24 
*= — 

= 40 

Le he had forty coins’ worth. 

These examples have been w'orked out step by step with great 
detail to show you that solving problems by algebra is simply trans- 
lation according to fixed grammatical rules. As stated, you need not go 
through all these steps when you have become fluent in the use of 
number language. Once you are at home in it, you will find it much 
more quick to put down first of all an abstract number for the one 
which you want to find and then write dowm everything you are told 
about it, till you have a sentence which stands by itself. For instance, 
Example V may be worked out more snappily like this: 

Let son’s age be x years: 

Then father’s age is 5x years: 

My age is (100 — 6x) years; and 

iSx - (100 - 5a:) + « = 100 - 5;c 4- 8 
16.v = 208 
x^U 

All the problems which we have translated so far can finnliy be boiled 
down to a mathematical sentence which only contains one abstract 
number standing for the unknown quantity which we arc looldiig for 
This can often be done even when the problem is about two unltnown 
quantities, provided the connexion between them is simple and 
obvious. For instance, here is a problem about three unknown quantities 
which presents no difficulties. 

Example VII . — In a tool-box there are three times as many tacks 
as nails, and three times as many nails as screws. The totrd number 
of tacks, nails, and screws in the box is 1,872. How many of each are 
there? You can translate this thus. The number of nails is one-third 
the number of tacks (» == 10* The number of screws is one-third the 
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number of nails (s — |«). The number of all three (i£ + « -f 
1,872, i.e. 


1 + 1 ^+ 1(10 = 1.872 
<(i + l + i)==1.872 
= 1,872 


1,296 


s) is 


Thus the number of tacks is 1,296, the number of nails one-third of 
this number, i.e. 432 , and the number of screws one-third of 432 , 
i.e. 144 . (Check: 1,296 + 432 -f- 144 = 1,872.) 

When more than one unknown quantity occurs in a problem we 
can only boil down the verbal statement to a mathematical sentence 
containing a single abstract number, provided that one of the unknown 
quantities is so many times another, or differs from the other by a 
known amount. When we cannot do this we can still solve the problem, 
provided we can make as many distinct equations as there are unknown 
quantities. For instance, here is a simple problem of this sort. 


Example VIII . — Two pounds of butter and three pounds of sugar 
cost two shillings and sevenpence. Three pounds of butter and two 
pounds of sugar cost three shillings and threepence. What is the price 
of each? This problem means: (i) That twice the cost of a pound (b) 
of butter (in pence) added to three times the cost of a pound (s) of 
sugar (in pence) amounts to 31 pence, i.e. 

2b + 31 

(ii) That three times the cost of a pound of butter added to twice the 
cost of a pound of sugar amounts to 39 pence, i.e. 

36 + 2s ^ 39 

We have now two equations and two abstract numbers, and can get 
rid of either of them by a simple trick which is called solving “simul- 
taneous equations.” We can do anything we like to one side of an 
equation so long as we do exactly the same to the other side, and if 
we multiply both sides of the first equation by three and both sides 
of the second by m'o we now have two equations in which one term 
containing an abstract number is identical, viz. 

66 + 9s = 93 

66 + 4s = 78 
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SuBtracting 65 + 4s from 6& + 9s is the same thing as subtracting 
78 from and the results of the two subtractions are therefore the 
same, i.e. 6s = 16. Hence s — 3 (pence). We can get h by putting the 
value of s into either of the original equations; thus 2b -f- 9 = 31, 
i.e, 26 — 22 and 6 = 11 (pence). The price of sugar is therefore three- 
pence, and of butter elevenpence a pound. 

The general rule for solving two simultaneous equations where 
a, h, c, ds / stand for known numbers and x and y for unknown 
numbers in the final statement of the problem may be put in this 
w^ay. If 

ax = c 
dxi- £y=^f 

Then to get rid of x multiply the first by d and the second by a, 

dax 4- dby ~ dc 
dax -f eay ~fa 

Subtract the second from the first: 

(db — ed)y = dc— fa 

We have now a simple equation with only one abstract number 
the others being stated in the problem itself. Alternatively, of course, 
we might, if it involved multiplying by smaller numbers, prefer to 
multiply the first equation by e and the second by 6, getting rid of 
y and leaving x 

{ea — db)x — ce — bf 

Although the Hindus and Arabs made little use of operative symbols 
which stand in modern algebra for mathematical verbs when we 
translate a problem from everyday speech into the language of size 
and order, as we have done in the foregoing examples, they gave 
grammatical rules which are substantially those wliich have been 
given in Chapter 3. Alkarismi distinguished between two general rules. 
The first he called al-muqdbalahy or, as our textbooks say, collecting 
like terms . In modern shorthand this is the rule for avoiding redundancy, 
illustrated by; 

q-\-2q = re -f- 6x — 3 je 

The other rule, the name for which has been assimilated into our own 
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languages was ai-gebra^ i.e. transferring quantities from one side of 
an equation to another, e.g. in our shorthand: 

bx + q = p 
bx — p — q 

Alltarismi gives the |ule which we now use for solving equations 
containing the square of an uriknown number which we are trying to 


S 



Fig. 104.—SOLUTION of a Quadratic Equation by the Completed-Squarb 
METHOD OF ALKAMSMI 

(i) X* + 10» « 39 (ii) X* + lOx + 26 « 25 + 39 


(X + 6)» - 64 - 8* 

X 4- 6 « 8 

find. TTie method he gives is essentially the same as one first used by 
Diophantus. An actual example which is given by Alkarismi is ; 

X* + 10:r = 39 

The rule which Alkarismi gives is based upon a simple application of 
Dem. 4 in Chapter 4, and the figm-e is given in Fig. 104. Suppose you 
draw a square on a line x units long and continue two adjoining sides 
of the square S units further, completing the two rectangles with 
adjacent sides 6 and x units. You now have an L-shaped figure, the 
area of which is 

3^ ^ 5x -h 5x + lOx 

If we complete the square with sides 5 units in the figure on the left 
of Fig. 104, as has been done on the right, the area is now 

• »*4- lOx-f 25 
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as we know from Dem. 4. The equation tells us that 
•+• 10^ = S9 

a:® + 10a; + 25 = 39 + 25 
= 64 
(» + 5)® = 8® 
a; + 6 = 8 
x=8--5 
X = 3 

Alkarismi thus gives the rule for solving such equations. Calling the 
number by which x is multiplied '(10 in this illustration) the “roots/* 
“You halve the number of the ‘roots’ which in the present instance 
gives 5. This you multiply by itself. The product is 25, Add this to 
39, The sum is 64. Now take the square root of this, wliich is 8, and 
subtract from it half the number of ‘roots,* which is 6. This is the 
root of the square you sought for.” 

Nowadays we call the number corresponding with 10 in this equation 
the coefficient of x. Replacing it by an abstract number at the beginning 
of the alphabet to signify that it is a number we already know, while 
replacing 39 in the same way, we say that, if: 

x^i-bx = c 

l¥~ b 

52 

You will recognize j as the square of half the coefficient of x, or, as 

Alkarismi would say, the result of multiplying half the number of the 
“roots” by itself. 

We still call this rule for finding the value of x in an equation con- 
taining “completing the square” to remind us of the fact that the 
algebra of equations developed from the hieroglyphic way of solving 
a problem by scale diagrams like those of Dem. 4. We still call 
equations like the one which we have just solved quadratic equations/* 
from the Latin word quadraium, for a four-sided figure, though modern 
books on elementary algebra no longer use the figure to suggest the 
nile. Here is a problem which you can solve by the rule we have just 
given,. There are easier ones given at the end of the chapter for practice. 

Example IX . — Two hikers go out for the day^ one walking a quarter 
of a mile an hour faster than the other Tbs faster one reaches the 
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end of Ms joiimey half an hour earlier than tlie slower of the twft. 

Both walk 34 miles. At what rate does each walk? 

First statement: The one who gets there first tvalks a quarter of 
a mile per hour faster, i.e. “To the speed of the slower {m miles per 
hour) add | mile per hour to get the speed of the faster (» miles per 
hour),” or ^ J m = « 


Second statement: The faster walker took half an hour less, i.e. 
“From the time Qi hours) taken by the slower walker take to get 
the time (H hours) taken by the faster one,” or 

(ii) 

Third statement: The faster one walking H hours at n miles per 
hour covers 34 miles, and the slower one walking h hours at m miles 
per hour covers 34 miles. This means “Divide 34 miles by the time 
taken by each hiker to get the speed at which he travels,” i.e. 



« = 34 

d-H 



TT 34 




n 


. . . (ilia) 


m = 34 

-F A 



, 34 




m 


. . . (iiib) 

Combine (iii) with (ii) 

34 1 _ 


■ ■ ■ (iv) 


m T 

n 

Combine (iv) with (i) 

84 1__ 

34 X 4 



m 2 “■ 

4m + 1 


Apply the diagonal rule 





68 + 271m — kn? = 272?m 

/. —m—h^ = —68 

17 

Apply Alkarismi’s rale 

»«= VKl-y+i7-KO 

./ 1,089 1 

^64 8 

■ =4 
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Hence the speed (m) of the slower of the two is 4 miles per hoiiij and 
that of the faster is 4| miles per hour. (Check: The faster goes at 
41 4 " or -y- miles per hour, i.e. takes 8 hours. Hie slower takes 

S| hours, in which time he does S|- x 4 = 34 miles.) 

The solution of equations by this rule brought the Arabs face to 
face with a limitation which we have already -recognued in Greek 
geometry. In solving the two equations which we have used to illus- 
trate the rale we have given only one answer. How an equation need 
not have a single answer. Many questions in real life l&e “Have you 
stopped beating your wife?” do not yield to the legal preference for 
a simple answer “Yes” or “No.” To a quadratic equation there are 
two answers, the answer we are looking for and its shadow answer. 
The Arab mathematicians who were accustomed to use the law of 
signs were very puzzled by this fact. According to the law of signs, 

— ax — a~ 
also + a X + « — 

= -f a or —a 

or, as it is frequently written, ±, a. So every square-root sign represents 
an operation which gives two results, e.g. 

100 = (± 10)2 
49 = (± 7)2 

If you go back to the equation which Alkarismi used to illustrate the 
rule, you wiii see that 

* = 8~5 
or X = — 8 — 6 
i.e. x~Z 
or X = — 13 

The Arabs recognized that both these answers check up as follows: 

32 -}- 10(3) = 9 4- 30 = 39 
(__ 13)2 q. io(_ 13) =, 169 - 130 = 39 

We have simply neglected the second answer because w-e Mve not yet 
found a physical meaning for mathematical gerands like ■— 3 or 
— 13, which is the alternative answer to the equation illustrated in 
Fig. 105. We shall see later that the use of these parts of mathe- 
matical speech became clear when the Refocfiiation geometry found 
a place for the position of a figure. The reason why Euclid’s geometry 



3 i 8 The Dawn of Nothing or 

only suggests one answer is because figures in Euclid’s geometry are 
regarded as equal in ail respects in spite of the fact that they happen 



Fig. 105.— Alkakismi’s Problem in Reformation Geometry 
In the previous figure we do not know what x is. The figure is merely used 
to suggest the numerical procedure. In the Reformation Geometry of the next 
chapter you will see that if we call quantities drawn upwards or rightwards 
plus units, we must call quantities measured downwards or leftwards minus 
units. The equation tells us that: 

*4-5 — 8 or — 8 

This means that the area of the whole square whose side is * + 6 is 64 square 
units. The lower large square is made up of nvo rectangles whose area is 
together: 

2(5) (— 13) — — 130 square units, 
and two squares whose area together is: 

(_ 13) (- 13) 4- (+ 6) (+ 6) 
or 4 19-^ square units. The total area is:«- 

194 — 130 = 64. 

to be in totally different places. Here we must be content to notice 
that the two answers of a quadratic equation can both be ordinary 
quantities, i.e. positive cumbeis to which Alharismi’s rule applies. 
For instance, you may have heard some such riddle as this : “A number 
is multiplied by itself. The result is add«d to 6. On taking away 6 times 
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the 'number, nothing is left. What was the miiiiber?” la algebraic 
shorthand the riddle can be translated. 

X* - 6a: 4- 0 == 0 

We may write tMs 

X® - 6a: = - 6 

By applying Alkarismi’s rule and the law of signs, the solution is 

V~ e + C- D^-C-f) 

X = v~ 6 + ^ + t 

= -f 2 or +3 

You will see that both these answers are consistent with the riddle 
proposed : 

22 - 6(2) 4 - 6 == 4 - 10 + 6 = 0 
32 _ 5(3) + 6 = 9 - 15 4 - 6 = 0 

In the hands of the Hindus, the Arabs, and their immediate successors, 
algebra had grown out of its Euclidean clothes. It was beginning to 
feel the cold. There was worse to come. Some equations admit of no 
answer which is a positive number, and others do not admit of an 
answer which is either a positive or a negative number. This compli- 
cation worried the Italian Cardan towards the end of the period of 
transition which intervened between the Alexandrian era and the 
invention of Reformation geometry. Playing with riddles like the one 
we have just set. Cardan stumbled upon a new sort of answer, such as 
we get when we change the numbers in the last riddle thus : “A number 
is multiplied by itself. The result is added to 5. On taldng away twice 
the number, nothing is left. What was the number?” The translation 
in this case is 

X* - 2x 4- 0 === 0 

x= V—B + l 4- 1 
x.= 1 ± 2V^ 

This raises the question: What on earth is the square root of -- 1? 
As a purely grammatical convention it is clearly the number which 
when multiplied by itself gim — I, A number which did this would 
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give the correct answer as you can see by the two following checks, 
one where i tneans + ’throughout, and the other in which it means — , 

.% i ± 2 V^ 

I ±2^/171 

1 ± 2 -v/^ 
rb2v/-l+4(-I) 

= 1 ± --1—4 

. . ^--2x + 5 = l± 4 _ 4 - 2(1 ± 2 V^) + 6 = 0 

Although this shows us that our ansv^er W'as perfectly grammatical, 
it does not get us any nearer to saying what the square root of — 1 is. 
By the law of signs + a multiplied by itself is + a% and — a multipKed 
by itself is also + a% so a number which when multiplied by itself 
would give a minus quantity is neither an ordinary number nor a 
gerund like — 2 , which is a “back number” in the Reformation 
geometry. All we can say about it at present is that it is a part of speech 
which can be used grammatically in the kind of sentences which we 
call quadratic equations. The first mathematicians who encountered 
these quantities called them imaginary numbers, which left them in 
the clouds. As a matter of fact you will locate them literally in the 
clouds when we turn to the Reformation geometry. Like — 1, 

Is a mathematical gerund. In Reformation geometry in Chapter 9 we 
shall see that -- 6 is a direction and a number (Fig. 105). It means 
making a measurement 6 units backwards, and means 1/5 

units measured straight up in the air. Both these examples of the 
mathematical gerund can now be used to describe movements which 
occur in the real world, because the Great Navigations gave us a 
geometry in which things could move about and have a definite 
position like a ship at sea. Today, multiplying by V — 100 is no 
more difficult than saying what happens when a ship is blown up into 
the air 10 feet or sunk 10 fathoms deep by the explosion of a mine. 

Alkarismi’s rule for the solution .of a quadratic equation is some- 
times given in a more general form for the solution of equations in 
which the coefficient of is not one, as in the examples given. The 
equation 

aa;^+ &« + c — 0 

can be written 

- , , 6 * & 
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Applying Aikarismi’s rale 



— b±, ~ 4ag 

2 a 


As a numerical example which you can check, the solution of 
- 7:c = 6 
4® 

7 4; V49 + 72 

X- g 

7 dill 
G 

at = 3 or — f 

SERIES. — The new number language brought to light new things 
about the Natural History of the natural numbers. It is not at all 
surprising that the Hindus and Arabs revived interest in the ancient 
Chinese number lore, and made some interesting discoveries of their 
own. Thus Aryabhata gives the rules for finding the sums of various 
series of numbers such as 

1 2 3 4 . . . 

P 22 32 42 . . . 

P 22 32 42 . . . 

We have already seen that (Chapter 5) the sum of n terms of the series 
of n natural numbers is the nth triangular number. This suggests an 
explanation of the facility with which the Hindu mathematicians 
discovered expressions for the sum of series. For the natural numbers 
we have: 

Sum of first n terms : 

n ~ 

1 , 1 . = 1 

2 1+2 =3 

3 1+2+3 =6 

4 1 + 2 + 3 + 4 = 10’*’ 

6 1 + 2 + 3 + 4 + 5=15 

Mathsniatics for the Million L 


Tg 

T3 

T4 

T| ,ete. 
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This table can be summarized by using the operator and adverbs of 
p, 2085 thus: 

s(i + 2 + 3 . . . = 

To find the sum of the squares of the natural numbers we may first 
tabulate our results thus : 


n S 
1 

II - i 

21+4 ^ =5 

3 1+4 + 9 =14 

4 1+4 + 9+16 =30 


6 1+4 + 9+16 + 25 =55 

6 1 + 4 + 9 + 16 + 25 + 36 = 91 

Now we can split these sums into triangular numbers, as the following 
table shows : 

« 2 

1 1 = 1 + 0 = 1 + 0 

2 6= 3+ 2= 3 + 2(1) 

3 14= 6+ S= 6 + 2(4) 

4 30 = 10 + 20 = 10 + 2(10) 

6 55 = 15 + 40 = 15 + 2(20) 

6 91 = 21 + 70 = 21 + 2(35) 

Wc have now got the two triangular number scries : 

1 3 6 10 15 21 . . . 

1 4 10 20 35 . , 

Each term in the series formed by the sum of the squares of the fi,rsi 
n natural numbers can be formed by adding the ^ath simple triangular 
number to twice the one before the nth or (n — 1th) triangular number 
of the second order, i.e. . 

T„ + 2x2T„-i 

_«(« + !), 2(n-l)(n)(n + l) 

2 ; 3.2,, 

= | tt (« + 1 ) [~1 + J 

«(» + 1)(2k+1) 

■ 8 .'" 
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Thc’s the sura of the lirst 7 terms in the series of squares of the natural 
numbers is : 


This you will see is correct by adding 49 = (7'^) to 91 = f you 

can proceed to get the sum of n terms in the series of cubes of the 
natural numbers in the same way. The series for which we want ft 
get the rale is : 


(r'*+23), (13+2^4-3'^), (P-b23_j_33_^43^^ (13+2’H33+43+53) 

I, 9, 36, 100, 226, 

You will probably see at once that this series is : 

P, 3^ 6®, 10®, 16®, 

So we may put 

i„, „ (Tj. = 1) J ^ '■’’("+ 0= 


The next term of the senes 1, 9, 36, 100, 225, i,e. the sum of the first 
6 cube numbers would therefore be 


36 X 49 


441 


This is correct, as you may see by adding 6® = 216 to 225. 

The fascination of these triangular numbers probably suggested 
what is called Pascal’s Triangle, after the first French mathematician 
who paid attention to the subject of mathematical probability, the 
foundation of modern statistical tjjieory. In reality the series of Pascal’s 
triangle was given by Omar Khayyam. It is figured in the Precious 
Mirror of the Four Elements, 'written about a.d. 1300 by the Chinese 
mathematician Chu Shi Kei, who lived at the time when the Mogul 
Empire was sprawling into Eastern Europe. The fact bears testimony 
to the interest of triangular numbers in Eastern countries. This explains 
how easily the Hindu mathematicians dealt with series which present 
considerable scope for ingenuity, when we have to use the formal 
raetiiods of algebra textbooks. Here is the so-called Pa.scal Triangle, 
which, like the so-called Theorem of Pythagosas, is really a product 
of a much earlier Eastern culture. 
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i 

I i 
I 2 1 

13 3 1 


1 

4 

6 

4 

1 

1 ' 6 

10 


10 

5 1 

6 

15 

20 

15 

6 

7 21 

35 


35 

21 7 


Reading diagonally downwards from right to left we have the series 
of “unity, the source of all,” the natural numbers, the simple triangular 
numbers, and successive higher orders of triangular numbers, as you 
will see by referring back to p. 216, Chapter 5. Reading horizontally 
we have 

1 

1 1 

1 2 1 

13 3 1 

1 4 6 4 1 

1 6 10 10 6 1 

1 6 15 20 15 6 1 etc. 

There are, as Michael Stifel might have said, many marvellous 
things relating to these numbers. The first is that they show us how to 
write out fully the expression (:r + a)" without multiplying out. You 
will see that successive multiplication of (x ■+■ a) leads to a simple 
rule by looking at the following: 

X -j- a = (x -j- ay 

x-\- a * 

-j- ax 

ax + a® 

= (x + 

X 4- 

x^ + 2ax^ + a^x 

ax® + 2a^x -f a® 

X® + Sax® 4 Sa^xd- «= (x 4 a)® 

X a 
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'x^ -f- +- ‘ia^x^ + a^x 

ax^ + 3a V -f 3a^x + a* 

x'^ + 4:ax‘* + 6a^X“ + -ia^x -{- a'^ = (x -f a)* 

X + a 

+ 4ax‘‘ + 6a“x^ + 4a'^x“ + a^x 
ax^ + 4a‘‘^x^ + + 4a‘*x ■+- 

+ 5ax^ -f iOaV 4- lOa^x^ + 5a‘*x + — (x + of 

Tabulating these results, we get: 

(x + a)^ — X H- a 

(x + of — X® 4- 2ax 4 

(x 4 - < 2 )® = X® 4 - 3ax^ 4 - 3a“x 4 a® 

(x 4 - == x^ + 4ax^ 4 - Ga^x- 4 4a®x 4 - a* 

(x 4 * <^y = X® 4 ^ Sox* 4 " lOa^x® 4 - lOaV 4 - ‘>< 2 '*x 4 - 

The numbers in front of each term, or “coefficients,” in these expres- 
sions are series in Omar Khayyam’s triangle. Thus we should expect 
(x + a)® to be 

X® 4 6 ax® 4 15aV 4 20 aV 4 15a®x® 4 6 a®x 4 a® 


You will find that it is so. There is thus a simple rule for writing 
down (x 4 ^T‘ It is called the Binomial Theorem. If you go back to 
Chapter 5, p. 216, you will recall that the series 


1, 4,- 6 , 4, 1 

is the same as ®Co *€3 

4 4.3 4.3.2 

i.e. 1 , p 2 3 2 .i» *• 

Similariy, the coefficients of (x 4 af may be written 
1, 6 , 15, ^20, 15, 6 , 1 

®Co ®Ci «C2 ®C3 «€* ®C5 ®Ca 

6 6. 5 6 . 5. 4 6 . 5 . 4. 3 6 . 5 . 4 . 3. 2 

■ ’ P 2 .T 3.2.1’ 4 ‘.3. 2 . 1 ’ 6 . 4. 3. 2 . 1 ’ 

So we can write down the result of multiplying out (x 4 a)” as 


4 « • i2x”“^ 4 


njtt ~ 1 ) 3 

2.1 


® + 


n(n — I) (n - 


n(n — 1 ) (n — 2 ) (« - 


1. 2.3.4 


3.2.1 


• 2 ) „ 3 


4 a« 



326 The Dawn of Nothing or 

Omar Kha3fyamj who dlsoDvered the Binomial Theijrem, was a 
sturdy materialist who believed in applying reason to the real world, 
and replanning it “nearer to the heart’s desire.” We do not know 
whether he used it to help him in the computations which struck 
dead yesterdays from the calendar. Perhaps he just played with it for 
fun, as Leonardo of Pisa played with the Fibbonacci series. In the new 
mathematics which followed on the trail of the Reformation geometry, 
it turned out to be an csceedingly valuable instrument for a great 
variety of uses. One use which you can rest out for yourself is an 
arithmetical device. To find (4*84)® it is not necessary to go through 
a long series of multiplication sums. We can put 


(4.84)8= (4 X 1.21)8 
48 X (1-21)8 
4® X (1 + 


Applying the binomial theorem, we get 

4. „ 1 4 . 0/21 N >.8 B.7.CY 21 

V + iooj Vioo/ 2 . luooj ■^3.2 . lUOO/ 

, 8. 7. 6. 5 /2I , 

+ OT2TT(looj 


= 1 4- 8(0-21) 4- 28(0-0441) 4- 66(0-009261) and so on 

The advantage of this is that we have a series of numbers getting 
smaller and smaller, and we can stop adding more terms at any 
convenient place. For instance: 

10 Q 

(1 01)18 ^ I .p 10(0 -01) 4- ~ (0 0001) 

10 q c 

-f (0 -000001) and so on 

= 1 +0-1 4 0-0046 + 0-000120 + 0-0000021 and so oi» 

The answer correct to 7 places is: 

M046221 

The use of triangular numbers as a way of discovering how series 
are built up led Nevtl:on and his followers to a trick which is used in 
physical sciences to suggest laws which describe quantitative changes 
in the real w-orld. This trick depends on the use of vanishing triangles, 
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to which we have already referred in an earlier chapter on ancient 
Bumber lore. Yon will recall how the vanishing triangle of the scries 
of the triangular numbers of the second order exposes their pedigree, 
thus; 

0 

1 1 
3 4 5 

3 6 10 15 

1 4 10 20 35 

If we make a vanishing triangle for any series which vanishes at the 
same point, we may represent it by using abstract numbers in this way : 


0 







'Of 

«3 

^4 


Each D term in the triangle is the difference between the two terms 
on either side of it in tire row below. The adverbs n and m in DIJ, refer 
to the diagonal order of the rows and the horizontal order within the 
rows; thus D;.^ means a term in the second row of differences occupying 
the third place from the left in the row. 

A vanishing triangle has peculiarities of its own apart from the 
particular set of numbers which make it up. To see what they axe, 
first look at the vanishing triangle of 3 rows below: 

0 

Xji 

Wt can write down the last term from the first, thus; 

X2-*i = Di1 
Xg — Xa == Da^ 

but Dai-Dji^O 

so Da'-DiV 

X- == Xj + 2Dji* ’ 
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Now find the last term in the x row from the first diagonal column 
for the vanishing triangle of 4 rows: 


0 

• Dji D3^ 

• % *4 

Now Xg — arj + 

+ + Di^ + DjS 

.*. ^,-«i + 3Di^ + 3Di2 

If you form a vanishing triangle of 5 rows in the same way, you will 
find that 

jc5 = ;i;i + 4Di1+6Di3+4D/ 

Similarly for vanishing triangles of 6 or 7 rows: 

;C6 - 4- + lOD^^ + lOD^^ + 5D,* 

4- CDi^ 4- 15Di2 4- 20D^^ + loDj* 4- 6Di« 

You can easily test the last two expressions by using them to get the 
6th and 7th terms of the series given at the top of p. 327. Thus 
Xj = 1 4* 0(3) 4- lfi(3) 4- 20 (1) 4- 15(0) + 6(0) = 84. The coeffic- 
ients of the diagonal terms may now be tabulated thus: 

n x„ Coefficient 

2 xg 1 

3 Xg 1 2 * 

4 X, 13 3 

6 Xg 1 4 ^ 6 4 

6 Xg 1 5 *10 10 5 

7 X, 1 6 io 20 15 6 

You will recognize that these coefficients are none other than the 
numbers of Omar Khayyam’s triangle and the Mirror of the Precious 
Hements, the only p0>int to confuse you being that the coefficients 
of the series for the nth term, e.g. the 7th, are the coefficients of the 
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binomial expression (x + e.g. (x + a)®. So vve can write for 

any series which gives a vanishing triangle of n rows 

x„ = axi + -f /Dj® . . 

The series continues till the differences vanish, and the coefficients 
a, ^5 c, etc., are the coefficients of » 

(X f 

If (x + ar~^ = (x + ar 

the coefficients are h 

m mini — 1 ) mim — 1 ) (w — 2) m{m — J ){jn ~ 2) (m — 3) 

P 2.1 ’ 3.2.1 ’ 4 .3 .271 •** 

and we can rewrite these, putting (n — 1 ) for m : 

, (”-J) (^-I)(?t- 2 ) (/»-])(«- 2 ) («- 3) 

1 ’ 2.1 ’ 3.2.1 


So the law of the vanishing triangle of n rows is 


x„ = X|4-(« — l)D/-f 


(«-l)(«-2) („__l)(„_2)(n-3) 

2 Ti O.T 


The (n — I)th difference vanishes. So the series has (« — 1) terms 
ending in the (« — 2)th difference (Dp*)- We can find how any set of 
numbers which can make a vanishing triangle is built up by using 
this rule. Take, for instance, the following series: 

1 5 12 22 35 51 . . . 


We only need the first four terms to form a vanishing triangle, 

0 

3 ” 3 

4 7 10 

1 6 , 12 22 

The law of this triangle is obtained by putting the correct values of 


Xn = Xi - 1 - (n — i)Di^ + 


(n-lKn-2l 
2.1 


'Di® 


O • Jt . k 
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Siace = 0 the last term vanishes, and ail subsequent ones do, so 

*« = 1 + (» - 1) (4) + 


“ i -f ■ 4n — 4 -f- 


3/2" — On -f- b 
"2 


=S= |(3n2 - n) 

or |«(3» — 1) 


Tills is ilic rule for building up the pentagonal numbers obtained in 
Chapter 5 by die hieroglyphic or figurate method. You can practise 
for yourself the use of this trick by finding how the following sets ol 
numbers are buUt up and checking the result : 


1 

7 

19 

37 

61 

1 

8 

21 

40 

05 

0 

3 

S 

15 

24 

0 

2 

6 

12 

20 

4 

7 

12 

19 

28 

2 

5 

15 

33 

60 


To commit the binomial theorem to memory you can find the values 
of (T02)'’’, (T03)S (2-OOG)® correct to 5 decimal places without 
multiplication, and make up a table of squares between TOGO and 
2*000 in intervals of 0*001 correct to 3 decimals. When you have 
finished it you will have seen the Dawn of Nothing with — 

“The beauty and bright faith of those 
Who made the Golden Journey to Samarkand.” 

FUTURE OF NUMBER SYMBOLS. — We have traced what progress 
immediately resulted when the human race was equipped with a more 
eloquent number system than the obscure letter symbols of the 
Greeks and Semites or the clumsy figures of the Sumerians and 
Egyptians, A vast waste of time in education could be eliminated at 
once if countries like Britain, which still cling to antiquated weights 
and measures, adopted a uniform system in which all units increased 
in multiples of the base of the numeral system. Countries which have 
the decimal system of weights and measures have done this. However, 
the base of the decimal system is not necessarily the best base to choose. 
We have seen that there is nothing sacred, no holy tetrakiys, as the 
Pymagoreans sang, about the number 10. The arithmetic of a positional 
Dumber script based on 5 (Fig, 102J would be just as easy. The five 
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times row in the multiplication table would be the easiest to reinemfeers 
instead of the ten times row. 

In pianiiin,g a rational future for hitman communication, we must 
always ask whether there is not a grain of truth in the conservatism 
winch has obstructed progress. The fact is that some quite reasonable, 
though insufficient, arguments have been used |o oppose the decimal 
system of measures by mathematicians who for long clung to the old 
sexagesimal fractions of degrees, minutes, and seconds, and by practical 
men who were accustomed to measures and weights (like the English 
monetary system) which go up in. multiples of 12. For the purpose 
of calculation 10 is a bad number, iiowever holy its devotional asso- 
ciations and however venerable its biological antecedents. It has only 
three exact divisors : 1, 2, 5. The number 12 has 1, 2, 3, 4, 0 as its 
divisors, and the number €0 has I, 2, 3, 4, 5, 6, 10, 12, 15, 20, A 
large number of factors is a great advantage in rapid calculation. So it 
w'ould be an improvement on our present standards to make a Hegelian 
(XJmpromise of the English and French systems by adding two numbers 
to the Hindu number script, and making a positional notation based 
on the twelve-fingered abacus with w'eights and measures adjusted 
accordingly. You can make up sums and tables for yourself in the 
number scrirt with base 12. 

12346 '6 789 $ ^ 10 

(1 2 3 4 6 6 7 8 9 10 11 12) 

As explained on p. 65 the Sumerian priesthoods very nearly 
succeeded in devising a GO-base system with the chief merits of 
the Hindu numerals. The calendar makers of the extinct civilizations 
of Central America went further. They used the principle of vertied 
position and a zero. The base 20 was sometimes used consistently. 
Successive orders were then 1*,20, 400 and 8,000. The glyphs for 
400, 8,000 and 7,613 then corresponded with those for 360, 7,200 
and 6,853 in Fig. 106. The inconsistency in the third position betrays 
the social origin of numeral scripts. The Mayan calendar had 20-day 
as well as 30-day months and a primitive 360 as well as a 365-day 
year. The most usual value of the successive orders seems to have 
been 1, 20, 360, 7,200 in accordance with their primitive social 
function rather than the more sophisticated advantages of rapid 
calculation. 

We have seen how the grammar of number-twas perfected to meet 
new social needs, when the Moslem world extended its boundariS 
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from India to Spain. We have seen what our barbarian ancestors 
owed to these poets and mathematicians with a darker skin than ours. 
As we now turn to the contributions which Northern Europe has 
made to the grammar of size, we may recall our debt to an older 



20 360 7200 

Fig. 106 


mmmm 

19x360] 


+ 

0 X 20 

mmm 

+ 

^3 ^ 


6S^3 


'The. ^ncicnt'NOim 
Calmdar-Scnpv 


The principle of position employed in the Mayan script of which the base 
was tw’enty is as follows. The lowest group of symbols represents the units 
column of the abacus, that above 20’s, that above 360, that above 7,200. 


civilization in the lines of the song which was sung at the Gate of 
the Sun in Flecker’s poem : 

“Away, for we are ready to a man 
Our camels sniff the evening and are glad, 

Lead on, O Master of the Caravan, 

Lead on, the merchant PRiNm of Baghdad. . . 


Chapter 7 

DISCOVERIES AND TESTS 

1. In iMr. Wells’s story, the two-toed sloth was the dominant species 
of Rampole Island. Suppose the rwo-toed sloth had evolved a brain 
as good as Mr. Blettsworthy’s, it would have a number system 
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with a base 2, 4, or 8. Make multiplication tables for the systems of 
numeration it might use. Multiply 24 by 48 in all three systems, and 
check your results. You will find it easier if you assume that it first 
learnt to calculate with a counting-frame and make diagrams of the 
three different kinds of counting-frames, 

% You already know and can check by multiplication that 

{x -f a)(x -f i) = AT® 4- (a -f- h)x + a^. 


The expression x® -f 5x — 6 is built up in the same way, a being 
— i and h being 6. So it is the product of the tw^o factors (x— l)(x-|-6). 
You can check this by dividing x- + 5x — 6 by (x — 1) or by (x + 0), 
and by multiplying (x — 1) and (x + 6) together. In the same way, 
write down the factors of the following by noticing how they are 
built up, checking each answer first by division and then by multipli- 
cation. 


(a) 4- lOa 4- 24 

{b) + + 6 

(c) x2-3x4-2 

(d) 4- 4w 4- 3 

(e) x2 - lOx -f- 16 

if) /^+/-20 

(g) 


(//) 52_io$4-21 
(0 c2- 12c 4- 32 
(j) 4" 8n — 20 

ik) //2 -f 12/i 4- 20 

(/) _j_ ^ 42 

(m) —y ~ 42 

(„) _ 6 _ 20 


3. By direct multiplication you can show that 
(ax 4- b)(ax — b) — a V — b* 
and (ax 4- by)(ax — by) ~ aV — b^y^ 


Notice that the expression 4x® — 25 is built up in this way from 
(2x — 5)(2x 4- 5), etc., and write down the factors of : 


(a) x2 - 36 

(b) 9x2-25 

(c) 4x2-100 

(d) lOOy" — 25 

(e) 64x2-49 
(/) 81x2-64 
(g) 25x2-16 


(h) 49p2 _ 1092 

(i) 256/2 -169s2 

O') 4p2-9g2 
(k) 

(/) 26n2-9 
(w)» 36/2 „ IQ^ 
(n) 9a2 -49&2 
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Using the *‘surd” sign (-v/”")} down the factors of: 

(o) (r) —2 

(p) 2 - Sa:* (s') 2a? - 3 

(q) 5x^-3 (i) 

4. By direct multiplication show that 

(ax &)(cx + (f) = acx^ + (<^d + ^c)x + bd 


Notice that the espression Ox- — 7x — 20 is built up in the same way 
from the two factors (3x ~f 4) (2x —''6), in which a — 3, & = 4, c = 2, 
and d= — 5. In this way find the factors of the following and check 
by numerical substitution: 


(a) 

3x2 _|_ lOx + 3 

QO 

20x^ 

+ x2 

- 1 

(h) 

6x2 ^ 19^ ^ 10 

(0 

15 + 

4x — 

■ 4x2 

(c) 

6p2 + 5p + 1 

0*) 

G«2 - 

- n — 

12 

id) 

3/2 + 22/ + 35 

(^) 

lox® 

+ 7x 

- 2 

(e) 

6# + 11« + 3 

(0 

7x- 

6- 

2x2 

if) 

6f-lq + 2 

(m) 

15- 

4x - 

- 4x2 

ig) 

llp2 _ 54p + G3 

in) 

7x- 

6x2- 

i-20 


5. By direct multiplication you can show that 


(ax 4- ly) (cx + dy) = acx^ + (ad -}■■ hc)xy + hdy^ 


The expression -f Ixy — 20;^^ is built up in the same way by 
multiplying the two factors (3x — 4y) (2x + 5y), in which a = 3, 
fc “ — 4, c — 2, and d == 5. In this way write down the factors of the 


following, and check your answers 

(a) + lax — 3x^ 

(b) loa®- iGafec- 15I)V 

(c) 

(d) 2d^~-lab-m 

(e) op - 23/y - IHg^ 

(/) 2ln? -}- Uml - 20/a 
(g) 12/i“ — Imn — 12^n2 

6. In arithmetic you are used t' 
shnpler form | by noticing that it i 


by division and multiplication : 

* (h) 36p2 _j- _ 5g2j,3 

(0 14dH- Hdfi - 15^2 

O’) S/2 - 13/5 - I 652 

(k) 9nd -f — 4n^ 

(/) 0^2 pq^ 

(w) 4/2- 25/m + 25;# 


reducing a fraction like 4 j to the 
2x7 

built up as 7 In the same way 

oKi 
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use -your knowledge of how to find factors to simplify the following 
fractions, checking by numerical substitution : 


(a) 

x+3- 

(.h) 

x^ + 2 x 3 ; -f y^ 

(b) 

ix-y) 

X- - >'2 

(0 

(c) 

(X + 3 O 

».2 , ,3 



— y 

O') 

id) 

X ~y 


— 2x3’ + 

■% 

(k) 

(^) 

ax 4 - ay 

ax^ — ay- 


(/) 

42x^yz 

(0 

(^) 

x^ 4- 3x 4- 2 
x^ 4 - r>x 4 - 5 

(»0 


-f 2:g ~f 1 

4- :ix + 2 

■ ‘ 

2 x 2 + a* - 5 

Ox- -49 
3x- 4 14x — 49 

a‘^b -f- ab^ 

4- d-b^ 

Sa^ — 1 
4a^ — 4a -f 1 

2x^ — 3x^ + 4x — 6 
-.‘^2 + 27174 


7. Express the following in the simplest form: 


W j + ; 


(i) 


+ ab^ 
a-i- b 


, ^ , 9x^ — 4y^ 

’‘+y-3r+w 

4b- 

(d) a 4" 26 + - 


0) 

a , 3a 

r+1 ‘ 27+^2 ” 

if) 

a 4“ 26 a — ?ib 

_ _ 

(g) 

7a 3a 

4x 4- 83; 2x 4- 4 

(k) 

X- 4- ‘ixy f- 3’“-^ 


5a 


a -26 

8. Express as a single fraction in its simplest form 


x( x^ ^ 

X +y 


0) 

1 

x4- 1 


„ 0) 

X 

x-y 

ib) 

i 

x4-.i 

1 

X — I 

(/) 

x ~y 
X 4" 3^ 

ic) 

1 

a — b 

■'■1 ' 

a 4- 6 

is) 

X 

y "2 

id] 

a 

a —b 

, -i_ 

^ a + b 

m 

3^-6 


4--W 
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(0 

(i) 

(/^) 

(0 

(m) 


__ 

X- —y^ X —y ' X -\-y 
x + p x + q '2{x -p)(x- q) 
x-V q'^ x-\-p {x+p){x^- q) 

1 2 , i 

t \- + 5 
1 

_ 1 




- -f * 


^24-2/- 
1 


: + 


f~2t~ 15 


‘«4- l J 


^+1 


9. If, following the suggestion of Stevinus, we call j-fj-g-, lO”®, 
illustrate by using concrete numbers for a and h the following rules : 

10* X 10'' = 10*+'' 

10* -r lO** — lO*"* (a greater than h or less than h) 
{Wf = 10*" = (10")“ 

Test the general rules 

«*x «"==«*+" etc. 
using numbers other than 10. 

10. Applying the diagonal rule of p. 97 and the methods of the 
preceding examples, solve the following equations : 


C^) 

x + 2 

3 

+ 1 

5 

{h) 

x + 

a-\- b 

,x-3b 
a-6 “ 

{c) 

1 

1 ^ 

2y -3 

^ 3x - e ■ 

id) 

3 

X - r 

2 

x~2~ 

(^) 

2y - 1 

x + 2 

x-2 

2x 4 1 ■ 

(/) 

X 

Tddl ■ 

X 

X 4 2 


II. (a) A man travelled 8 miles in If hours. If he rode part of the 
Way at 12 miles per hour and walked the rest at .3 miles per hour, how 
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far did he have to walk? {h) A train usually travels at 40 miles an hour. 
On a lourney of 80 miles a stoppage of 15 minutes takes place. By 
travelling the rest of the way at 50 miles an hour the train arrives 
on time. How far from the start did the stoppage take place? 

(c) A manufacturer cuts the price of his goods by 2| per cent. By 
what percentage must the sales increase after the cut to produce an 
increase of i per cent in the gross receipts? 

12. Solve the following equations : 

(a) ^ iix - 210 = 0 

(b) - 2x = 88 

(c) I2x^ -f « = 20 

(d) (Zx 4- 1) (Sx - 5) = 1 

(e) 3:c2 -lx- 136 = 0 

{g) x(x — b)= a{a — b) 

f.s _i L. _ ^ 

^ ^ ;c + 1 2 + X X + 10 

13. (a) Find three consecutive w’hole numbers the sum of whose 
squares is 110. 

{h) A sqtare lawn with one side lying due north and south has a 
border 6 feet wide taken off its south edge. It is then lengthened by 
adding a strip 3 feet wide on the west side. If the present area of the 

lawn is 600 square feet, what was the length of the side of the original 

lawn? 

(c) The circumference of the hind wheel of a w’agon is I foot more 
than the circumference of the front wheel. If the front wheel makes 
22 more revolutions than the hind wheel m travelling a milcj find the 
radius of each wheel. 

(d) In a right-angled triangle-* ABC the hypotenuse is 9 inches 
longer than one of the other sides AC. The remaining side is 2 inches 
less than half AC. Find the lengths of the sides. 

14. The working of E:^mple V on p. 309 can be done in another 
way. The three statements are : 

(i)65==/ (u) 2m-j-8=^/-f r (iii) iOO -/ 
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From (i) substitute 5s for / in (ii) and (iii). Thenj 


2m -f 8 — 6s + s 
and m = 100 — 6s 

Rearranging, we get 2m — 6s ~ 8 (iv) 

m + 5s=100. . , . (v) 


We have here two unknown quantities and two equations. We can 
get rid of oxte unknown by combining the two equations. We com- 
bine the equations by subtracting the left-hand and right-hand sides 
separately. Before we do this we decide which unknown we will 
tr}? to get rid of or eliminate. The easiest one to eliminate will be m. 
To get m to vanish when we add the left-hand sides we must multiply 
(v) by 2. We then obtain 

2w — 6s = — 8 (vi) 

2m -b 10s = 200 .... (vii) 

Subtracting both sides, we get 

- 16s = - 208 
or 16s = 208 
s= 13 

In the present instance this is all we need to know, but if we wanted 
to know m, we put s = 13 in either (iv) or (v), and we have then a 
simple equation which we can solve for m. 

Usually it is necessary to multiply both equations by a different 
factor, as in the following example. 

3x -f 43» = 15 (i) 

2x + 5y.= 17 . .... (ii) 

To eliminate x multiply (i) by 2 and (ii) by 3. 

6x -b 8j> = 30 
6x -b 153» = 51 

Subtract both sides t •^7y ='"--21 
^ = 3 ■ 

Put the value obtained for jy in (i); 

3x+ 12 = 15 
. 3x = 3 

; , - ; \ ■ , , 
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Check by putting the values obtained for x and j; in (it): 

2 -h 15 = 17 

In order to find two unknown quantities we must have two equations 
which make two diiferent statements about them. 

The method for solving simultaneous equations can be summarized 
thus : 

Step 1. — Arrange your equations so that like terms (e.g. x\) come 
under one another. 

Step II. — Decide which unkno^ to eliminate. 

Step III.-— Multiply each term of the first equation by the coefficient 
of the selected unknown in the second equation and vice versa. 

Step IV. — Subtract the left-hand sides and the right-hand sides of 
your equations. 

Step V. — Solve the resulting simple equation. 

Step VI. — Substitute the value obtained in one of your original 
equations and thus find the second unknown. 

Step VII. — Check by substituting for both unknowns in the other 
original equation. 

Equations involving three unknowns can be solved in a similar 
manner. Three equations are required. By taldng them in two pairs 
we can eliminate one unknown from each pair, and thus obtain two 
equations with two unknowns. 

2a: -f 3jy = 

3a: + 43 ; = 5.a -j- 4 

Sx — 3z—y — 2 


Rearrange: 2x By — 4:Z = 0 (i) 

Sx-i-iy — 5z — 4: . (ii) 

5x -- y -^Bz— ~ 2 (iii) 

Eliminate y from (i) and (iii) by multiplying (iii) by — 3 : 

2x -\-Zy-^4z=^0 
- Ux + By + 9z = 6 

llx-lBz^^ — Q , .... (iv) 

Eliminate y from (ii) and (iii) by multiplying (iii) by — 4. 

Bx + iy ~ 5z = 4: 

20a: - f- 4_y -j- 12^: == 8 • 

„ 23*- .. .. .. .. (v) 



340 The Damn of Nothing or 

(iv) and (v) can now be solved for x and z as before. By substituting 
the values obtained in (i) y can be found and all three values checked 
from fii) and (iii). 

Solve the following equations : 


(a) 

X = 5y ^ 

(e) 

x + y==22 


j = 8 


y + z ~ 2i) 

Q>) 

2y = 4:c 


z x= 24 


S.t ~ 5y ~ 4: 

(f) 

2x + ly = 48 

ic) 

X = 6 ^v - 4 

IO 3 ; — 3x = 2 


5y~2x = 24 
x^y + z= 10 

(i) 

60.V - lly = 285 
75x - 19j; = 300 




15. The following problems lead to simultaneous equations : 

{a) The third term of an A.P. is 8, and the tenth term is 30. Find 
the seventh term. 

(b) The fourth term of an A.P. is — I- and the seventh term is . 
Find the first term. 

(c) In a room, twice the length is equal to three times the breadth. 
If the room were 3 feet wider and 3 feet shorter it would be square. 
Find the measurements of the room. 

(d) A hall seats 600 people, with chairs in rows across the hall. 
5 chairs are taken out of each row to provide a passage down the middle. 
In order to seat the same number of people, 6 more rows have to be 
added. Find the original number of chairs in a row. 

(e) Two towns P and Q are 100 miles apart on a railway line. There 
are two stations R and S between them. The distance between R and S 
is 10 miles more than the distance be^een P and R, and the distance 
between S and Q is 20 miles more than the distance between R and S. 
Find the distance between R and S in miles. 

16. Give the nth term of the following series : 

(a) by using triangular numbers, 

(&) by using vanishing triangle : 

(i) 1, 6, 15, 28, 45 (iv) 1, 7, 19, 37, 61, 91 

(ii) 1, 6, 18, 40, 75 (v) 1, 4, 10, 19, 31, 46 

(iii) 1, 20, 75, 184, 366, 636 (vi) 1, 5, 13, 25, 41, 61 
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17. Expand the following, 

(a) by the binomial theorem, 

(p) by direct multiplication: 

(i) (^e + 2)« (iv) {2x+\f 

(ii) (a + bf (v) (3a -- 2b'f 

(in) (x+yy (yi)-(x~-iy 

Check your results by repeated division. 

18. Using the binomial theorem, calculate to four decimal places; 

(i) (1-04)3 (iii) (M2)^ 

(ii) (0-98)S (iv) (5-05)3 

19 . Represent 272 and 8,573 in Maya calendar-script, and multiply 
27 by 343 in the Maya calendar-notation as it would have been done 
if the Arabs had reached America before Columbus. 


THINGS TO MEMORIZB 

1. If:c2-l-ajc 4-6 = 0 

— a ± V — 46 

2. a® = 1, whatever a is, apart from 0 

a- = 4 

a” 

3. (a + by = a» + na»-^b 4- 

^ ~ ^V-363 ... 4- 6” 


NUMBER GAMES TO ILLUSTRATE ALGEBRAIC SYMBOLISM 

1. Think of a number. Multiply Ehe number above it by the number 
below it. Add 1. Give me the answer. The number you thought of is 
(the square root of the answer). 

The explanation of this puzzle is as follows. Let the number thought 
of be a. The number above is a -f- 1, the number below is a~ I, 
and (a — 1) (a 4~ 1) = — L Add 1 and you, get a^. By taking the 

square root of the number given you get the number thought of. 
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This sort of game can go on indefinitely, and will provide good 
practice in the use of symbols and factorization. Here are some more. 

2, Think of a number less than 10. Multiply it by 2. Add 3. Multiply 
the answer by 5, Add another number less than 10, Give the answer. 
To tell what the nun^ers thought of are, subtract 15 from the answer. 
Then the digit in the tens place is the first number thought of, and the 
digit m the units place is the second number thought of. 

In algebraic language. 

(2a + 3)5 + & =/ 10a + & + 15 

3, Think of a number. Square it. Subtraa 9. Divide the answer by 
the number which is 3 more than the number you first thought oT 
Give the answer. What is the number thought of? Explain this in 
algebraic language. 

4, Think of a number. Add 2, Square the answer. Take away four 
times the first number. Give the answer. What is the number thought 
of? Explain this, and make up some more for yourself, 

6. Express in symbolic form the statement: if each of two different 
numbers is exactly divisible by a whole number x, their sum and their 
difference are each also divisible by x. Hence use the methods on 
pages 205 and 29G to explore the following rules for the decimal 
notation : 

(a) A number is divisible by 5 if its last digit is 6 or 0. 

(b) A number is exactly divisible by 3 if the sum of its digits is 

exactly divisible by 3, and by 9 if the sum of its digits is exactly divisible 
by 9. ^ 

(c) A number is divisible by 4, if the last two; by 8, if the last three; 
by 16 if the last four digits are divisible by the same number (i.e. 4, 
8, 16 as the case may be). N,B-^Us^e(6) and (c) in the last example to 
find a rule for factors of 6 and 12. 

(d) From the fact that 1001 is exactly divisible by 7, 11, and 13, 
justify the rule that a number of 6 digits is divisible by one of these 
numbers if the difference between the number represented by the 
first three and last three digits (in their appropriate order) is so 
divisible. Extend the r«le to any numbers of more than 3 digits. 
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THE WORLD ENCOMPASSED 

or 

Spherical Triangles 

As early as the tiirie when the Great Pyramids were built, and possibly 
at a far earlier date, the ancient priesthoods of Egypt and Sumeria 
were well acquainted with two &cts about the stars. One is that the 
same interval of time always elapses between the moments when any 
two particular stars cross the meridian, i.e. reach their highest point 
in the heavens on the great imaginary circle which passes through 
the north point of the horizon, the pole star, the zenith,* and the 
south point. The other is that at any particular place the angle between 
a star and the horizon line (its altitude) or the zenith (its zenith dis- 
tance) is always the same at the moment when it is making its meridian 
transit. The ancient calendar-priesthoods had to rely on hour-glasses, 
like the ones which used to be sold to time the boiling of an egg, for 
recording the times of transit, and as they did not travel much, they 
did not fully realize the importance of what they knew. When the 
priests had ceased to be practical men, and anotlier class of practical 
men, the Phoenician mariners, were gathering new infonnation about 
the heavens, a second step of great importance was made. The maritime 
Greeks already knew that the difference between the meridian zenith 
distance of any two stars measured at two different places is the same. 
Thus at Memphis (Lat. 30° N.) Sirius transits 46-|° S., and AJdebaran 
roughly 14° S. At London (Lat. 61|°N.) Sirius transits 68° S., and 
Aldebaran roughly 35|° S. In each case the local difference is 21 1°. 
The maritime peoples of the ancieht world recognized that this was 
because the stars have a fixed relation to each other, and because the 
earth itself is round. One reason why they knew the world was romd 
was because the circular shadow’ of the earth could be seen when it 
occupied a position in the heavens in line witli the sun and moon 
during a lunar ecKpse. They were also well acquainted with the daily 
experience of ships sinking on the horizon, and they had learned 
from travel that new constellations appeared or familiar ones sardc 

* Refer to Figs. 4, 8, and 13 in Chapter 2 to -make stire you know the 
meaning of altitude, zenith distance, and azimuth before reading this chapssj. 
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below the horizon, as they sailed further south or north. Till about 
250 B.G. they had very little knowledge of distances. About that time 




Fig, -so? 


Note that at noon the sun lies directly over the observer’s meridian of longitude. 
Syene and Alexandria have nearly the same longitude. So the sun, the two 
places, and the earth’s centre may be drawn on the same flat slab of space. 


lirato.sthenes made the first measurements of the size of the earth. 
Tius was followed by" the invention of maps. The first maps were 
maps of the heavens. Earth maps depended on star maps, and grew 
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by easy stages out of them. Hipparchus, whom we have mentioned io 
Chapter 6, mapped the position of a thousand and eighty feed stars. 

The construction of star maps provided the necessary technical 
foundation for the Great Navigations, and we shall see later that 
map-malting played a great part in stimulating the discovery of new 
mathematical tools in the period which followed them. In a.d. 1420 
Henry, then Crown Prince of Portugal, built an observatory on the 
headland of Sagres, one of the promontories which terminate at C&pe 
St. Vincent, the extreme south-west point of Europe. There he set 
up a school of seamanship under one Master Jacome from Majorca, 
and for forty years devoted himself to cosmographical studies while 
equipping and organizing expeditions which won for him the title 
of Henry the Navigator. For the preparation of maps, nautical tables, 
and instruments he enlisted Arab cartographers and Jewish astronomers, 
employing them to instruct his captains and assist in piloting his 
vessels. Peter Nunes declares that the prince’s master mariners were 
well equipped with instruments and those rules of astronomy and 
geometry “which all map-makers should know.” The development of 
astronomy once more became part of the everyday life of mankind, 
and the new impetus it received from the growth of maritime commerce 
was reinforced by the introduction of the clock and the telescope, 
two new technical inventions which emerged from the world’s everyday 
work in a different social context. 

Between the fall of Alexandrian civilization and the rise of European 
navigation considerable progress in the mathematics of map-making, 
or, as it is sometimes called, spherical trigonometry^ was made by the 
Arabs, though all the basic principles were laid down earlier. Some of 
this chapter is likely to prove difficult, unless you have done Exercise 
10 on p. 279, and it may be well to skim pages 425-430 before read- 
ing it. Later chapters do not depend on it, and it is only put in because 
it helps you to understand how mathematics grew to meet the practical 
requirements of human life. If you have any tiun for carpentering, it 
will also show you how you can apply mathematics to astronomical 
problems for which you can collect your own data with home-made 
instruments. 

THE CONSTRUCTION OF A STAR MAP 
On a country walk we recognisr our whereabouts by familiar land- 
marks. The mariner’s landmarks are the stars. Jf you were stranded on 
an uninhabited island after weeks of fever, you could tell whether 
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yoo were south or north of the equator by the appearance of the 
heavens. North of it you would be able to see the pole star^ and at 
some time of the year the Great Bear. South of it you would not see 
the pole star, you would see the Southern Cross and other constel- 
lations which are not seen in the latitude of London and New York. 
If you live south of the equator, you tannot find your latitude by taking 
the altitude of the pole star, as explained on p. 167 in Chapter 4, 
because there is no bright star which shines very nearly above the 
south pole. Star maps, which the Alexandrians were the first to 
construct, show you how to find your latitude in any part of the earth 
by the bearings of any star which is hot obscured, as the pole star often 
is obscured, by douds. With their aid and the accurate knowledge of 
Greenwich time, the mariner can also find his longitude at any hour of 
the night from the position of any star. So he does not have to wait 
for noon each day to find where his ship is located. 

In an ordamiy globe the position of a place is represented by whem 
two sets of circles cross. One set of “great” circles, which all intersect 
at the poles, have the same radius as the globe itself. These are the 
meridians of longitude which are numbered according to the angles 
which they make with each other at the poles when the globe is viewed 
from above or below, and equally, of course, by the fraction of the 
circumference of the equator (or of any circle bounding a flat slab 
parallel to the slab bounded by the equator) cut off by them. Thus the 
angle between Long. 15° W. and 45° W. at the pole is also the angle 

formed by joining to its centre the ends of the arc which is — 

or of the circumference of any circle parallel to the equator. 
The other set of circles are the small* circles of latitude. These are 
numbered by the angle between any point on the boundary, the earth’s 
centre, and a point on the equator in the same meridian of longitude 
as the point of the boundary chosen. Thus the angle between Lat. 15° N. 
and Lat. 45° N. is the angle at the earth’s centre made by an arc 
of the circumference of a circle of longitude (or of the equator 
itself)- Qrcles of latitude form the boundaries of flat slabs (“planes”) 
drawn at right angles to the polar axis round which the earth, rotates, 
i.e the .axis round which the sun and stars appear to turn. Circles of 
longitude bound the rim of flat slabs (“planes”) which Intersect a? 
the poles. 

* One circle of latjtude'CO”, the equator) is a great circle, i.e. a circle with tht‘ 
i'au-ie radius as tlje sphere on which it is traced 



spherical Triangles 347 

This way of mapping out the world arose from the discovery that 
the fixed stars all appear to rotate at the same rate in circular arcs 
lying in parallel layers at right migles to the line which joins the eye 
to the pole in the heavens (i.e. approximately speaking, to the pole 
star in the northern hemisphere). The elevation of this line above the 
horizon (which, as W'e saw' on p., 1G7, is the latitude of the observer) 
is different at different places. It becomes greater as we sail due 
north, i.e towards the pole star, and less as we go due south, i.e. away 
from the pole star. At any particular place one and the same .star 
always has the same elevation ^ove the pole, and hence makes the 
same angle with the zenith as it crosses the meridian. The fact that 
the stars appear to rotate in circular arcs lying in parallel layers at 
right angles to the polar axis is shown by the fact that the difference 
between the meridian zenith distances of any star at two places is 
the same as the difference between the elevation of the pole as measured 
at the same two places, and it can be demonstrated directly by fixing 
a shaft pointing straight at the ceiestia) pole and fixing a telescope 
(or a piece of steel tube) so that it can rotate at any required angle 
about the shaft itself as axis (Fig. 108). If the telescope is now clamped 
at such an angle as to point to a particular star, we can follow the 
course of the star throughout the night by simply rotating it on its 
free axis without lowering it or raising it. If it is set by very accurate 
modern clockwork so that it can turn through 360° in a sidereal day 
(i.e. the time betw'een two meridian transits of any star whatever), it 
will always point to the same star. The fact that any particular star 
crosses the meridian exactly the same number of minutes after 01 
before any other particular star suggested to the astronomers of 
antiquity that they were spaced out on great fixed circles all intersecting 
at the celestial poles. 

Thus each star can be given a^osition in the great imaginary sphere 
of the heavens, fixed by the crossing of two drdes (Fig. 109), a great 
circle of Right Ascension (comparable to our meridian of longitude) 
cutting all other similar circles atjhe celestial poles, and a small circle 
of Declination (comparable to our parallels of latitude), aO lying on 
planes at right angles to the polar axis. A circle of declination is 
numbered in the -oame way as circles erf latitude by the angle which 
the tw'o points where it and the celestial equator are cut by the meridian 
make at the centre of the earth (Fig. 110). What we call the earth’s polar 
axis is only the axis about which the stars appear to rotate, and what 
we cal! the plane of the earth*s equatar is therefore only the slab of the 
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earth where it is cut by the plane of the heavenly equator. The line 
which ioins an. observer to the centre of the earth (see p. 162 ) goes 



A simple “equatorial” made with a piece of iron pipe and wood. The pipe 
which serves for telescope rotates around the axis A fixed at an angle L (latitude 
of the place) due north. When it is clamped^ at an angle PD (the “polar distance” 
of the star or 90* — Declin.) you can rotate it about A as the star (S) revolves, 
keeping S always in view. 

through his zenith, cutting his parallel of latitude and a corresponding 
declination circle in the heavens. Any star on such a declination 
circle will pass directly above an observer anywhere on the corre- 
sponding circle of latitude once in twenty-four hours. So once the stars 
had been mapped out in this way to act as landmarks in navigation, 
it was an easy step to ifiap out the globe in a similar way. 
it is imporiant to bear in mind that mapping stars in this way is 
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merely a way of telling us in what direction we have to look or point 
a telescope in order to see them. The position of a star as shown on 

Zauth 




Fig. 109, — Apparent Rotation of the Celestial Sphere 
The position of a star (T) in the celestial sphere may be represented by a point 
where a small circle of declination which measures its elevation above the 
celestial equator intersects a large circle of Right Ascension (R.A.). All stars 
on the same declination circle must cross the meridian at the same angular 
divergence from the zenith and are above the observer’s horizon for the same 
length of time in each twenty-four hours. The arc PT or flat angle POT 
measures the angular divergence of the star from the pole (polar distance) and 
is hence 90°—Declin. All stars on the same great circle of R.A. cross die meridian 
at the same instant. The angle between two R.A. circles measures the difference 
between their times of transit. The angle h between the plane of the meridian 
and the R.A. circle of the star is the angle through which it has rotated since 
it crossed the meridian. If h is 16° it crossed the meridian one hour ago. So h is 
called the hour angle of the star. If the hour angle is h degrees, the star made 
its transit /i -f- 15 hours previously. 

the Star map has nothing to do with how far it is away from us. 
If you dug straight down following the plumb-line (see p, 162 ), you 
would eventually reach the centre of the earth; and the bottom of a 
straight well, as viewed from the centre of the earth, if that were 
possible, would therefore be exactly in line with the top. It has the 
same latitude and longitude as the latter, though it is not so far away 
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from the earth’s centre. The latitude or longitude of the bottom of 
a mine is the latitude and longitude of the spot where the line joining 
it with the centre of the earth continued upwards cuts the earth’s 
surface. So the declination and right ascension of a star measure the 
place where the line joining the earth’s centre and the star cuts an 

* PoU 



Fig. 110.-— Small Circles of Latitude on the Terrestrial and op 
Declination on the Celestial Sphere 


imaginary globe whose radius extends to the furthermost stars. In a 
total eclipse the sun and the moon have tlie same declination and 
R.A. just as the top and bottom of a mine have the same latitude and 
.longitude. This means that the sun and moon are directly in line with 
the centre of the earth iihe the top and the bottom of a mine. 

At noon the sun’s shadow lies on the line joining the north and 
south points of the horizon. This is also the observer’s meridian 
longitude which joins the north and south poles. The sun itself lies 
at noon on the imaginary circular arc or celestial meridian which passes 
through the celestial pole and the zenith. The celestial pole is in line 
with the eartli’s pole and the earth’s, centre. The zenith (Chapter 4, 
p. 162) is in line with the observer and the earth’s centre. So the 
celestial meridian, the earth’s centre, and die observer’s meridian of 
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Fig. in . — h Star at Meridian Transit Lies in the Same Plane as the 
ObserveRj the Earth’s Poles, the Zenith, the South and North Points 
OF the Horizon, and the Earth’s Centre 

A straight line which does not lie on some particular fiat slab of space (or 
plane) can only cut it once. A straight line v?hich passes through more than 
one point on a plane therefore lies •bn the same plane as the points through 
which it passes. The plane bounded by the observer’s great circle of longitude 
and the earth’s axis includes as points the earth centre, observer, and the 
earth’s poles. The line joining zenith and observer passes also through the 
earth centre, i.e. through more than"one point on this plane. Hence it lies 
wholly on the plane. The north and south points of the horizon are simply 
points where lines from the earth centre through the meridian of longitude 
pierce the horizon plane. They must also lie in the same plane as these lines. 
So south and north points, zenith and observer are all in the same plane with 
the earth centre and poles. A circle can only cut a plane in which it does not itself 
lie at two points. The circle drawn through the north and south points and the 
zenith passes through more than two points in the game plane, and therefore 
lies wholly on it. So any point on this imaginary circle (the ceJesriaJ meridian) is 
also on iL 
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longitude all He in the same flat slab of space (Fig. ill). When, at the 
moment of its meridian “transit,” the sun or a star is at its highest 
point in the heavens, we can therefore apply the rules of flat geometry 
which show (Figs. 61 and 62) that the observer’s latitude is con- 
nected in a very simple way with the decHnation of any heavenly 
body and its zenith -distance. By observing the zenith distance of a 
s.tar at meridian transit, we can at once find its decHnation, if we know 


5taj“ d&cUoidian. d. , — 

Zenlik dLst.y, 

(twrth) A 

Z<mav< 

/ 

/ 




' \ 

Stardacl. 
Zenith- 



Two stars in the northern half of the celestial sphere, one crossing the meridian 
north, the other south of the zenith. If the star crosses north : Declin. = Lat. 
of observer + meridian zenith distance. If it crosses south: Lat. of ob- 
server »= Declination + meridian zenith distance, i.e. Declin. = Latitude of 
observer — meridian zenith distance. 


our latitude, and conversely, if we have once determined its decHnation 
we can always determine our latitude. As there is always some star 
near the merdian this means that the mariner can determine his latitude 
at any time of the night with the aid of the star map or tables giving the 
decimation of stars. For a star which transits north of the zenith 
(Figs. 112 and 113) in a northerly latitude the formula is simply 

Declination = Observer’s latitude meridian z.d. 

For a star which transits south of the zenith the formula is 

DecHnation = Observer’s latitude — meridian z.d. 

^ ’The first formula holds for all situations if we reckon zenith distances 
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As explained in Chapter 4, p. 167, the observer’s (O) latitude is the angle 
between the horizon and the celestial pole (P), i.e. PON. Hence the angle 
ZOP is 90“ - Lat. (L). 



Star A transiis navQx of ^ ’Zzruth 


For a star (A) which transits north of the zenith: 

ZOP = AOP + zenith distance (z.d.) 

Since the star’s declination is the angle it makes with the celestial equator which 
is at right angles to the polar axis : 

Declin. = 90® — AOP 

= 90® - (ZOP - z.d.) 

= 90® - (90® - lat.) + z.d. 

A Declin. = Lat. + z.d. 





Star B ttansits sonzOv cf tb& 'Zenxi^ 


For a star (B) which transits south of the zenith: 

Declin. + z.d. = 90® — ZOP = 90° — (90° — lat.) 

Declin. = L.at. — z,d. 

Fig. 113.— Latitude, Declination, and Zenith Distance at Meridian- 
Trjwsit 


Mathematics for iht Million 


M 
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measured south of the zenith as negative and latitudes or declinations 
south of the terrestrial or celestial equators as negative. The observer’s 
latitude is the same thing as the elevation of the pole above the 



Noon at Greenwich on March 21st. Showing relation of R.A. longitude and 
time. At noon the R.A. meridian of the sun in the celestial sphere is in the 
same plane as the longitude meridian of the observer. If you are 30® W. of 
Greenwich the earth must rotate through 30® or iV of a revolution, taking 
2 hours before your meridian is in the plme of the sun’s, or the sun must appear 
to travel through 30° before its meridian is in the same plane as yours. Hence 
your noon will be 2 hours behind Greenwich. 

A clock set by Greenwich time will record 2 p.m. when the sim crosses your 
meridian, i.e. at noon local time. If the date is March 21st when tlie sun’s R.A. 
is 0, a star of right ascension 6 hours will cross the meridian at 6 p.m. local 
time. If it crossed at 8 p.m. Greenwich time your clock would be 2 hours 
slow by Greenwich, so your longitude would be 30“ W, The figure shows the 
anticlockwise rotation of the stars looking northwards, so the south pole is 
nearest to you. 

horizon (Chapter 4, p. 167). Wheq. there was no bright pole star, as 
in Alexandrian times, this was done by taking the average altitude of 
any star near the pole when it was at its highest point above and its 
lowest point below the meridian. Of course this could be done at any 
particular place before people had begun to interpret it as we do. 

Just as we can find the latitude of a place by observing the zenith 
distance of any star st meridian transit if we know its declination 
Ocom the star map, we can also get our longitude by observing the times 
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of mendian transit of any star, if we know its right ascension (Figs. 
IMj 115, and 116) on the star map and have a chronometer set by 
standard time. Circles of terrestrial longitude are nowadays num- 
bered in degrees from 0° to 180° east and west of the Greenwich 
prime meridian (0°). Right ascension is always reckoned east of the 



The star shown (R.A. 6 hours) makes its transit above the meridian at noon on 
June 21stj and midnight on December 21$t, i.e. it is a winter star like Betelgeuse. 


celestial meridian on which the “First Point of Aries” lies. This is the 
Celestial Greenwich, and is denoted by the astrological symbol T . 
It is the position the sun occupies at the vernal equinox (March 21st). 
The celestial sphere appears to turn through 360° in 24 hours. So it 
is more convenient to number the circles of R.A. in hours and minutes, 
from 0 to 24 hours. Since it appears to rotate from east to west, a 
star which has the R.A, 13 hours 21 minutes (e.g. Spica in the con- 
stellation of Virgo) crosses the meridian 13 hours and 21 minutes 
after the sun crosses the meridian at the same place on the day of the 
vernal equinox. That is to say, it crosses the meridian at 1.21 a.m. local 
time. If at the moment of transit, the Radio announcer gave Greenwich 
time as 10.21 p.m., you would know (see footnote, p. 357) that you. 
were 3 hours in advance of Greenwich time, and that when it was noon 
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at Greenwich your local time was 3.0 p.m. So your longitude (see 
Fig. 63j p, 169) would be 3 X 15® = 45® East of Greenwich. 



zzr 


Fig. lie.— Star Map (or Planisphere) to Illustrate Relation of Right 
Ascension to Local Time of Transit ^ 

If the sun’s R.A. is x it transits x hours after the zero R.A. circle or First Point 
of Aries. If the star’s R.A. is y, it transits hours after 'y . The star therefore 
transits y ~ x hours after the smij i.e. its local time of transit is Cy — *). Hence 
Star’s R.A. — sun’s R.A. * Local time of transit. 

It may happen that the difference is negatives as in tlie example in the figure» 
the local time of transit being — 15.9, i.e. 16 hours 9 minutes before noon, 
which is the same as 8 hours 61 minutes after noon (8.51 p.m.). The figure 
shows that the sim transits 3 hours before t » and the star 5 hours 51 minutes 
after, making the time of transit as stated. The orientation is the same as in 
Fig. lU. 

At odier times of the year you would have to make allowance for the 
fact that the sun’s position relative to the earth and fixed stars changes 
through 360° or 24 hours of R.A. in 3651 days. The exact values of 
the sun’s R.A. on each day of the year are given in the nautical almanacs, 
for the preparation of which modem Governments maintain tlieir public 
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obsemtories. Without tables you can calculate the time reckoned from 
local noon roughly as follows (Fig, 116). Since the stars reach the 
meridian a little earlier each night, the sun appears to retreat fiirther 
east, and its R.A. increases approximately by fff or 1° or 3 ^ hour 
(4 minutes) in time units per day. Suppose, then, that Betelgeuse transits 
at a certain time on March 1st. The sun then ha^ 20 days to retreat east 
before it reaches the First Point of Aries, i.e. it will cross the meridian 
80 minutes (1 hour 20 minutes) before the First Point of Aries. If the 
R.A. of Betelgeuse is 5 hours 51 minutes, it crosses the meridian 5 hours 
and 51 minutes later than T, an4 hence 1 hour + 20 minutes + 5 hours 
51 minutes = 7 hours 11 minutes after noon. So the local time is 
7.11 p.m.* The sun’s declination also changes from + 23-|° on the 
summer solstice to — 23-|-° on the winter solstice. From the tables of 
its values in Whitaker's or the Nautical Almanac you can get your 
latitude from the sun’s z.d, at noon on any day of the year, just as you 
could from the z.d. of a star at meridian transit. 

When you look through the window of a moving train at a stationary 
one, you caimot be sure, as you pass it, whether you are, it is, or both 
you and it are moving relatively to the landscape. So there is nothing 
at first sight to tell us whether the celestial sphere revolves daily and 
the sun retreats annually around the earth, or whether the earth revolves 
on its own axis daily and moves annually in its orbit around the sun. 
Since the stars are immensely far away, all our calculations hold good 
cither way, and the view which Hipparchus and the Arabs took is 
simpler for most practical purposes. But it is not simpler when we 
come to deal with another class of heavenly bodies. If any fixed star 
crosses the meridian so many hours and minutes after noon, it will 
do so again after the lapse of a year, when the sun has once more the 
same position relative to it and to the earth. This is not true of the 
planets which change their positions relative to the stars, so that the 
R.A, and declination of a planet are not fixed. The way in which 
the planets change their position attracted attention in very early times 
for several reasons. One is that several of them are exceedingly con- 
spicuous-much brighter than the most brilliant stars. Another is 

* For simplicity no reference is made to the correction called ''the equation 
of time'" explained in the Almanacs. Broadcast time is Greenwich mean timCi plus 
one hour in “summer time,” which dijffers from Greenwich local time by a few 
minutes varying in the course of the year. Mean time is used because the solar 
day (noon to noon) varies in length throughout the year, and a clock cannot be 
made to keep in step with it. So an average solar day is taken as the basis of time 
and the time of noon is shifted backwards and forwards by a certain number of 
minutes at different seasons. The difference is tabulated. 
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that they all move near the belt through which the sun and moon 
revolve. At certain times they may have the same R.A. as the moonj 
and if they also have the same declination within they are eclipsed 
or “occulted” by it. Such events were watched for in ancient times. 
When there were no portable timepiecesj the sky, with the moon or 
a planet as hour-han^, was the only dock available for identifying 



Fig. 116a.-~Finding Longitude by Lunar Eclipse 
Before the invention of the chronometer knowledge of local time and estimates 
of longitude depended upon observation of the interval between noon and some 
celestial signal such as an eclipse of the moon, or the occultation of a planet or 
star by the moon’s disc. The interval was measured with hour glasses or crude 
clocks which would not keep time accurately over a long voyage. The principle 
of the method is shown in this figure, which is drawn like Fig. 114 with the 
South Pole nearest to the observer. You see the meridians on which Aden and 
Greenwich He at the moment when a lunar eclipse is beginning. If your almanac 
tells you that it is calculated to begin at 6.0 p.m. by Greenwich time, and you 
observe it at nine hours after local noon at Aden (9.0 p.m. Aden time), you 
know that Aden time is three hours fast by Greenwich, and that Aden is therefore 
46“ East of the Greenwich meridian. ^ 

simultaneous moments at places far apart on the earth’s surface. 
Eclipses and occultations were first used, originally those involving the 
moon. In this way it could be seen that noon was not simultaneous 
at ah places. When tables of the moon’s position had been worked 
out, the angular distance of the moon from any bright star could 
be used. 

Before chssiaometers were invented there was no practicable way of 
finding longitude at sea* except by using the moon’s position. Most of 
riie methods are complicated but the one based on an eclipse of the 
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moon is readily explained. This was how the pilots of Colmnbus, 
Amerigo Vespucdj and Magellan, trained in Arab astrology, were able 
to define the position of America on the world map (see Fig. 116a). 
So knowing exactly where the planets are lotated was a matter of some 
practical importance in the period of the Great Navigations, when 
Copernicus and Kepler showed that their positions can be calculated 
more accurately and far more simply if we reject the common-sense 
view of the priestly astronomers. 

To calculate the courses of the planets the flat geometry which we 
have learned so far is quite useless, for a simple reason which you will 
see easily enough if you consider the behaviour of the planet Venus. 
On one night of the year the difference between the R.A. of the sun 
and that of any particular fixed star will be 12 hours. So it will cross 
the meridian at midnight. On such occasions the earth and the celestial 
poles wili lie in the same plane as the sun and the star. Venus never 
crosses the meridian after dark. It is always seen setting just after sun- 
set, or rising just before sunrise (Fig. 117). According to the modem or 
Copemican view this is merely because it revolves hetioeen the sun 
and the earth. As the earth turns away from the sun it only becomes 
visible after our meridian has passed it by. As the earth rums towards 
the sun it ceases to be visible with the naked eye, because the sun rises, 
before our meridian reaches it. Thus we cannot find the R.A. or declination 
of Venus and trace the way it changes by finding its meridian zenith 
distance and time of transit. We can calculate them by finding its zenith 
distance when its position in the celestial sphere has apparently 
revolved through a measurable angle from the meridian if we use a 
different kind of geometry in making our calculations. 

We have seen how to represent the position of a star in the heavenly 
sphere by small circles of declination parallel to the celestial equator 
and great circles of R.A. intersecting at the celestial poles. Such a 
map is true for all places, and is relevant to any time.* Similarly at any 
fixed moment at a particular place we can represent tlie position of 
a star by small circles of altitude parallel to the circular edge of the 
horizon and great circles of azimuth intersecting at the zenith (Fig. 118). 

* The last stat.ement is only approximately true, and requires several 
qualifications, the most important of which is the phenomenon of the 
“precession of the equinoxes” discovered by the Babylonian astronomers. 
The earth’s axi.s of rotation changes its direction slowly in the course of 
centuries, so that what is now the pole star, i.e. the star almost directly 
over the north pole, is not the pole star of the time when the pyramids vjptp 
built. 
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The altitude circles are numbered by their angular elevation above 
the horizon plane as declination or latitude circles are nmshered bj 
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The inferior planets, Mercury and Venus, have always passed the meridian 
when they become visible or have not yae reached it when they cease to be 
visible. Earth seen with South Pole towards the reader 


their elevation above the equator plaije. An azimuth circle is numbered 
in degrees off the meridian by joining to the observer the ends of an 
arc on the horizon plane iutercepted by the meridian and the azimuth 
circle, in Just the same way as a circle of longitude is numbered by 
the angle between the end of an arc of the equator intercepted by it, 
the centre of the earth, and the point where the equator is cut by the 
Greenwich meridian. The azimuth of a star is therefore its east/west 
bearing with reference to the meridian. If you have mounted your 
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home-made astrolabe or theodolite of Fig. 119 to revolve vertically 
on a graduated base set so that 0° points due south or northj the azimuth 
of a star is the angle through which you have to turn the sighting mbe 
(or telescope) on its base, and the altitude is obtained by subtracting 
from 90° the zenith distance. If the protractor is numbered reversibly 



The horizon bearing or altitude is 90° — z.d. The zenith distance z.d. is 
measured by the arc TZ or the flat angle ZOT in the azimuth plane. The 
meridian bearing or azimuth is the arc NQ which in degrees is the flat angle 
NOQ or the angle between the meridian plane NZS and the azimuth plane 
ZOQ. 

from 0° to 90° and 90° to 0°, you can, of course, read off the altitude 
at once. ^ 

If you fix your telescope towards a star and turn it freely a little 
later to the place where the star is then seen, you sweep out an arc 
on the celestial sphere like the course of a ship on the high seas. If 
you think about the way in which ships actually sail, you will see that 
they never sail in the straight lines of Euclid’s geometry. They have 
to sail in arcs of circles on the curved surface of the globe. The shortest 
arc between two points is the one which is least bent, hence the one 
with the greatest radius, which is the radius of the globe itself. So 
the shortest distance between two points for purposes of navigation 
is not the Euclidean straight line, but the “great” drcle which passes* 
■ M* ' 
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through them. If two ships travel from A to B, one in the most direct 
Course, the other without changing its latitude till it gets to the longitude 
meridian of B, and then along the latter until it reaches B, the two 
courses form a three-sided figure, of which the sides are circular 
arcs. Similarly, when a star appears to move along its declination 


« 1 



Fig, 119.— Home-made Apparatus for Measuring Azimuth as well as 
Z.D,, or Altitude of a Star 

The materials are three blackboard protractors (you can make tliese with a 
fretwork set), a piece of iron tube (gas pipe), and a plumb-line. 

circle in the heavens we have to rotate our eye horizontally along 
an arc of altitude and vertically along an arc of azimuth to follow its 
course. The apparent movement of the star and the tnovement of 
our eye or our telescope trace out a triangle with curved sides in the 
celestial dome. In reaching any point in the heavens a star has to 
rotate about the polar axis through a certain angle away from the 
meridian, while our telescope has turned through a definite angle 
about the zenith axis, and the star has turned through a certain angle 
along its declination circle, while our telescope has been tilted through 
a definite angle to the* horizon plane. As tlie polar axis is fixed at a 
‘fixed angle to the horizon plane, we should expect that aU these quanti* 
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ties are connected, |ust as a ship’s shortest course Is connected with 
the latitude and longitude of its port of departure and destination. For 
both problems we need to know what sort of connections to expect 
between the parts of figures which have curved sides. 

SPHERICAL TRIANGLES 

Fig. 120 shows a globe in which three flat planes have been slicecl 



Fig. 120. — Intersecting Flat Planes on which Three Great Circles op 
A Sphere Lie 

through two meridians of longitude (along PA and PB) and through 
the equator (AB). Each of these planes cuts the surface of the terrestrial 
sphere in a complete circle, the centre of which is the centre of the 
sphere. Where they intersect on the surface, they make the comers of a 
three-sided figure of which the sides are all arcs of great circles^ i.e. circles 
with the same centre and the same radius as the sphere itself. Such a 
figure is called a spherical triangle. It has three sides, PA, PB, and AB, 
which we shall call b (opposite B), a (opposite A), and/). It has also three 
angles B, A, and P (PBA, PAB, and APB), ^at you already kno,w, 
about a map will tell you how these angles are measured. The angle 
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APB is simply the difference of longitude between the two points 
A and B marked on the equator, and it is measured by the inclination 
of the two planes which cut from pole to pole along the axis of the 
globe. You will notice therefore that, since the earth’s axis is at right 
angles to the equator plane, the plane of AB is at right angles to the 
plane of PA and of PB; and since we measure angles where two great 
circles traced on a sphere cut one another by the angle between the 
planes on which the great circles themselves lie, the spherical angle 
PAB is a right angle, and so is PBA. Thus the three angles of the 
spherical triangle are together greater than two right angles, an important 
difference between spherical triangles and Euclid’s triangles. In prac- 
tice, of course, it is a lot of trouble to draw a figure like Fig. 120 showing 
the planes of the circles traced on the surface of a sphere, and the 
angle between two intersecting great circles (i.e. circles like the equator 
or meridians of longitude with centre at the sphere centre). So we 
measure them in one of three other ways which only involve flat 
geometry, which we have already learnt. These are: 

(a) The geometry method: The angle BP A between the spherical 
sides PB and PA is the same as the flat angle RPQ between the tangents 
RP and QP which touch PB and PA at their common point, i.e. the 
“pole” P of the equatorial circle. 

(b) The geography method: Remembering that BPA is simply the 
number of degrees of longitude between A and B, you will see that it 
is simply the number of degrees in the arc cut off where the great 
circles on which PB and PA lie intersect any circle of latitude, i.e. any 
circle of which the plane is at right angles to the line joining the two 
poles where the great circles intersect above and below. 

(c) The astronomy method: Tliis is illustrated in the next figure 
(Fig. 121). It shows the intersection of the plane of the celestial 
equator FEQO with the plane of the horizon NESO on the celestial 
sphere, on the surface of which lie the pole of the celestial equator at 
P and the pole of the horizon circle, i.e. the zenith at Z. The angle 
QES betw^een the arcs QE and SB is the angle QOS between their 
intersecting planes, and 

QOS = 90°~QOZ 
POZ = 90'’-QOZ 

So the angle between tjwo spherical arcs is the angle between the poles 
'of the great circles on which they lie. 

The next thing to learn about spherical triangles is how to measure 
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their sides. A spherical triangle is not primarily a figure which repre~ 
sents the distances between three objects at its corners so much as 
the difference in direction of three objects as seen from one centre. 
The side of a spherical triangle is the angle through which the eye ox 
the telescope has to be turned to get directly from one corner to the 
other. The sides of spherical triangles, like their angles, are always 


Z 



The angles between two arcs (QE and SE) of great circles on a sphere is the 
angle (ZOP) between the poles of great circles Z and P. 

measured in degrees or radians. Thus in Fig. 120 the side a (PB) and 
the side h (PA) are each equivalent to the latitude of the north pole 

^90° or ^ radians), and the side p (AB)is the difference of longitude 

between A and B, and just happens in this special case to be the same 
as the angle P. In Fig. 121 the points Q, E, S form the apices of a 
spherical triangle on the celestial sphere. Two of the sides s (QE) 
and q (SE) are right angles. The third side e (SQ) is also equivalent to 
the angle E, which is equal to the flat angle POZ. The spherical angles 
Q and S are right angles, and you see again that the three angles of a 
spherical triangle make up more than two right -angles. 

A moment ago we saw that the latitude and longitude at the top and' 
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bottom of a mine are the same, because latitude and longitude measure 
the direction of an object as it would be seen from the centre of the 
earth, and, as seen from the centre of the earth, the top and bottom of 
the mine lie in exactly the same direction. Thus any three points in 
space can be represented by the comers of a spherical triangle traced 


P 



Fig. 122,~How to Calculate the Length of n Degrees of Longitude 
Measured Along Any Parallel of Latitude. 

CD are two points on the equator, AB two points on a parallel of latitude, 
PO is half the earth’s axis, COD the plane of the equator, QAB the plane 
of the latitude of A and B, and OB is the^earth’s radius (R). 

on the surface of a sphere which encloses all three. If all three points 
happen to be at the same distance from the centre of observation, we 
can express the sides of such a triangle in actual lengths instead of 
degrees or radians. The way in which this is done can be illustrated 
by a simple calculation which does not involve s, spherical triangle, 
since parallels of latitude (other than the equator) are not great circles. 
If we know the number of degrees or radians in the angle joining the 
ends of an arc to the centre of the circle on which it lies, we also know 
Its length, A difference of longitude of one degree anywhere along the 
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equator is one three hundred and sixtieth of the earth’s ciroimferencej 
i e. if the earth’s radius (R) is taken as 3,900 miles, it is 

X 3,960 360 

== -^ 7 * X 11 = 69 miles (approximately) 

Without any allowance for the slight flattening of^the earth at the Poles, 
this is equivalent to a degree of latitude measured along a meridian 
of longitude or a degree measured along any great circle at the earth’s 
surface. 

A difference of longitude equivalent to one degree measured along 
any other parallel of latitude is easily determined as illustrated in 
Fig. 122, in which AB is n degrees of longitude measured along the 
latitude circle L and DC is n degrees along the equator. The circum- 
ference of the equatorial circle of which DC is an arc is 2,71 . OC. 
One degree corresponds to 2'7 t . OC — 360 and n degrees to 
27rM . OC -r- 360. Hence 

DC = 27r« . OC ^ 360 and OC = 360 . DC -i- 27rw 
Likewise 

AB = 27r« . QB 360 and QB = 360 . AB 27r». 

The angle QOB == 90° — L, and since the plane of QAB is at right 
angles to the polar axis, QOB is a right-angled triangle in which 
OB = R = OC and 

sin QOB = QB -f- OB 
sin (90° - L) = QB OC 
cos L = QB OC 
QB==OCcosL 

360 . AB ^ 27rn = 360 DC . cos L 27 t». 
arc AB = arcDC cos L 

= K X 69 X cos L miles (approximately) 

SOLUTION OF SPHERICAL TRIANGLES 
General expressions for ‘‘solution” of spherical driangles analogous 
to those given in Chapter 6, p. 282, can be found, and are used con- 
standy in astronomy and mathematical geography for the reason 
already given. They depend on the corresponding formulae for flat 
triangles, and the only difficulty in understanding them is due to the 
fact that it is difficult to make clear diagrams of solid figures on a fiaf 
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page. If we spent a fraction of what is now wasted in building battle- 
ships and aircraft carriers on equipping schools with cinematographs 
and making films of solid changing objects as they really are, all sorts 
of things which cannot now be grasped without a lot of effort and time 
by clever people could be quite easily understood by people like our- 
selvess who do not claim to be so clever. As it is, we shall have to use 



a very simple model which you can make for yourself out of transparent 
paper in a couple of minutes. 

The most important formula for solving spherical triangles tells us 
how to get the third side (a) when two sides (b and c) and the angle 
between them (A) are already known. The analogous formula for flat 
triangles is (p. 246); ' 

53 ^ _ 2jbc cos A 

Fig. 123 shows you a spherical triangle ABC formed by the inter- 
section of three circles with their common centre O at the centre of 
the sphere. The edges of the fiat planes in which the sides a, b, c lie 
mpet along OA, OBQ^ and OCP. The edges AQ and AP just graze 
the great circles of the arcs c and 6 at A, i.e. AQ is the tangent to c 
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and AP to b. So OAQ and OAP are really right angles^ though it Is 
impossible to draw them as such in the flat. The edges of three planes 
in which the arcs a, c lie forms a flat triangle PAQ, of which the 
apical angle PAQ is equivalent to the angle A of the spherical triangle 
according to the definition of how we measure the angles of a spherical 
triangle. ^ 

To get a clear picture of the way in which the parts cf the spherical 



Fig. 124 

triangle are related to the parts of the four flat triangles which form 
the sides of a little pyramid in which it Hes, cut out a paper model 
drawn as in Fig. 124 and fold the parts together along the three edges 
where you are told to do so. All the facts required are indicated in the 
figures. When you have made the model, take it to pieces as in Fig. 124a 
so that you can see each triangle in the position which is most familiar. 
You then see, as indicated in Fig. 124a, by the rule for fiat triangles : 

PQ2 = P02 q- Q02 - 2PO . QO cos a 
PQ2 = PA® + QA® - 2PA . QA cos A 

(PO®— PA®)+(QO®— QA®)— 2PO . QO cos a^2PA . QA cos A=0 
2PO . QO cos u=2AO®+2PA . QA cos A 
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Divide through by 2PO . QO, then 


^ ^4.^ ^cosA 
■ PO ' QO PC “ QO ^ 

= cos POA cos QOA -f sin POA sin QOA cos A 
= cos & 93 s c 4 - sin b sin c cos A 




The formula for getting the third side (a), when you know the other 
two (b and c) and the included angle A, is, therefore : 


cos a ~ cos b cos c + sin b sin c cos A 


Of course, once you 4!:now the way this is pieced ;ogether you just 
team it by heart, or refer to a book when you want to use it. 
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CALCULATING A SHIP’S DIRECT COURSE 

If you are a sensible person, you will not want to go through any 
more of this sort of thing until you have seen what earthly good comes 
out of it. The first example is of a kind which you can amuse yourself 
with for hotirs, if you have any map which gives the distances of sea 



The details are^explained in the text. 

routes on the dotted line indicating their courses. Remember, if you 
do so, that they are usually given in sea miles (60 sea miles = 1° of 
a great circle), and take into account the fact that a ship has to steer 
round a few corners before it gets away from, or when it is approaching, 
land. Thus the map gives for the course from Bristol to Kingston in 
Jamaica 4,003 sea miles, about 26 miles in excess of the calculation 
which follows. This makes no allowance for getting out of the Bristol 
Channel and into port (see Fig, 126). • 

The latitude of Bristol is 61“ 26' N. of the equator, and therefore 
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38° 34' from the polCj along the great circle of longitude 2° 35' W. 
The latitude of Kingston is 18° 5', i.e. it is 71° 55' from the pole along 
the great circle of longitude 76° 58' W. The arc joining the pole to 
Bristol (c), the arc joining the pole to Kingston (b), and the arc (a) 
of the great circle representing the course from Bristol to Kingston 
form a spherical triarjgle, of which we know two sides (b and c), and 
the included angle Aj which is the difference of longitude 76° 58' 
~ 2° 35' — 74° 23' between the two places. So we can find a by putting 

cos a = cos 71° 55' cos 38° 34' + sin 38° 34' sin 71° 55' cos 74° 23' 
From the tables : 

cos a = 0-3104 X 0-7819 + 0-6234 x 0-9506 X 0-2692 
= 0-4022 

Thus a is approximately 66|° of a great circle, i.e. a circle of the 
earth’s complete circumference. The length of one degree of the 
earth’s circumference is approximately 69 miles. So the distance is 
approximately 

66| X 69 = 4,577 land miles (3,980 sea miles) 

Before going on to the next example, which you will not find difficult 
when you have worked out a few examples like this with the aid of 
the list of longitudes and latitudes of ports given at the end of most 
atlases, notice that you need not trouble to do the subtraction for the 
2 XCS h and c which represent the “polar distances” (90° — lat.) of 
the places. Since sin (90° — — cos x and cos (90° — x)~ sin x, 

we can rewrite the formula: 

cos (dist.) = sin lat.j sin lat.2 + cos lat.^ cos lat.g cos (long.i — long.g) 

This assumes that the two longitudes are both measured East or both 
West of the Greenwich meridian. Of course, if one is measured East 
and the other West the angle A is their sum, and cos (long.^ ~ long.g) 
should be replaced by cos (long.^ + long.g). 

DECLINATION OF A PLANET 

As we have seen, the declination (or R.A.) of a planet like Venus 
or Mercury cannot be obtained by meridian observations, and the 
declination (or R.A.) of an outer planet like Mars or Jupiter can only 
be determined by meadian observations at periods when it transits 
during the hours of darkness. So it is impossible to trace the positions 



spherical Triangles 373 

of any planet relative to the fixed stars in all parts of its course unless 
we can determine their declinations and right ascensions by some other 
method. It is easy to obtain the former in precisely the same way as 
we get a ship’s course in great-circle sailing. 

The local position of every star at any instant can be placed at the 
Tamih ^ 



corner of a spherical triangle -(Fig. 126 ) like the Bristol-Eungston 
triangle of the last example. One side (fi), Uke the polar distance of 
Kingston, is the arc between the celestial pole and the zenith along the 
prime meridian. The elevation of the pole is the latitude (L) of the 
observer. So d == dO® — L. One side (c) is the arc between the star 
and the zenith on its own great circle of azimuth. This arc is its zenith 
distance (c = z.d.). The angle A between its azimuth circle and the 
prime meridian which cuts it at the zenith is its azimuth (A azim.). 
Between the ends of these two arcs passes the great circle of right 
ascension which joins the star to the celestial ^ole, and the length,of 
the arc between the star and the pole on iis R.A. drcle is its polar 
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distance. Since tlie celestial pole is 90° from the celestial equatofj 
the star’s polar distance, which is the third side of our spherical 
triangle, is the difference between one right angle and its declination 
(a — 90° — declin.). Applying the formula we have 

cos (90° — declin.) == cos (90° — lat.) cos z.d. 

* -f sin (90° — lat.) sin z.d. cos azim. 

This may be rewritten 

sin (declin.) =? sin lat. cos z.d. + cos lat. sin z.d. cos azim. 

In applying this you have to reipember that we have reckoned 
azimuth from the north point. If the star transits south, the azimuth 
may be greater than 90°, and we reckon it from the south point. Since 
^2 _ ^2 _ 2ab cos C becomes 

4 - 2al> cos (180° - C) 

when C is greater than 90° (Ex. 10, p. 279), the formula for the spherical 
triangle becomes 

sin declin. = sin lat cos z.d. — cos lat. sin z.d. cos azim. 

This means that if you know the azimuth and zenith distance of 
a heavenly body at one and the same time, you can calculate its declin- 
ation without waiting for it to reach the meridian. You cannot as easily 
get the latitude of the place from an observation on a star of known 
declination directly by using the same formula; but if you have the z.d. 
and azimuth of any two stars taken at one and the same place, you can 
calculate its latimde provided you have an almanac or star map to 
give the declination of the stars. In general the arithmetic takes less 
time than waiting about for one bright and easily recognized star to 
cross the meridian. 

Another application of the formula just derived gives the direction 
of a heavenly body when rising otfSetting at a known latitude, or 
conversely the latitude from the rising or setting of a star. At the 
instant when a heavenly body is rising or setting its zenith distance 
is 90°. Since cos 90° === 0 and sin 90° = 1, the formula then becomes 
sin declin. — cos lat. cos azim. 

On the equinoxes when the sun’s declination is 0°, 
cos lat cos azim. = 0 
cos azim. = 0 
c azim. == 90° 

That is to say, the sun rises due east and sets due west in aU parts 
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of the world that day. To find the direction of the rising or setting 
sun at latitude 51|° N. (London) on June 21st, when the sun’s declin- 
ation is 23|-° N., we have only to put 

sin 23-|° = cos 51^° cos azitu. 

From the tables, therefore : k 

0'3987 = 0-6225 cos azim. • 

cos azim. = 0-6405 
azim. = 60|® 

Thus the sun rises and sets 50^° from the meridian on the north 
side, or 90° — 50^° = 39f ° north of the east or west point. Conversely, 
of course, you can use the observed direction of rising and setdng to 
get your latitude. 

ANOTHER THING ABOUT SPHERICAL TRIANGLES 

How the declination of a planet changes is much less interesting 
than how its R.A. changes, because the way in which its R.A. changes 
is so much easier to explain if we assume that the earth and the planets 
revolve around the sun, as Aristarchus believed and Copernicus taught. 
This is not a book on astronomy, so we cannot spend any time on how 
Copernicus was led to this conclusion, but you should be able to worry 
it out from a book on astronomy if you understand clearly how the 
position of a planet is determined. 

If you look at the star triangle shown in Fig. 126, you will see that 
the angle C between the arc which represents the star’s polar distance 
and the arc &, which is the angle between the observer and the earth’s 
pole (90° — lat.), is the angle through which the star has rotated 
since it was last on the meridian. Since the celestial sphere appears 
to rotate through 360° in 24 hours, i.e. 15° an hour, this angle C 
is sometimes called the hour angle of the star, because you can get 
the time (in hours) which has elapsed since the star made its transit 
by dividing the number of degrees by 16. If you know when the star 
crossed the meridian by local time, you also know how long has elapsed 
since the sun crossed the meridian because time is reckoned that way, 
and if you know the sun’s R.A. on the same day, you know how long 
has elapsed since T crossed the meridian. Thus ah you have to do to 
get die star’s R.A. is to add to its time of transit the sun’s R.A. 

So to get its R.A. from the star’s altitude and azimuth at any- 
observed time, we ueed to deierxnine one of the other angles of a 
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spherical triangle of which we already know two sides and the angle 
between them. For flat triangles the formula we should use (Chapter 63 
p. 246 ) is 

sm C = c {ot sm C = c 11 we knew B j 

For spherical triangles the corresponding sine formulae are 

« . _ sin c sin A / . ^ sin c sin B\ 

sm a \ smb / 

This can be worried out from the flgure (see Appendix 1 ) or from 
the last formula by applying the rules of multiplication in algebra and 
remembering the rule (Chapter 6, p. 251 ) that if a; is any angle : 

cos® X == 1 — sin® X 

First, however, you should notice that if we can get a when bj c, 
and A are known from 

cos a — cos b cos c + sin 6 sin c cos A 
we can also get c when a, &, and C are known from 

cos c = cos a cos fe + sin a sin fc cos C 

The demonstration of the sine formula is as follows. Rearrange the 
first of these, and then square both sides : 

— cos A sin Z? sin c = cos b cos c — cos a 

cos® A sin® b sin® c — cos® b cos® c — 2 cos a cos & cos c -j- cos® a 

Now make the substitution 

(1 — sin® A) sin® b sin® c == (1 — sin® b) (1 — sin® c) 

— 2 cos u cos & cos c + (1 — sin® a) 
. sin® h sin® c — sin® A sin® b sin® c = 1 — sin® h —■ sin® c 

+ sin® b sin® c — 2 cos a cos cos c + 1 ~ sin® 

After taking away sin® b sin® c from both sides this become^, 

— sin® A sin® b sin® c == 2 — sin® a — sin® b — sin® c 

— 2 cos a cos b cos c 

Just by looking at this you can see that the right-hand side would 
be the same if we had started with 


cos c — cos a cos fc + sin a sin J sin C 
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In which case we should have found 
— sin® C sin® a sin® b — 2 — sin® a — sin® b — sin® c 


— 2 cos a cos b cos c 
sin® A sin® b sin® c 


Hence we can put 

— sin® C sin® a sin® b 

Dividing by — sin® we get 

sin® C sin® a = sin® A sin® c 
.% sin C sin a = ± sin A sin c 

. . sin A sin c 

or sin G = ± — ^ 

sin a 

This is a little long-winded, but it is not difficult to apply, when 
you have regained your breath. In our original triangle of Fig. 126 
A is the azimuth, c is the zenith distance, and a the polar distance 
(90° — deciin.) of the star, i.e. sin a = cos declin. Hence 


sin hour angle = 


sin azim. sin z.d. 
cos declin. 


Suppose one of the stars in Orion is found to have the hour 
angle 10° when it is west of the meridian at 8.40 p.m. local time. 
It crossed the meridian j-f hour = 40 minutes before, i.e. at exactly 
eight o’clock, and its R.A. is greater than that of the sun by 8 hours. 
If the sun’s R.A. on that day were 21 hours 50 minutes, the sun would 
transit 2 hours 10 minutes before Tji.e. T would transit at 2.10 p.m., 
and the star 8 hours 0 minutes ~ 2 hours 10 minutes — 5 hours 
50 minutes after T . So its R.A. would be 5 hours 50 minutes. 

The same formula also tells you how to calculate the times of rising 
and setting of stars in any particular latitude. At rising or setting the 
z.d. of a heavenly body is 90°, and-ein 90° = 1. So the formula becomes 

.sin azim. 

sm hour angle — t — p— 

® cos declin. 


The azimuth of a rising or setting star can be found from the formula 
already given, i.e. 

.sin declin. 

cos azim. = r~r— 

coslat. 


As an example we may take the time of sunrise on the winter solstice 
in London (Lat. 51|°). By the last formula the azimuth of the risihg" 
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and setting sun is 501^° from the south point on the winter solstice. 
So at sunrise and sunset 

. ^ , sin 50J“ 

Bm hour angle = 

0-7679 

, ■“0-9171 

= 0-8373 

Since 0-8373 is the sine of 66° 51', the time which elapses between 
setting and rising and meridian transit (i.e. noon, since it is the sun 
with which we are dealing) is 56^ 16 hours, i.e. 3 hours 47 minutes. 

Thus sunrise would occur at 8.13 a.m., and sunset at 3.47 p.m. 
Daylight lasts roughly 7^ hours. This calculation differs by about 
6 minutes from the value given in Whitaker. This is partly due 
to approximations made in the arithmetic and partly due to other 
things about which you need not worry, because you will not find it 
difiicult to put in the refinements when you understand the basic 
principles. 

The same formula would apply to calculating the times of sunset 
or sunrise on June 21, when the lengths of day and night are reversed. 
As hinted in exercise 10 on page 279 and explained more fully at the 
end of this chapter on page 384, 

sin A — sin (180° — A) 

Since sin A = sin (180° — A), 0-8373 may be either sin 56° 6T or 
sin (180° — 66° 51 '), i.e. sin (123° 9'). A figure shows you at once which 
value to take. An equatorial star rising due east passes through 90° 
in reaching the meridian. A star sOuth of the equator passes through a 
smaller and a star north of the equator through a larger arc. So if 
the declination of a heavenly body is north (like the sun on June 21), we 
take the solution as sin (180° — A), ank if south as sin A. Thus the hour 
angle of sunrise and sunset on June 21 would be (123-|^ -f- 15) hours 
= 8 h. 13 m., i.e. sunrise would be at 3.47 a.m. and sunset at 8.13 p.m. 

THEORY OF THE SUN-DIAL 

One last example of the use of spherical triangles is provided by 
what has now become a garden ornament. The sun-dial which you 
see in gardens or on the walls of old churches is an invention which 
is based on the same plinciples as great-circle sailing. 

The sun-dial was invented by the Arabs, who made considerable 
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progress in the study of spherical trigonometry, and it is quite different 
from the shadow clocks of antiquity. The ancient shadow clock or 
obelisk was a vertical pillar sometimes mounted on a circular stone 
base. The angle which the shadow of a vertical pole makes with the 
meridian is the suo’s azimuth (Fig. 13), and the azimuth angle, through 



Fig. 127. — i HE Moorish Sun-dial 


which the shadow rotates when the sun has mmed through a given angle, 
is not the same at all seasons. It depends on the sun’s declination. So the 
length of a working hour as recorded by the shadow clock was not the 
same fraction of a day at different times of the year. Working time 
had no fixed relation to astronomer’s time recorded by the hourglass 
. or clepsydra (water clock). 

The Moorish astronomers saw that thfe could be put right by setting 
the pole of the shadow clock along the earth’s polar axis. When the 
style is set (Fig. 127) so that you would see the pole star if your eye 
followed the line along its upper edge, the scale can be graduated In”" 
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divisions corresponding with equivalent intervals at all seasons of the 
year. That is to say, the “style” or pointer of the sun-dial is set along 
the meridian, and its edge is elevated at an angle equivalent to the 
latitude of the place for which it is made. So a sun-dial which keeps 



Fig. 128.— The 3un-dial Triangle 

COB is the plane of the sun’s R.A. circle, intersecting the meridian plane A2S 
along OC, so that the style of the sun-dial lies in this line. The edge of the 
shadow is where the plane of the sun’s R.A. circle cuts the horizon plane 
ABS along OB, The angle C is the angle through which the sun has revolved 
around CO after crossing the meridian plane. 

time in Seville, where a great Moorish university flourished in the 
tenth century of our era, will not keep time correctly in London. 

The reason for this is explained by Fig. 128. Whatever the declin- 
ation or R.A. of the sun happens to be on any day, it appears to revolve 
around the polar axis, where the planes of all the great circles of Right 
Ascension intersect. Suppose it has rotated through an hour angle C; 
any ray which strikes the edge of the style lies completely on the same 
'plane as the great circle of R,A. on which the sun happens to lie. 
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This plane slices the horizon along the line which joins the observer 
0 to the point where the sun’s R.A. circle cuts the great circle which 
bounds the horizon. The arc (c) of the horizon circle between this 
point and the meridian is measured by the plane angle H through 
which the shadow turns while the sun revolves through an hour 
angle C. If C is the same, c == H is the same. In cither words, when the 
sun has turned through an angle equivalent to a: hours of solar time 
the shadow has turned through an angle H, which is the same 
in summer or winter. 

To make a sun-dial we have Jfirst to cut a style so that its upper 
edge is inclined to the base at an angle L = &, the latitude of the place 
where it will be used. Then the base must be put in line with the 
meridian, so that the upper edge points due north. All that remains 
is to graduate the scale in hours. On a summer holiday you can get 
some amusing practice in trigonometry by doing this. If at the same 
time you remember that the theory was worked out by the coloured 
conquerors of Spain when the people of Britain and Germany were 
barbarians, living in mud huts, ruled by ignorant priests and robber 
barons, it will also clear your mind of the sort of cant chanted by 
the white settlers of Kenya, General Hertzog, the apostles of selec- 
tive immigration restrictions, and the pundits of German national 
socialism. 

The theory of graduating the scale depends on a third formula for 
the solution of spherical triangles. In Fig. 128 you will see that the 
spherical triangle ABC is right-angled. Since the meridian plane is 
at right angles to the horizon plane, the angle A, which is the angle 
between these two planes, is 90°. In, this triangle the parts which con- 
cern us are C, the hour angle of the sun, c = H, the angle of the shadow, 
and & = L, the latitude of the place. The last we know, and the first 
we can supply. The second is what we want to know to mark off the 
scale according to the values we give C, i.e. according to the time 
of the day. 

If A = 90°, sin A = 1, so the second formula for right-angled 
spherical triangles becomes 


sin 


sin c 
sin a 


(i) 


And since cos 90° = 0 the first formula becomes 
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If we also apply the first formula to the two sides a, b and the included 
angle C 

cos c = cos a cos + sin a sin b cos C 

^ cos c -- cos a cos & 
cos C = : z i r r . . * . . (m) 


sin a sin b 


Gombining (i) and (isi) we get 
sin C __ sin c 
cos C 


sin a sin b 


tan C — 


sin a cos c — cos a cos b 
sin c sin & 


' cos c ~ cds a cos b 

Multiply both sides by sin 6, then 

^ , sin c sin® b 

tan C sm 0 — 7 

cos c — cos a cos b 

Substitute for cos a according to (ii) 

» . , sin c sin® b 

tan C sm 0 == 


cos c — cos c cos® b 
sin c sin® b 
cos c(i — cos® b) 
sin c sin® b 
cos c sin® b 

— ^ 
cos c 
«= tan 

Thus we have 

tan (shadow angle) == sin (latitude) X tan (hour angle) 

To get the angle we have to mark off for the edge of the shadow at 
2.30 p.m. when the hour angle is 2|-'’hours, or x 15° = 37'|° for a 
sun-dial which will keep time in London, we put 


1 shadow a 


2 = sin 51|-° X tan 37|-° 
= 0-7826 X 0-7673 
= 0-6005 


According to the tables of tangents tan 31° == 0-6009 and 
tan 30-9” = 0-5985, So the required angle within a tenth of a degree 
is 31° 

^ ,You will now be able to work out the other graduation hues for the 
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scale yourself according, of course, to the latitude of your home. If 
it happens to be New York, you must put sm 41° for sin lat. 

trigonometrical ratios of large angles 
In using the formulae of this chapter correctly several points which 
have not been dealt with arise. One has been mentioned in connexion 
with the times of sunset and sunrise on the solstices (p. 378). The south 
point on the horizon is 180° from the north point. So if the azimutb 
of a star measured from the north point is A, it is (180° — A) measured 
from the south point. In the trigonometry of fiat figures (p. 279) we 
saw that when an angle A of a triangle is less than 90°, 


_ 26c cos A (i) 

When A is more than 90°, 

+ c® 4- 2hc cos (180° - A) . . . . (ii) 


Similarly if two angles A and B are both less than 90°, 

sin A sinB ..... 



, If one of these angles of a flat triangle, e.g. A, is greater than 90°, 
sin (180° — A) sin B ... 

If we agree to say that cos (180° — A) means the same thing as 
— cos A, (or that — cos (180° — A) means the same thing as cos A), 
the single rule (i) includes (ii). Sjimilarly, if we agree to say that 
sin (180° — A) means the same thing as sin A, the single rule (ui) 
includes (iv), whether a triangle has three angles none of which is 
greater than 90°, or one of whiph is greater than 90°. If we decide 
to do this we should say that cos 46° has the value 4- 0-7071 and 
cos 135° has the value — 0-7071. So if the answer to a problem is 
cos A— — 0-7071 and tables tejl us that cos 45° == 4- 0-7071, we 
conclude that A is 180° — 45° = 135°. Similarly sin 30° has the same 
value as sin 150°, (4- 0-5); and the value 0-5 given in tables of angles 
from 0° to 90° as sin 30° should be read sin 30° or sin 150°. Thus 
we only need the one rule for the decimation of a star, that when the 
azimuth angle is always reckoned from the south point (whether greater 
or less than 90°) * , . 

sin dedin. = sin lat. cos z.d. — sin z.d. cos lat, cos azim. 
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At first sight this seems a paradox, because we have been used to 
thinking of sines, cosines, and tangents as ratios of side lengths in 
right-angled triangles of which no angle can be greater than 90°, and 
it therefore seems useless to talk of the sine or cosine of an angle of 
150“. If we had started with figures drawn on a sphere, as all figures 
really are drawn on the earth’s spherical surface, it would not necessarily 
seem so silly. The three angles of a spherical triangle make up more than 
two right angles, and one of the angles of a right-angled spherical 
triangle may be greater than 90°. Look at the matter in another way, 
as we did in Chapter 3, p. 87. It is easy to draw a geometrical diagram 
to show the meaning of a” when k = 1 (a line), n — 2 (a flat square), 
« = 3 (a cube). We cannot make the same sort of figure to show the 
meaning of the operator 4 in the expression a‘^. Yet we can do the 
same things with in arithmetic as we can do with a\ a^. So why 
should we say that sin 150“ means nothing, merely because we cannot 
draw a flat right-angled triangle having one angle of 150°, or that 
cos 110° means nothing because we cannot draw a flat right-angled 
triangle with an angle of 110°? 

After all, we can look on sine, cosine, and tangent as different ways 
of measuring an angle, and if so, it is not so odd that angles bigger 
than 90“ should have sines, cosines, and tangents like angles less 
than 90®. Indeed, the measurement of an angle by its sine, cosine, 
or tangent does not necessarily imply drawing a triangle at all. An 
angle is ordinarily defined by the number of units of length in a circular 
arc of radius 1 unit. To say that the angle between two lines is one 
degree means that if we draw a circle of 1 inch radius around the point 
where they cross, the length of the, small arc between the points where 
they cut the circle is (2tt -f- 360) inches long. The sine of an angle 
may also be defined in units of length, as we have done m Chap- 
ter 6, p. 260. If PT is the chord joiping the ends of the arc 2 A, of 
a cfcde of unit radius, fPT, (PQ in Fig. 129), the half chord, is 
the sine of the half arc A. The line PT has just as much right to be 
called the chord of the large arc SgO® — 2A as of the small arc 2A, 
and the arc |-(360“ — 2A) = 180“ — A has just as much right to be 
called the half angle whose sine is the half chord PQ as A itself. 
Accordingly, this way of measuring sines means that 

sin A = sin (180“ — A) 

To make a figure representing the fact that cos (180° — A) behaves 
as "if it were — cos A for purposes of calculation we have got to find 
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a meaning for the operator We have already seen that Euclid’s 
geometry does not help to illustrate calculations in which the ~ sign 
occurs. We shall now study a geometry that does. 

Before you go on, there is one other thing worth thinking about. 
When you were drawing figures to illustrate the rules of Euclid’s 
geometry, you were probably under the impression that Archimedes 
was tracing the flat figures of Euclid’s geometry on the sand when 



he was murdered by Italian soldiers. You now know that he was really 
drawing spherical triangles on the curved surface of the earth. The 
only reason why Euclid’s geometry meets the needs of draughtsmanship 
and architecture is that the dimensions of our drawings and buildings 
are very small compared with the earth’s radius. If we go on tracing 
a straight line across the ocean long enough, we find that it is not a 
straight line in Euclid geometry. Inside the small slab of space which 
bounds our solar system the edge of a beam of light is for all practical 
purposes a straight line of Euclid,’ but when we say that light travels 
in straight lines to the furthest nebulae we do not necessarily mean 
that it travels in the straight lines of Euclid. 


N 


Mathematics for the Million 



386 


The World Encompassed or 


Chaptek 8 

TESTS 

1. What is the sun’s decimation and right ascension on March 21stj 
June 2,lst5 Septembef 23rd3 and December 21st? 

*2. What approximately is the sun’s R.A. on July 4thj May Ist, 
January Ist, November 5th? (Work backwards or forwards from the 
four dates given. Check by Whitaker.) 

3. With a home-made astrolabe (Fig. 12, Chapter 2) the following 
observations were made at a certain place on December 25th : 

Sun’s Zenith Distance (South) Greenwich Time (p.m.) 

741” 12.18 

74° 12.19 

74° 12.20 


73|° 

12.21 

7Sr 

12.22 

74° 

12.23 

74-|° 

12.24 


What was the latitude and longitude of the place? (Look it up on 
the map.) 

4. Find the approximate R.A. of the sun on January 25th, and 
hence at what local time Aldebaraii (R.A. 4 hours 32 minutes) will cross 
the meridian on that night. If the ship’s chronometer then registers 
11.15 p.m. at Greenwich, what is the longitude of the ship? 

6. If the declination of Aldebaran is 16° N. (to the nearest degree) 
and its altitude at meridian transit if. 60° from the southern horizon, 
what is the ship’s latitude? 

6. The R.A. of the star a in the Great Bear is nearly 11 hours. Its 
declination is 62° 5' N. It crosses 'the meridian 4° 41' north of the 
zeiiitli on April 8th at 1.10 a.m. by the ship’s chronometer. What is 
the position of tile ship? 

7. Suppose that you were deported to an island, but had with you 
a wrist watch and Whitaker* s Almanack. Having set your watch at 
noon by observing the sun’s shadow, you noticed that the star a in 
the Great Bea^- was at its lower culmiaation about 11 o’clock at night. 
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If you had lost count of the dajrs> what woiild you conclude to be the 
approximate date? 

8. On April 1st, 1895, the moon’s R.A. was approximately 23 hours 
48 minutes. Give roughly its appearanccj time of rising, and transit 
on that date. 

9. If the sun and the Great Bear were each mible throughout one 
whole 24 hours, and one only, in the year at a given locality on the 
Greenwich meridian, how could you determine the distance from 
London, if you also remembered that the earth’s diameter is very nearly 
8,000 miles, and the latitude of London is very nearly 61° ? 

10. If you observed that the sun’s noon shadow vanished on one 
day of the year and pointed south on every other, how many miles 
would you be from the north pole? 

11. On January 1st the sun reached its highest point in the heavens 
when the B.B.G. programme indicated 12.17 p.m. It was then 16° 
above the southern horizon. In what part of England did this happen? 

12. The approximate R.A. and declination of Betelgeuse are respec- 
tively 5 hours 50 minutes and 7|° N. If your bedroom faces east, and 
you retire regularly at il.O p.m., at what time of the year will you see 
Betelgeuse rising when you get into bed? 

13. On April 13th, 1937, the shortest shadow of a pole was exactly 
equal to its height, and pointed north. This happened when the radio 
programme timed for 12.10 p.m. began. In what county were these 
observations made? 

14. With a home-made astrolabe the following observations were 
made in Penzance (Lat, 50° N., Long. 5-|° W.) on February 8ih: 


Betelgeuse 

Rige! 

Sirius 


Least Zenith Distance 
42|° South 
68 |° „ 

67r „ 


Greenwich Mean Time 
9.9 p.m. 

8.24 „ 

10.0 „ 


Find the decimation and R.A. of each star, and compare your results 
with the table in Whitakers Almanack (p. 140). Note Greenwich 
“Mean” Time is not the true solar time reckoned from noon at 
Greenwich, but differs by a few minutes, the difference (“equation 
of time”) being tabulated for each day of the year in Whitaker or the 
Nautical Almanac. On February 8th true noon at Greenwich occurred 
14 minutes later than noon by Greenwich Mean Tiim. , 
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15. By aid of a figure show that if the hour angle Qi) of a star is 
the angle through which it has turned since it crossed the meridian 
(or if the sign is minus the angle through which it must turn to reach 
the meridian), 

R.A. of star (in hours^ == Sun’s R.A. (in hours) 

— (hour angle in degrees -r 15) + local time (in hours) 

* 16. Witli the aid of a map on which ocean distances are given, work 
out the distances by great-circle sailing from ports connected by 
direct routes. What are the distances -between London and New York, 
London and Moscow, London and Liverpool? 

17. On April 26th, the sun’s R.A. being 2 hours 13 minutes, the 
bearings of three stars were found to be as follows, by a home-made 
instrument : 



Azimuth 

Zenith Distance 

Local Time 

Pollux 

W. 80° from S. 

45° 

9.28 p.m 

Regulus 

W. 28° „ S, 

41° 

9.39 

Arcturus 

W.7° „ N. 

31° 

12.50 „ 


Find the declination and R.A. of each star and compare these rough 
estimates made at Lat. 50f° N. with the accurate determinations given 
in Whitaker’s Almanack. 

18. To get the exact position of the meridian a line was drawn 
between two posts in line with the setting sun on July 4th at a place 
Lat. 43° N. At what angle to this line did the meridian lie? 
(Whitaker gives the sim’s declination on July 4th as 23° N.) What 
was the approximate time of suns6t? 

19. If the R.A. of Sirius is 6 hours 42 minutes and its declination 
is 16|° S. find its local times of rising and seitins on January 1st at 

Gizeh Lat. 30° N. 

New York Lat. 41° N. 

London Lat. 51|° N. 

Check with planisphere. 


THINGS TO MEMORIZE 

^L,If z.d. is measured 'north of the zenith the sign is -f, if measured 
south of the zenith it is — . If latitude ox declination is measured 
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florth of the equator the sign is +s if south — . In ail ciraini” 
stances 

Declination — Lat. of observer + meridian zenith distance 

2. Star’s R.A. = Time of transit + sun’s R.A. on same day of 

year. ’ 

(Sun’s R.A. 0. Declin. 0 March 21st 

R.A. 12. Declin. 0 September 23rd 

R.A. 6. Declin. +23-|° June 21st 
R.A. 18. Declin. — 23|^° December 21st) 

3. In a spherical triangle 

(a) cos a = cosh cos c + sin 6 sin c cos A 
^ _ sinB _ sin C 
^ sin a sin 6 ~ sin c 


4. For a heavenly body, azimuth being measured from the south 
point 

(a) sin (declin.) = cos (z.d.) sin (lat.) — sin (z.d.) cos (lat.) cos (azim.) 


(&) sin (hour angle) = 


sin (z.d.) sin (azim.) 
cos (declin.) 


(c) When setting and rising (z.d. — ± 90°) 


cos (azim.) == 


sin (declin.) 
cos (lat.) ’ 


(see p. 383). 


sin (hour angle) = db 


sin (azim.) 
cos (declin.) 




CHAPTER IX 


THE REFORMATION GEOMETRY 

or 

* What are Graphs? 

The mathematical syllabus of the University of Oxford in the 
fourteenth century took the student ^to the Bridge of Asses and left 
him there. It ended at the fifth proposition of the first of Euclid*s 
twelve books. In the Moslem world a living body of secular learning 
had fiourished side by side with the dead lexicography of the Koran, 
while, in Europe, book learning was mainly confined to a priesthood 
like the priesthood which guarded the calendar in the days of Nilotic 
civilization. For four centuries Europe absorbed and added little to 
what it had learned from its teachers. Meanwhile three technical 
developments conspired to set new problems for the mathematician. 
At the close of the fifteenth century a new era began. The manu- 
facture of wheel-driven clocks, the introduction of artillery into warfare, 
the preparation of maps and astronomical tables for navigation forced 
mathematics to grapple with time in a new social context with a new 
technical equipment. 

The Alexandrians and the Chinese had invented various devices 
which replaced the sun-dial, notably clepsydras^ which were kept going 
by a flow of water. The principle involved v/as essentially the same as 
that represented in Fig. 2. Wheel-driven clocks were a later invention. 
The earliest we know was made in the latter end of the tenth 
centiuy of our era. In the village communities of Northern Europe, 
as we are reminded by the derivation^of our own word from the French 
cloche (a bell), the monks who rang the monastery bell were as essential 
to an orderly economic life based on the produce of the soil as the 
priesthood of the sacred Nile had been five thousand years before, in 
displacing its predecessors the Christian Church had taken over the 
archaic social function of the priesthood. The Pantheon was re-uphol- 
stered with saints whose martyrdoms, birthdays, or conversions marked 
the diurnal rhythms of the solar clock. Hour candles and clepsydras 
were kept at first. By the end of the tenth century clocks with wheels 
driven by a weight were to be found in the wealthier monasteries and 
' chnrchs^, St. Paula's la London bad a clock ia A.D, 1286. Mechanical 
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docks were not sold for secular use till about the end of the fourteenth 
century. These early clocks were very crude instruments. The measure- 
ment of small intervals of time did not begin until Galileo demon- 
strated the principle of the pendulum. The application of this principle 
to the constractioa of pendulum clocks in the seventeenth century is 
one of the very few examples of a theoretical discwei}' which preceded 
its technical application before the era of electricity and dye chemistry. 
Chronometers for ships were not designed with sufl&cient accuracy for 
determining longitude until the compensated spring was invented 
a century later, although Gemma Regnier (Frisius), a Dutch mathe- 
matician, suggested in a.d. 1540 the method given in Chapter 4, p. 169. 

The principle of the pendulum was the beginning of a new era in 
mechanics, the mechanics of movement as opposed to the Alexandrian 
mechanics of equilibrium. The first application of mechanical devices 
for offensive purposes seems to have been the use of a catapult con- 
trivance in the campaigns of Alexander. The theoretical development 
of the mechanics of poise in the hands of Archimedes and his followers 
came immediately after. In 1241 the Mongol invaders of Hungary and 
Poland were using gunpowder. The introduction of artillery into 
European warfare in the fourteenth and fifteenth centuries created 
a,new land of mechanical problem — ^the calculation of the position of 
a swiftly moving body which could be propelled to great distances. 
The pendulum clock provided the instrument for measuring intervals 
of time small enough to record its progress. Within a century of the 
invention of paper, manuals of military science showing the use of 
trigonometry to calculate the distance of a target by sighting two angles 
as in Fig. 130 and 130 a were circulated. 

So the professional mathematician who was carried on board ships 
equipped with cannon in the great voyages of exploration during the 
sixteenth century was preoccu|^ed with the problem of time and 
position in more ways tlian one. Three new social factors converged 
to bring the limitations of classical geometry to a focus in the social 
context where the solution was actually foundr The astronomer who 
accompanied the ships of Henry the Navigator was trained in the 
Ptolemaic teaching which had survived the destruction of the Moorish 
learning. He used fiat maps with paraHels of latitude, and sometimes 
also with meridians of longitude. The Norwegians had long been 
acquainted with tjie “south pointing” instrument which the Chinese 
had used for a millennium or more- and perhaps made possiMe 
their long voyages across seas where stars are rarely visible. When 




riti. i^C.— iViAIJtUSMATlCS IN Mri.ITARy AFFAIRS 

In the upper figure tlic great medieval mathematician Tartaglia applies mathematics to 
artillery in a book published ip 1546 at Venice- The lower one ie tii« -i- 
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gentlemen began to invest in merchant ventures the mariner’s 
compass began to have a “cultural” as well as a practical interest. 
Compass-bearings and map-drawings together reproduce all the 
essential features of the new geometry which Rene Descartes first 
applied to the theoretical treatment of equations at the beginning of 
the seventeenth century. By then the study of ^curves had outgrown 
the use of rule and compass laid down by Plato. Copernicus, Tycho 
Brahe, Kepler, and Galileo, the last two equipped with the telescope, 
had made new and exact measurements of the orbits of the planets, 
tracing their positions in the form of a graph or map. 

Contrary to Plato’s teaching that the heavenly bodies move in circles 
because the circle is the most “perfect” figure, it was now found that 
the planets move in ellipses, a figure which Apollonius of Perga had 
studied by Euclidean constructions based on oblique sections of a 
cone. Omar Khayyam had actually solved cubic equations by using 
conic sections. Marinus of Tyre and his contemporary Ptolemy had 
made maps with parallels of latitude and longitude. Just as gunpowder 
was used for fireworks long before it transformed the tactics of warfare, 
every conception inherent in the Cartesian geometry had occurred 
to somebody centuries before it was made into an instrument which 
introduced a new epoch of mathematical invention. 

Schoolboys heave a sigh of relief when they turn from the dullness 
of Euclid’s demonstrations to the use of graphs, and many clever people 
have expressed surprise that a principle so simple should have waiteo 
so long for fulfilment. Surprise is perhaps more flattering to their 
vanity than to their social intelligence. The truth is that fruitful 
progress only occurs when a large number of people are thinking 
together about the same sort of thing. There would be less reason for 
surprise if we realized that clever people and people not so clever have 
a common need for each other„and that we cannot plan a future of 
higher intellectual progress for the human race if we place the needs 
of exceptionally gifted people in a false antithesis to the common needs 
of mankind. The more highly abstract mathematics becomes, the 
more clearly do we see the interconnection between the intellectual 
superstructure and the social foundations. The same social context 
produced a clock which dispensed with the need for the priestly 
innovations of Catholicism, revolutionary wars in which success went 
to those who were in closest contact with mechanical amenities, 
exploration which enriched the merchant classes with the plunder 
of new territories, and a mathematical invention which could measure* 
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Fig. i 30 A.-“MiLirARY Mathemaiics 
These four prints taken from old books show one way in which 
solving the problem of motion had become a teclinicai necessity 
in the period of Stevinus and Galileo. The upper one is from 
Bettino’s Apiaria (Bologna 164 : 5 ). The lower from Zubler’s work 
on geometric instruments (1607). 
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the movement of the pendulum, the path of the cannon ball, the 
position of a ship at sea and the courses of the heavenly bodies. 

POSITION AND MEASUREiMOENT. — The fundamental difference between 
the Cartesian geometry and the geometry of Euclid is that every 
quantity (or “magnitude”) also has a direction or position attached 
to it. Thus a line is not just so many units of length. It is so many 
units of length drawn in a certain direction with reference to other 
lines. An area is not so many units of surface. It is the difference 
between so many units of surface in one situation and so many units 
of surface in another (Fig. 105)., To say that a line is described by a 
direction as well as a quantity is literally true in the grammatical 
sense, because all the quantities of Cartesian geometry have an operative 
sign attached to them, “+” or directing the way they are to be 
measured. The use of the signs in the sense of direction or position 
is a simple application of their more primitive use to mean adding or 
subtracting. It might have been made at any time in the three thousand 
years before Descartes if the development of mathematics were really 
independent of the common social heritage. 

To illustrate how it naturally follows from addition and subtraction 
we will first confine ourselves to movement in a straight line. Fig. 131 
shows a straight road running east and west from an old English 
village inn called “The Badger and Bagpipes.” Four hundred yards 
along the road in an easterly direction is a village church. Four hundred 
yards from the inn to the west there is a second inn, “The Turtle and 
Toasting Fork.” Suppose that a traveller, having refreshed himself 
at “The Badger and Bagpipes,” sets out with the laudable intention 
of attending a week-night service at the church. Every step he goes 
adds a yard to his distance measured eastward from the inn, and by 
the time he reaches the church he has gone: 

400 yards 

He is now thirsty and turns bqpk for fluid relief. When he has gone 
another 300 yards back, i.e. in a westerly direction, where is he now? 
Holding to the traditional use of the signs, we say he is 

400 — 300 = 100 yards 

from the place from which he started. He has taken away 300 yards 
from the easterly distance between his original position and the churchi 
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If he walks another 100 yards he will have taken it all away. His 
distance from the inn will be 

400 — 400 = 0 yards 

i.e. he will be back where he started. But by that time he may remember 
that there is better t^er at “The Turtle and Toasting Fork.” If he 


400 yds. esbstr— 
800 yds. west— 



Tlaa Turtie & 
"IbafftingFarlc 


400 


100 200 300 400 

The The 

^Bagpipes- Churck. 



-400 -300 -200 -200 0 200 200 300 400 

4 400 yds. > < 400 yds. > 


Fig. 131. — The IVIeaning of the Gerund 

keeps on walldng another 400 yards west he comes to the second inn, 
having walked 800 yards from the church. To be consistent with what 
we have done before we should say |hat his distance from the place 
where he started is now: 

400 — 800 = — 400 yards 

To get his final position from what we know of his movements, 
we must represent 400 yards west of the place where he started as 
— 400, if we call 400 yards east of the place where he started -j- 400. 
So the meaning of “-f” is its ordinary meaning, and the meaning 
of ” is its ordinary meaning, if we make the gerund (verb and 
noun taken together) -^a mean a units of length east, or a units to 
thd^rigiit, and the gerund -- a mean a units west or a units to the left. 
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At first you may not see any particular advantage in this addition 
to the rules of grammar. There would not be^ if people spent aU their 
time in churches or public-houses with only clepsydras to record the 
continuous flow of time. However, the social epoch into which we 
have now penetrated begins with the warning ‘‘Time, gentlemen, 
time!” It is the century of the pendulum clock. Fig. 132 shows a 
pendulum which ticks every two seconds. The displacements of the 
extremity, i.e. horizontal distance from its resting position when 
the clock stops, are represented as and quantities. The total 
swing is 12 centimetres, or ±^6 centimetres from the equilibrium 
position. Suppose we can record its position by successive snapshots 
using a camera provided with a very rapidly closing shutter. Starting 
from its extreme position, + 6 units to the right, we could draw up a 
table of our observations like this: 


Time in secs. 

Horizontal distance 
(cm.) traversed 

Horizontal dis- 
placement (cm.) 

0 

0 

+ 6 

0-37 

1 

+ 5 

0-61 

2 

4-4 

0-66 

3 

+ 3 

0-80 

4 

+ 2 

0-90 

5 

+ 1 

1-00 

6 

0 

MO 

7 

— 1 

1-22 

8 

__2 

1-33 

9 

-3 

1-44 

10 

— 4 

1*62 

ir 

-5 

2-00 

12 

-6 

2-36 

13 

— 5 

2-52 

^14 

— 4 

2*64 

15 

— 3 

2-80 

16 

— 2 

2-90 

i7 

— 1 

3-00 

18 

0 

3-10 

19 

+ 1 


The second column might be called the classical method of recording 
where the pendulum is. The third is the Cartesian Its advantage is 
that you see at once exactly what kind of nhvement the pendulum, 
executes. It swings left and right symmetrically about the position it 
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occupies, when the clock is stopped, returning to its original position 
like the solar clock which swings over the horizon. 

Let us now return to the inn and observe the sequel of the visit. 
The traveller takes his departure at the inn door with renewed inten- 
tions for good, but without realizing that alcohol is apt to sidetrack 
the messages which qpr receptor organs telegraph to the brain. Owing 



Fig. 132 .— Displacement of the Pendulum of the Clock from Position 
AT Rest 

to the error of identifying the moon shining overhead* with the church 
he tries to climb up the wall of the inn. In failing to satisfy his need 
for devotional exercise he has demonstrated the meaning of another 
gerund, V — 1, or, as we more usually write it for short, To 
see why ia (or a V 1) units mean? a units measured upwards into 
the heaven where his imagination has located the church militant, you 
have only to recall the Euclidean hieroglyph of the geometric mean 
(compare Fig. 138 with Fig. 64). ^From Dem. 8 in Chapter 4 we 
learned that the length of the perpendicular drawn from the right 
angle to die hypotenuse is the square root of the product of the two 
parts into wliich the length of the hypotenuse is divided, and Dem. 10 
showed that a triangle of which one side is the diameter and the 
opposite angle touches the boundary of a semicircle is right-angled. 

* I.e. at the zenith as ohce a month in the tropics, where inns so named are 
'adShttedly more rare than dmrdKS, 




-4 -Z -1 0 +1 +2 43 +4 

Fig. 133 

measurement is 100 yards. The church is + 4, and “The Turtle and 
Toasting Fork” inn is — * 4 units from the centre. If we call the vertical 
height pj we know that if a is the first and h is the second distancca 

p^^Vab 

In Euclidean geometry we should take no account of direction. This 
would be equivalent to saying 

V4 X 4 = 4 , 

To be consistent witli what we have agreed to do in putting back into 
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geometry what Euclid left out, we are committed to a surprising 
result, i.e. 

V- 4 X + 4 
= 4 V“1 X + i 
= 4 

or'^ =4i 

’ So 4i units or 4 “imaginary” units does correspond with where the 
imagination of our traveller located the church. In other words, i units 
of length is 1, 2i units 2, Si units 3 .units measured upwards in the 
air instead of east like + 1, + 2, + 3, or west like — 1, — 2, — 3. 

Before giving an example (ChapterlO,pp. 491-498) to illustrate how 
this part of mathematical speech is used to describe the real world, 
it is interesting to recall the attitude of the professional mathematician 
of Newton’s time, when the possibility of using imaginary numbers 
was hardly recognized. Defending his own daring in venturing to 
suggest that a geometrical meaning could be found for these imaginary 
or drunk numbers like 2/, 3i, etc., Wallis drew a comparison with the 
negative or back numbers. “Yet is not that supposition either unuseful 
or absurd, when rightly understood. And though as to the bare alge- 
braic notation it imports a quantity less than nothing, yet when it 
comes to a physical application it denotes as real a quantity as if the 
sign were *+,’ but to be interpreted in a contrary sense.” These words 
of the greatest of the Cambridge mathematicians of the seventeenth 
century are in strange contrast with the dying words of the mathe- 
matical don who gave thanks that nothing he had ever discovered was 
of any use to anybody but himself., 

THE WORLD ENCOMPASSED.— In explaining how the use of and 
to signify direction and position is a natural result of the way 
we first used them, we have allowed our traveller to roam along a 
straight road on his own legs and left him free to find heaven in his 
own imagination. Let us now see how they may be used to describe 
the movements of ships on sea roads which have no hedges, so that 
the mariner can steer his course as the crow flies. In Fig. 134 we have 
shown the world of the Great Navigations projected on parallels of 
latitude and meridians of longitude. The latter are not strictly parallel 
on the solid globe. They converge to the poles. At equal distances on 
the circumference of a circle round the world from north to south 
^pq|e and back the surface of the world is divided by circles parallel 
to the equator, 90 of them north and 90 of them south so that in going 
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from the north pole to the south and back we should have to cross 360 
parallel lines of latitude, or, as we usually say, go through 360° of 
latitude. By lines joining the poles, reckoned from 0° to 180° east 



and 0° to 180° west of the meridian which passes through Greenwich, 
any circle of latitude parallel to thp equator is divided into 360 equal 
steps or degrees of longitude. In a projection map, the meridians are 
usually drawn parallel like the lines corresponding with the parallel 
circles of latitude, as if the world were fiat. This introduces a big error 
in calculating long distances which can only be correctly calculated 
j)y the use of spherical triangles, as explained in Chapter 8, p. 372. 
For our present purpose we will neglect the correction and proceed 
as if the world were actually flat. 
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To indicate our position at sea or on the earth we only need to have 
some fixed spot to which we can refer our measurementSj like the 
Badger and Bagpipes Inn of the last example. For navigation we 
usually take a spot in the Gulf of Guinea, where there is water every- 
where and nothing to drink. This is where the Greenwich meridian, 
0° Long., crosses the equator, 0° Lat. It is the centre of the world for 
the mariners’ arithmetic. Taking this as centre in Fig. 134, we have 
drawn a circle with radius equivalent to 50° of longitude or latitude. 
The only noteworthy town which it passes very near to is Nicaea in 
Bithynia. Nicaea, which is situated, approximately at Long. 30° E. 
and Lat. 40° N., will help you to see how map-drawing made it possible 
to unite geometry and algebra. Nicaea is noteworthy for several other 
reasons. A hundred years after the schools of Alexandrian science were 
destroyed by the monks, the city of Nicaea was chosen as a centre for 
celibate arithmetical researches into the properties of the number 3. 
The familiar results of this energetic erudition are much more difficult 
to comprehend than the table of natural logarithms, and since capital 
punishment for mistakes in using the Nicene creed has claimed a 
host of victims, we are doubly fortunate in being able to learn the 
mercantile arithmetic of the Reformation instead. In the thirteenth 
century the centre of the Eastern Roman Empire retreated fropi 
Constantinople to Nicaea, before an attacking force of Crusaders who 
regarded the Byzantine method of factori 2 dngthe number 3 as heretical. 

Talcing the map in Fig. 134 at its face value, how far is the world 
centre of commercial arithmetic from the world centre of celestial 
arithmetic? The answer is not difficult. The line (R) joining the two 
is the hypotenuse of a right-angled triangle of which the other two 
sides are 30° of longitude and 40° of latitude. If the circumference 
of the earth is 25,000 miles, 1° of latitude or longitude (at the 
equator) is -Hf"? miles. ,So the other two sides of the 

triangle are 30 X 69|- and 40 x 69-| nules. By what we might now 
call the Chinese Compass Theorem, or Dem. 8, 

R2 = (30 X 69|)2^ (40 X 69|)a 
= ( 69|)2 (302 + 402 ) 

R = 69| V90b + 1,600 
= 69^V2,500 
-±69|(50) 

= ± 3,475 miles.* 

» Tlie error due to the earth’s curvature is about 3 per cent, as you will see 
by using the formula on p, 372. 
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The two signs In this case remind us that R, the distance from the 
centre to the circiimferencej would be the same if measured in the 
opposite direction to some place on the boundary of ^he circle in 



At every point on the boundary of the circle of radius Rj R® = -1- jy®; 

== = i.e. 

R = Vx^ + y* ; X = Vr^ _ y . 3, = Vr.2 — ?c* 

Hence if R = S and x = — 2, 

^ == Vs® — (— 2)® = V 25 ~Tf 4: = V 21 = (approx.; 

the South Atlantic. This simple calculation reveals how figures ?;re 
described in Reformation geometry. The Cartesian line is not like 
the lines of EucMj which can be equal in all respects in spite of the 
fact that they are obviously in different places. It is a particular line 
pointing in a particular direction, and starting &om a particular place. 
In Fig. 135 we have redrawn the circle of Fig. 134 with four ra^ 
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superimposed on the same framework. The only difference is one 
of vocabulary. We call a distance measured parallel to the equator 
d: X units, and any distance measured along a parallel of longitude 
± y units long.* In the figure: 

10 East degrees of longitude stand for -f 1 unit (x = -+- 1) 

10 West jj ,5 5) » I M (x ~ 1) 

• 10 North „ latitude „ 55 + 1 sj (3' — + 1) 

10 South „ ,5 M 33 — ^ (y— — I) 

All you have to remember is to translate east and west or north 
and south by ±5 and distances in longitude and latitude as x and y 
respectively. You will then see that any radius drawn north of the 
equator, where y — 0, and east of the Greenwich meridian, where 
X = 0, is the hypotenuse of a triangle of which the base is + x units, 
and the perpendicular is + yi units ; so that 
R2 = ^2 + / 

For the other quadrants of the compass, applying the rule of Diophantus, 
we have : 

N.W. : R2 = (- xf + y = x2 + y^ 

S.E.: = = 

S.W. : R2 = (- x? + (- yf == x^ + / 

So for any point on the circle 

or R — 'VxH-y^ 

Be sure you know what this means by translating it back into the 
more familiar rhetorical algebra of the Hindus. It will then read: “In 
Cartesian geometry a circle is a figure of which the distance of the 
boundary from a fixed point called the centre can be got by taldng 
the square root of the sum formedrby adding together the squares of 
the horizontal and vertical distances from the centre to any spot on 
the boundary.” So in the Reformation geometry the definition of a 

* Do not confuse the 37 measurements of Fig. 136 with the ix measurements 
of Fig. 133. In Fig. 135 measurements represented by 3 ? correspond with dis- 
tances along a road at right angles to the road which joins the two inns of Fig. 133 
, and not with distances tipwards (ix) in a plane at right angles to the plane in 
which it lies. The distinction is merely a convention. 
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figure is an algebraic equation. We say that the circle Is the figure of 

which the equation is 

R = -\-y^ 

This is called the Cartesian Equation of the Circle^ whose centre is at 
the point where a: = 0 and y — 0. ^ 

A second familiar figure which will illustrate the difference between 
the Euclidean and the Cartesian standpoint is the right-angled triangle. 
Any line drawn across the Cartesian framework of longitude (a;) and 
latitude (y) is the hypotenuse of^a right-angled triangle of which the 
perpendicular is a meridian of longitude, and the base a parallel of 
latitude (Fig, 136). If the line passes through the world centre where 
the Greenwich meridian cuts the equator, or, as we shall now call it, 
the origin of reference, any right-angled triangle enclosed by a part 
of the line and a parallel of longitude or latitude is similar to any other 
right-angled triangle enclosed by any other part of the line and a 
parallel of longitude and latitude. This you will see without difficulty 
if you compare the two series of triangles at the right and left at the 
bottom of Fig. 136 with Fig. 43 to illustrate Dem. 6 in Chapter 4. 
If the line drawn across the framework passes through the origin 
like RS, the position and size of a right-angled triangle with its corner 
angle (A) at the origin, having for its base x, and for its perpendicular 
y, are fully described by the equation 

— = tan A 

X 

or y — (tan A)x 

In the diagram x = 5 and y — 3. So tan A, which is the gradient or 
slope (see Fig. 31) of RS, is -f . 

If a line PQ is drawn parallel to RS across the Cartesian frame 
cutting the Greenwich meridian (“y” axis) aty = &, 

tan A = " — - 
0^ y == (tan A)x -f- b 

We do not usually speak of this equation as the equation of the 
right-angled triangle. It is usually called the Cartesian Equation of the 
Straight Line. The reason is that describing a figure in Reformation 
geometry is really describing a line which boimds it, and the equation 
which describes a line — straight, or, like the boundary line of a circle. 
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curved —j tells you how to find the latitude of any spot on the line 
if you know the longitudcj or vice versa. The last equation 
y ~ (tan A)x + b 

means that we can calculate the vertical height of any point on the 



line if we know the horizontal distajice of the point from the origin. 
For any particular line, we must know tan A and h. If the line goes 
through the origin, & — 0 and 

y — (tan A) x 

If A is 0, y^h 

This means that the line runs parallel to the equator (* V’ axis) at 
the same vertical height h anywhere. If A is 45° or Jtt radians, 
tan A ™ i (see p. 153), and 

^ y^x-\-h 

If tan A is unity and h = 0, the line runs through the origin at 45°. 
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The longitude and latitude of a particular spot on a line are usually 
called the co-ordinates of the point. It is useful to use a mathematical 
adjective to describe co-ordinates. If we call x any distance measured 
horizontally from the origin, and y any distance measured vertically 
from the origin, the co-ordinates of a point P are called % yp. The 



Fig. 137. — The Gradient of the Line as Differential Coefficient 


p written below and to the right of 31 : or jy tells you which particular x 
ox y you are talking about. We uspally leave out the p in equations like 

or y ~ (tan A)x + h 

The reason is that we take it for granted that the y we are talking 
about is the y corresponding with the x we are talking about. Since 
all right-angled triangles enclosed fay parts of the same line and 
parallels of longitude and latitude are similar, you will see from 
Fig. 137 that 

->'2 ~ yi tan ^ ^ ys — y% .^ yl - yn 

, .*8 — ■■■x* — 3^, : 
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That is to say, for any two points on the line, the gradient is the differ- 
ence between the y co-ordinates divided by the difference between 
the X co-ordinates, or 


tan A == 


diff.jy 
diff. X 


We shall write this ^ when the two points are very close together 

so that the differences are too small to measure. You must be careful 
to remember that dy does not mean d multiplied by y, but a little bit 
of vertical distance. Similarly dx does not mean d multiplied by 
but means the corresponding little bit of horizontal distance. So the 
equation of the line may also be written 


3,= 


dx ‘ 


x + h 


In Chapter 11 this way of writing the equation of the line will pro- 
vide us with Newton’s key to the measurement of motion. When 

tan A is written ^ it is called the differential cofficient of y. You will 

dy 

see from the figure that the ratio ot gradient ^ is just the same, however 
small we make dy and dx themselves. 

Another very important thing to notice about Fig. 137 is the line 
which is inclined backwards at the same angle A to the equator. In 
this case the gradient will be 


3>2-.yi 




(- ^a) “ (“ ^1) (- ^3) — (- ^2) 

... 


That is to say, the gradient of a line ;^hich slopes backwards at angle A 
to the horizon line is numerically the same as the gradient of a line 
which slopes forwards, but the sig7i is opposite. 

GUNPOWDER PLOTTING. — ^We havp Called the new geometry Refor- 
mation geometry to draw attention to the social context in which it 
arose. We have seen that the geometry of Rene Descartes included 
something which Euclid’s geometry left out. It tells you the position 
a figure occupies in space. We shall now see that it found a place for 
something else which Euclid left out. It can take time into account. 
In both respects it stands in close relation to the great intellectual 
changes associated with the Protestant Reformation, though Descartes, 
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like Erasmus, who laid the foundations of Protestant biblical scholar- 
ship and advanced many liberal doctrines of a later period, died without 
actually renouncing the Roman faith. 

The Reformation was not carried through by biblical scholarship 
alone. Europe was ravaged with wars in which artillery played an 
increasingly important part. It was the age of guppowder plots, when 
military success depended on exploiting a new technique. When cannon 
was first introduced in the thirteenth century its effects were chiefly 
directed to destroying the morale of the enemy. By the sixteenth 



Fig. 13S.— -The Path of the Cannon-ball 


century it was being used as an effective weapon of destruction. How 
to tilt the cannon so that the missile would hit a particular place, and 
how to sight the distance, had enlisted mathematical ingenuity in the 
art of warfare. 

Fig. 138 is a scale diagram of the fundamental problem. It shows the 
progress of the cannon-ball, vertically and horizontally. If conveni- 
ent in drawing, the scale of the v^srtical height need not be the same as 
the scale of the horizontal distance. You will see that each position of 
the moving cannon-ball, like each position of the moving ship, has two 
co-ordinates, the horizontal distahbe (-f x) to the right of the cannon 
corresponding with the longitude east, and the vertical distance upward 
from the ground (-fjy) corresponding with the latitude north. The 
difference between the scale diagram of the cannon-ball and an ordinary 
map is that we have put into it something we do not include m a map. 
Maps are made for different ships travelling §t different speeds. So 
they take no account of time. They are only concerned with showkig' 
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us the position of the ship. In the scale diagxam of the cannon-ball 
we have shown the time which elapses betw’een the firing of the cannon 
and the instant when the ball passes the horizontal distances corre- 
sponding with degrees of longitude. So we can equally give the 
co-ordinates of any point in the progress of the projectile as : 

(а) vertical height ~ horizontal distance = -f ^ 

(б) vertical height = time since firing = -f % 


In other words, we can use our Cartesian framework to represent 
the passage of time as in Fig. 139,„where one unit of measurement 
along the y axis stands for 64 feet and one unit along the x axis stands 
for 1 second. The curved line of this figure is called a parabola. 
A projectile moves in a path wliich corresponds almost perfectly with 
the parabola as it is defined by the mathematician, when it moves in 
a vacuum. In air the correspondence is less perfect, and certain correc- 
tions would have to be made if we used the mathematical parabola as 
a paper model for marksmanship. In the figure drawn we have talren 
values which illustrate the mathematical definition. Like all calculating 
devices, it is only an approximate desaiption of what happens in the 
real world. On tabulating values we can reconstruct the equation of 
the parabola by a little experimentation with the figures. Thus we fin,d: 


0 

2 

2 

li- 

0 


— 

Y 

0 

n 

3 

6 

7-1 

9“ 


0 
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4 

9 

16 

25 

36 


4 

0 

i 
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4 

q 

9 


V2 4/ 
0 
Li 
2 
2i 
2 
ii 
0 


The equation of the descending parabola drawn in this way is 
y ^ ax^ bx c 


In the example taken, as the table shows, a = — 5 == f, and 

c = 0. Since one y unit represents 64 feet, the value of calculated 
from this equation must be multiplied by 64 to get the correct 
answer in feet. By shifting the origin of measurement we get a 
much simpler equation. Fig. 140 is drawn so that the origin is the 
tuTning-point 192 feet from the cannon, and y is the vertical distance 





■1 


+2 , +3 +4- 4-3 +6 

(unit® 1 second} 

Fig. 139. — Putting Time into Geometry 

downwards from the highest point (144 feet) of the curve in Fig. 138. 
Distance (y) is measured in feet, and time (x) is measured in so many 
seconds before (— x) or after (-f x) the cannon-ball is at its highest 


point. We then have : 

X 

-3 

y 

144 

= (- 3)2 K 16 

- 2 

64 

(- 2)2 X 16 

~ 1 

16 

= (- 1)2 X 16 

0 

0 

= 02 X 16 

+ 1 

16 

= (+ ly X 10 

+ 2 

64 

= (4- 2)2 X 16 
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- (4- 3)2 X 16 
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Fig. 140.“- -Gunpowder Plotting 
The curve called the “parabola” 


The Cartesian Equation of the Parabola when drawn like this is: 


In this figure a =«= 18. 
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So the equation of a parabola like that in Fig. 140 is 
y — ax^ 

In this case a = + 16. 

So far we have confined ourselves to the way in which the Refor- 
mation geometry ardSe out of the technical problems and devices of the 
period in which it was first put forward in a systematic form. Before 
examining other aspects of the technical background we may stop to 
ask what use can be made of it. Two uses can be recognized at once. 
The first is that it gives the meails of solving numerical problems 
which can be stated in the form of an equation, even when we cannot 
find any direct algebraical rules for the solution. 

For instance, here is an equation which is otherwise difficult to 
solve. 

^ _ 5^2 4- 4;c - 8 == 0 
or - 5x2 + 4x = 8 

On the left-hand side of this equation we have a set of quantities 
of which we do not know the values. Standing by themselves they may 
amount to anything, according to the proper number which is repre- 
sented by X. The right-hand side of the equation tells us that flie 
correct proper number or numbers which x stands for must be such 
that the total of — Sx® -f- 4x is 8. If we call the total (x® — Sx^ -j- 4x) 
we can make a picture which represents all possible values which 
X® — 6x2 4- 4x can have, just as the outline of a circle drawn about 
the origin as centre of a Cartesian graph represents all possible values 
of VR® — when y — VR^ — x^. The picture we get shows us 
what each value of y is when x has some particular value. When the 
picture is finished, we can see the answer, if there is one. Some point 
or points on the graph must be situated at -f 8 units of latitude, and 
the correct value of x which “satisfies” the equation is the corresponding 
longitude. 

To make the picture we first dJaw up a table of the values of y 
corresponding with a lot of different values of x, going on till some 
of our values of y are larger and others smaller than the value which 
y has according to the equation = 8. Here is a table of this 
sorti 
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X co-ordinate 


y co-ordinate 

X 


— 5x^ 

4x 

(a'3 - 5x^ -1- 4x) 

-2 

-8 

-20 

— 8 

-36 

-1| 

2 7 
8 


-6 

-20| 

_ 1 

- 1 

-5 

— 4 

— 10 

_ -i 

1 

8' 

5 

4 

— 2 

^3| 

0 

0 

0 

0 

0 

i 

1 

8 

-f 

2 

1 

1 

1 

-5 

4 

0 

I'l 

2 7 
“S' 


6 

-ll 

2 

8 

-20 

8 

— 4 

2|- 

1 2 5 

8 

__ llA 

4 

10 

-5f 

3 

27 

— 45 

12 

— 6 

3-1 

141 

_2|1 

14 

-4f 

4 

64 

-80 

16 

0 

4i 

US. 

8 

AOS. 

4 

18 

7| 

6 

125 

— 125 

20 

20 


Having done this, we now dot in points like the small circles in 
Fig. 141, whose co-ordinates are x (extreme left-hand column) and y 
(extreme right-hand column) in the table. This is called plotting the 
curve. Join these points with a curved line running smoothly between 
them. 

The curve shows the values of x corresponding with 
y — tx? -- 5x^ 4cX 
The equation tells us that 

% = 3^ ~ 5x^ ix 

So we draw across the graph a line whose vertical height is 8, 
(jy = 8), The horizontal distance of the point or points where this line 
cuts the curve is the value or values of x which satisfy the equation^ 
The accuracy of the result depends on how well you draw the curve, 
how finely graduated the graph paper is, and the scale you choose. You 
will see that x lies betv'een 4-5 and 4*75, and it is very much nearer 
to the former than to the latter. With trouble you can get as mucj', 
accuracy as you need for whatever you happen to be calculating. 

A numerical application is seen in Fig. 142. If we want approximate 
values for squares, square roots, cube roots, etc., we can make* a 
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suitable graphj e,g. y — ~ Square roots may be foimd from 

the parabola 

y = 3^ 

which is the same thing as x — ±, Vy 

Having drawn the cuTvCa you merely have to read off the x co-ordinate 



Fig. Ul. — ^P lottin#? the Curve of 
x3 — 6^:3 -[- 4* = j; 


of a point whose y co-ordinate is ^the number whose square root is 
required. 

A second way in which the Reformation geometry is useful is that 
it suggests the kind of numerical rules or laws which connect physical, 
biological, and social changes which can be expressed by numbers 
Here are some illustrations. 

The stretching of 9 string or a piece of elastic is shown in 
Fig. 143. The experiment can be carried out in a few minutes. The 
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spring in this case was a piece of thick valve tubing, suspended by 
a nail knocked into the leg of a kitchen table with a foot-rule having 
divisions of yV below with drawing-pins or a couple of 

screws. The scale pan was the top of a cigarette tin attached by four 
holes, which can be made with a hammer and nail. Weights from a 



Fig. 142. — GRAPHIC.VL Method -for Finding Square Roots 


kitchen scale were used. The graph is made from the following 
observations ; 

X (weight in ounces) Level of Pan (inches) y (distance stretched, inches) 


0 

SO 

0-0 

2 

3 ' 4 , 

0-4 

4 

3-6 

0-6 

6 

3-8 

0-8 

8 

4-0 

1-0 

10 

4*2 

1*2 

12 

4*4 

i * 4 . 

14 

4-7 

" 1*7 

16 

5*1 

2*1 
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From such a graph you can read oif the distances which correspond 
with any weight if you want to calibrate (i.e. mark off a scale of weights 
on) a spring balance. You will notice that from x — 2 to = 12 the 
graph is a straight line. Within this range the addition of 2 ounces 



Fig. 143 — ^The Law of the Spring Balance 
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for any point between x = 4. and x = 12, e.g. when = 10^ j; == 1 -2, 
so that: 

l-2 = (0-l)10 + fl 
a = 0'2 

In fnlh the equation of the graph is, therefore:^ 

3 . = ( 0 * 1 )^ + 0-2 

This means that I can mark off scale divisions to make a weighing 
machine which weighs pretty accurately between 4 and 12 ounces 
with the same spring. Thus the mark corresponding with a weight of 
4| ounces will be (OT) (4-75) -f 0-2 == 0*675 inch, or twenty-seven 
fortieths of an inch from the zero mark. The rule or “law” which 
connects the weight used with the amount which a spring stretches 
was discovered by Hooke, the inventor of the watch-spring. Hooke 
was a scientist who, lilije many of Newton’s contemporaries, devoted 
much of his time to perfecting a clock which would be accurate enough 
to keep Greenwich time at sea and thus provide a simple means of 
finding longitude. That was one of the chief reasons why discovering 
correct laws of motion was important. 

You will notice that if we made our x and measurements start from 
zero marks corresponding with the length of the spring when a two- 
ounce weight was attached, as by using a scale pan 2 ounces heavier, 
the values of y corresponding with x — 2, 4, 6, etc., would be 0*2, 
0*4, 0*6, etc., and the equation which would describe the stretching 
due to weights up to 10 ounces with good accuracy would be == (0 • l)x 
or x~ lOj; (weight in ounces added = ten times stretch from zero* 
mark in inches). The way in which Hooke’s law is usually stated is 

w = ;^/ 

This is equivalent to ac = lOjylf ==10. In any particular experi- 
ment the value which k has depends on the units of weight (e.g. if 
weight were measured in pounds it would be in this experiment), 
and also on the thickness and material of the spring. Hooke’s rule is 
fairly accurate over a long range for metal springs. For india-rubber 
it works well within certain limits, and gives very bad results when 
large differences in weight are compared. This is true of all physical 
laws. A scientific law is an approximate truth, and can only be used 
with safety when we know the limits within whi<5h it works sufficiently 
well for our requirements. 

Mathematics for thg Million O 
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Another important characteristic of a scientific law is worth noticing 
here. To make the fullest use of Hooke’s rule we need to know how 
the value of k depends on the thickness of the spring and how it 
depends on the materials. Taking some standard material, we plot 
graphs for springs of different thickness, getting different values of k. 
So if we now plot different values of k for different thicknesses of 
springs of a particular material, we can get the connexion between 
the two in the form of a simple rule. By finding k for springs of the 
same thickness made of different materials we can make a table showing 
the ratios of the value of k for springs of different materials to the value 
of k for springs of some material used as a standard. With the equation 
connecting k with thickness for the standard material and such a table ot 
relative values of k for springs of the same thickness we can calculate 
the stretching power of a weight, if we know the thickness of the spring 
and what it is made of. A typical physical law contains an abstract number 
or constant like k, which can be split up into a “dimensional” factor 
(thickness in this case) and a “specific factor” (depending on the 
quality of the material). So to say, as some people do, that physical 
laws are only about quantities is merely true of the way in which they 
are written down in a textbook. When we actually use them we have 
to replace the abstract numbers which occur in them by proper 
numbers appropriate to qualities of real objects. 

Before the coming of the Reformation geometry, mathematics had 
been used to study the courses of the stars, the bending and reflection 
of light rays, and simple problems of mechanical poise like the principle 
of the lever. Being based on Euclid’s geometry, it was mainly pre- 
occupied with space. Science was still chiefly concerned with the 
shapes of things. It was anatomical ratlier than physiological. The map 
geometry of Descartes is not limited to shapes. It can be applied to 
connexions between all sorts of quantities. Just as we can make the 
longitude and latitude of a map correspond with time and space 
measurements in the graph of the projectile, or space and heaviness, 
as in the last example, there is no rpson why either of the co-ordinates 
of a graph should stand for a measuremenl of distance. The next 
illustration of a simple quantitative law is Newton’s Law of Gooling 
(Fig. 144). Along the axis the graph records the temperature of a 
saucepan of boiling water allowed to cool at room temperature, and 
protected from draughts. The ac co-ordinates of a point represent the 
number of minutes which have elapsed since the water was put to 
cool. Ail you require for the experiment is a thermometer, a saucepan, 
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watefj a stove, and a dock. The shape of the curve is not like any one 
which we have yet met. Later in the chapter (Fig. 154) we shall give 



Time (in minuiks') 
Fig. 144.— The of Cooling 


Graph of cooling of water in a 1-pint saucepan between 92® C. and 33® C. 
The room temperature wa^ 17° C. 

the equation which yields a cui;ve like it. You may remember that 
10~^ stands for ~ and i0“^ stands for on the paper abacus 

which extends as far as you like both ways. If not, look up Chapter 7, 
p. 290. The curve in Fig, 154, representing jj? = 2®, is the mirror image 
of the one shown in Fig. 144, The equation which describes the cooling 
of the water in the saucepan is 

y~a~^ + h 
or T=:=a"‘®*-{-To 

where T is temperature and t is time, and Tq is the temperature of die 
suiroimdiiig^ air. : 
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Even when the curve obtained by joining a set of points in a graph 
fails to suggest a simple numerical rule like Hooke’s law or Newton’s 
Law of Cooling, the graphical method can exhibit the fact that a 
connexion between two changeable things does in fact exist. Just as 
a good cartoon tells you more at a glance than a volume of political 
rhetoric, a graph tells you more at a glance than pages of rhetorical 
algebra. Although a graph of which the y co-ordinate of a point is the 
mean weight of a healthy baby and the x co-ordinate the time since 
birth does not expose a simple law for which we can write down a 
short equation like the equation of the straight line or circle, it is a 
very useful check on the starvation of children by a biologically 
inadequate unemployment allowance. A graph of which the y co- 
ordinate represents the proportion of persons who commit suicide, 
or are convicted of crime, and the x co-ordinate represents the propor- 
tion of persons unemployed in tlie same community at the same time 
brings to the eye in a very lively way the amount of money which goes 
to fill the pockets of lawyers because of the unequal distribution of 
wealth. 

CIRCUMNAVIGATING THE HEAVENS. — In the ccutury in which the world 
was circumnavigated it was important to have new and more accurate 
information about the movements of the planets. In the De Revolution- 
ibusy published in 1543, Copernicus defended the doctrine of Aris- 
tarchus, who taught that the earth and planets travelled round the sun. 
The current view of the Ptolemaic astronomy assumed that the whole 
celestial sphere of sun, moon, and stars revolved round the earth. So 
far as the sun and the fixed stars are concerned, this alternative was 
equally plausible in the light of all the evidence available. Difficulty 
only arose in accounting for the position of the planets which were 
used in determining longitude before the chronometer was per- 
fected. The observations of Tycho Brahe, a Danish astronomer, in 
the half-century which followed the death of Copernicus established 
a simple rule for finding the position of the planets. Their motion 
becomes easy to calculate if we assume that the earth and the other 
planets of the solar system follow an elliptical track round the sun. 

An ellipse is a figure like the section of a football bladder. When the 
bladder is completely collapsed, the section is two lines pressed close 
together. When it is thoroughly blown up it becomes practically a 
circle. A mathematical definition of the ellipse can be got from the 
,way in which it can be* drawn. The method shown in Fig. 145 is very 
much like the sand-tracing of Fig. 18. Instead of one fixed peg, two are 
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necessary, and a closed loop of cord instead of a single piece is used, 
as in the top of Fig. 145 (a) and (6), which shows how to draw the 



ellipse on paper with two pins and a loop of cotton, instead of cord 
and pegs. The two points where the pegs (or pins) are driven in are 
called the foci of the ellipse marked F and F' in the lower figure. They 
are fi:i:cd 2c units of length apart. The mid-point c units from each 
focus, marked 0, is called the centre. If the two foci are so near that 
they cannot be distinguished, the curve is indistinguishable from a' 
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circle. If they are so far apart that the cord is stretched tight between 
them the ellipse is practically flattened into a line. Since the loop is 
of fixed length, the sum of the distances a and b of any point from the 
two foci is the same. Half the sum is d in the diagram, i.e. 

(2 -j- 6 == Viid 

The ellipse is symmetrical about two unequal diameters. One, 
called the minor axis^ at right angles to the line betw'een the foci, joins 
the opposite points where a"b~d.limh half the minor axis 
Fig. 145(c) shows you that by Dem. 8 

m^==d^~c^ (i) 

The other, called the major axis, is a continuation of the line joining 
the two foci. You will see from Fig. i45(^)3 in which half the major 
axis is called M, that 

M = a + c 
and M — h-~c 

2M = a + &=2d 
M = d (ii) 

If the major axis is nearly equal to the minor axis, like the equal 
diameters of a circle, the ellipse bulges into a circle. Then c — 0. T^e 
two foci F and F' are so near together that tliey coincide with the 
centre 0. We call the ratio of c, the distance betw’een the centre and 
the focus, to d, the distance along the major axis from the centre to 
the boundary, the eccentricity of the ellipse, i.e. 

c 

01 c — de 

The circle is an ellipse of which the eccentricity is 0, since c = 0. 
The sun is not situated at the centre of the elliptical orbits of the earth 
and planets. It is at one of the foci. We can calculate the relative position 
of the earth or planets and the sun if we know the equation of the 
ellipse. In Chapter 6 we spoke of the radius of the moon’s orbit as if 
it were a circle. This is quite good enough for a first approximation, 
since, as you may now see, the eccentricity is small. Taking the greatest 
(b) and least (a) earth distances of the moon as 251,947 and 225,719 
miles, half the major axis, i.e. M — |-(a + h), is 238,833 miles. Since 
a 4" c = M ss & c ag,d c = de — Me, it follows that 



4^3 
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So the eccentricity of the moon’s orbit is 

1(251,947 - 225,719) 238,833 = 0-055. 

In getting the equation of the ellipse we shall find it better to rewrite (i) as 
- (def = (PQl - e^) 

= M2(1-^) (iii) 

From which -we get for m (half the minor axis of the moon’s orbit) 
238,833Vl - (0-055)2 238,470 miles. 

If you find the way in which we get the equation is a little complicated, 
read first Appendix 2. From Fig. 140 you will see that if P is any 

TV'finoT' 

Tlarts- 



Fig. 146.-— The Equation of the Ellipse 



point on the boundary, its vertical height 3; and its horizontal distance 
from the centre x, from the two right-angled triangles whose hypo- 
tenuses are the lines joining P tQ,the two foci, by Dem. 8, 

a® = 2cx + c® . (iv) 

b^=:y*+(x~ + x^~2cx + . (v) 

Adding the left-hand side of (iy)’ to the left-hand side of (v) and the 
right-hand side of (iv) to the right-hand side of (v), we get 

^ 2y + 2#-+- 

= 2y -h 2^2 -h 2dV , . 

Subtract (v) from (iv): 

. , , d* d* == icx — Mex 


. (vl) 


424 T'he Reformation Geometry or 

By Dem. 4 (a + &) (<2 ~ &) 

(a h) {a ■— h) ~ Mex 
2d (a b) = 4:dex 
a — b~2ex 
(a - by = 4:eh^ 

3f , a® — 2S + 62-= 4g2^2 . . , , (vii) 

Take (vii) from (vi): 

2ab — 2y2 + 2x^ — + 2c^^ . . (viii) 

Add (viii) and (vi); 


fl2 _j_ 20(6 + 62 ^ 4/ 4^2 _ 4^2^2 _}^ 4^2g2 

(a + 6)2 = 4/ + 4^2(1 - e2) + 4:d^^ 

But (p. 422) (a + bf = ( 2 d ^2 

4J2 = 43;^ + 4jc2(l - e2) + 4i2ea 

3,2+ 3^2(1 -e2)-l_^2g2 

d^ - dh^ == + x^l - e^) 


1 = 


■^2(1 


^ , ^ 

e2) ^ J2 


From (ii) and (iii) 


1 -^ 4 .-^ 

m2 ^ M2 


This is the Cartesian Equation of the Ellipse. It tells you how to 
find the distance y parallel to die minor axis (2m) of a point whose 
horizontal distance along the major axis (2M) is .r. To use it you need 
to know the values of m and M for the particular ellipse. In the case 
of the moon’s orbit 

m = 238,470 miles 
M = 238,833 miles 


From a centre situated a distance c == Me (= 238,833 x 0-055 miles) 
from the earth as focus the equatiomof the moon’s orbit is therefore; 


or 


1 = 
3 ; = 


(238,470)2 

238,470 

238,833 


^ (238,833)2 
V(238,833)2 - ^2 


Ky a method which is too long to explain here it is comparatively 
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easy to plot a graph showing the relative distances of the earth and 
any planet from the sun (making the distance of the earth from the 
sun the unit of measurement) from continuous observations of its 
right ascension and declination over a long period. When you have 
done this you can test whether the figure of a planet’s track is an 
ellipse with the sun as its focus by first measuring its greatest width. 
This will be the major axis^ if it is an ellipse. The width of the figure 
in the line at right angles to its greatest width drawn through the 
mid-point will be its minor axis. Since you know the equation connect- 
ing y with X for an ellipse, of -which the major and minor axes are 
known, you can now calculate successive values of y for different values 
of X, dotting in the points corresponding with each pair. If the path 
is actually an ellipse, these points will lie very close to the graph based 
on direct observations. Kepler had to try a very large number of 
figures before he found that the ellipse fitted best, and gave the quietus 
to Plato’s doctrine that the heavenly bodies move in circles because 
the circle is the most perfect figure. 

THE ENFRANCHISEMENT OF THE OPERATIVE CLASS. — In the Static 
figures of Euclid’s geometry we only meet with angles not greater than 
four right angles (360°). It may have occurred to you that when we 
introduced the radian or wheelwright’s measure of the angle we made 
room for angles as big as we like to make them. When the Reforma- 
tion geometry came into use people were becoming familiar with two 
instruments which impress this possibility on the imagination vividly. 
One was the mariner’s compass. The other was the clock. 

Fig. 147 will help you to see how these two inventions liberated 
the angle from the strait-jacket in which the timeless static 
figures of Greek geometry had imprisoned it. First look at the 
clock. The time is ten o’clock, or, in modem language, 22.00. 
What is the angle A degrees ora radians between the hands? Your 
first impulse is to say 60°, or Now suppose we prevent the hour 
hand from moving. In an hour’s time the hands will be in exactly 
the same position, but the long h^nd wiU have revolved through 360°. 
So the angle is now 360° -f A, or, in radians, 27r yf a. If we wait 
another hour, the gap between the two hands is again 60° in the 
geometry of timeless figures. But when we have put time into geometry 
it is 2(360°) -(- A, or iir -f a radians. An hour later the hands will be 
in the same position, but the big hand will have revolved through 
another 27t radians, or 360°, The angle is now 3(360°) + A, or Ott a.^ 
So you see the static angle of f of a right angle (60° or tt/S radi^) 
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in the geometry of antiquity is equivalent to ± 60° or «(360°) ± 60°3, 
{tt( 27 r) ± 7r{Z rad}, n being 0, 1, 2, 3, etc. That is not all the story. If 
we turn back the minute hand an hour, still keeping the hour hand iked, 
we have taken away 360°, four right angles, or 2w radians, and so far as 
Euclid is concerned we are back to the same angle. So A — 360° or 
a ” 2w is the same thing as A or u in Euclid’s geometry. Similarly 



A •— «(360°) and a — 2«7r, where n is any whole number, look just the 
same so far as Euclid’s geometry is concerned. So 

A (in Euclid’s geometry) == A ~ «(360°) 
or «(360°) - A = - A 
and 2mi ~ a~ — a 

Of course, we do not need to stop the hour hand to show that the 
angle has many alibis when we use it to describe the motion of the 
spoke of a wheel which is turning round, instead of using it to describe 
the gape of a pillar which we are putting (or failmg to put) in an upright 
position. Even if we do not stop the hour hand, the same Euclidean 
angle is seen on the face of the clock in the same position every twelve 
hours or twice a day. Once we put time into geometry, we have to 
ask how many times one edge has turned round an axis before it got 
into the position in which it happens to be when wc are looking at it. 
If you are locating a point due N.E., i.e. 45° or 7r/4 radians from the 
_ northerly direction, and have set the compass, you can turn the compass 
round through 3^M)° or 2ir radians as often as you like, dockwise or 
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anti-ciockwisej and you always find the same Euclidean angle between 
the pointer and the N.E. mark on the scale. 

So far the issue is straightforward. Now comes a novel result, if 
you are going to face all that is involved in the fact that a Euclidean 
angle has many alibis. We have said 

Greek A = Modem {«(360°) -f- A) 
and — A == — A 

or a — 2,nrr + a 
and — a — 2«7r — a 

Why should we not go a step further and say 

tan A = tan (360° + A) 
or tan a — tan (2n-jT + «)? 

In Euclid’s geometry we define the sine, cosine, or tangent of an 
angle as the ratio of two sides of a right-angled triangle, and since 
no angle of a right-angled triangle drawn on a flat surface can be 
greater than 90°, Euclid’s geometry can only show us how to use the 
sine, cosine, or tangent as a way of measuring angles which do not 
exceed 90°. However, we have also seen in Chapter 8, p. 384, that 
sin (180° — A) and cos (180° — A) can be treated for purposes of 
calculation as if they were respectively sin A and — cos A. Thus, 
if sin 30° — |, sin 150° = and if cos 60° = |, cos 120° — — 
The failure of Euclid’s geometry to give us a picture of what we do 
when we cany out calculations according to these rules is due to a 
limitation which we have already, recognized. In Euclid’s timeless 
geomeuy an angle is a fixed and ready-made quantity. In Reformation 
geometry it has a history. It is generated by the movement of a line 
about the x axis, having a direction of movement represented by the 
negative sign if clockwise, and the positive sign if anti-clockwise. 
We saw on page 384 that there is nothing absurd about sin 150°, if 
we define a sine as the relation between a chord and an arc. Likewise 
there is nothing absurd in saying that the angle 210° (180° -f- 30“), or 
the angle 150° (180° — 30°), can be measured by the tangent method, 
if we go back to our original definition of the tangent (p. 122) as 
gradimt. 

In Fig. 148 a track drawn for dearness with a gradient of 1 in 2 
passes under a tunnel. The x axis along winch’ the horizontal distance, 
of any point on it is measured acosses tbej; axis along which the vertical 
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height of any point on the track is measured under the tunnel. So the 
position of the tunnel corresponds with the origin of reference in 



Fig. 148 


Reformation geometry. From Fig. J48 you will see that we are equally 
entitled to say : 

(a) Measuring from the right of the tunnel the track slopes to the 
X axis with a gradient of • 

(&) Measuring to the left of the tunnel the track slopej? t* ^80“ -!- A 
to the X axis with a gradient of 

-y " 

But the ratio 

*, —x +x 

So if we use the tangent of A to mean the slope of the track^^ Cartesian 
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geometry can define it by the ratio of the x and y co-ordinates of 
any point to the right or left of the origin. Thus 

tan A = tan (180° -f A) 

There is a simple advantage in extending our definition of the 



tangent in this way. The tangent of tlie EucHdean triangle does not 
distinguish between the gradient of a line sloping backwards at an 
angle A to the axis like the track in Fig. 149, and a line which slopes 
at an angle A forwards like the single track in Fig. 148. In Cartesian 
geometry the track in Fig. 149 slopes at an angle (180° — A) to the 
X axis above the tunnel and (360° — A) below the tunnel. Its gradient 
. V 

IS not but +y -i x^ or, what is the same thing, 3 ? -f- -f x 

So in the Reformation geometry 

tan (180° — A) or tan (360° — A) — ~ tan A 
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So if tan 45° == 1, tan 135° = tan (180° — 45°) == ~ i, and 
tan225° = tan (180° + 45°) = + 1. Thus the numerical values of 
the tangents of the angles repeat themselves in each quadrant (N.E.j 
N.W.j S.W., S.E.) if the compass and the signs change from 

y 

« N.E. quadrant ~ 

N.W. quadrant 
S.W. quadrant 
S.E. quadrant 

Since we can generate angles of any size on the face of the clock, 
we can extend our table of tangents by putting 

tan A — tan («180° + A) 
or tan a — tan {ntr + a) 

and 

tan A — — tan («180° — A) 
or tan a = — tan («rr — a) 

If we broaden our definition of the tangent, there is no reason why 
we should not confer the same privileges on the sine and cosine. In 
the circle of unit radius, sin A is the y co-ordinate and cos A is the 
X co-ordinate (see Fig. 129, Chapter 8) of the point where the radius 
cuts the circle (Fig. 150). So the ntimerical values of sines and cosines 
repeat themselves and the signs change according to the rule— 


Quadrant 

sine 

» cosine 

tangent 

N.E. 

+ 

+ 

+ 

N.W. 

+ 

— 

— 

S.W. 



+ 

S.E. 

— 


~ 


We can also extend our tables of sines and cosines further by using 
the equations 


sin A == sip (180° — A) = — sin (180° -f A) 
COS A == — cos (180° ± A) 



What are Graphs? 431 

From Fig. 151 we can also see that the tables could be extended by 
using the formulae : 

sin (90” + A) = + cos A 


tan (90” + A) = \ 

^ ^ tan A 

cos (90° -f A) = — sin A • 


There is now no objection to taking the further step of recognizing 



Fig. 160, — Extending the Tables of Angle Ratios 


Angles 180" — A, Angles A, A + 360", etc. 

640“ — A, etc. sine y 

sine y cosine x 

cosine — x 
Angles 180" A, 

640" + A, etc. 
sine —y 
cosine — * 

that 300° “ A is A measured below the .*c axis, and has the same, oosition 
as ~ A, So 

sin (360° — A) = sin A 
cos (360° — A) = cos A 
tan (360° ~ A) = — tan A 

You will now rightly ask what is the point of extending our tables 
of sines, cosines, and tangents beyond 90°. The answer is seen at a 
glance in Fig, 152. As they stand, the figures Of timeless geometry are 
only suitable as models of the way in which the size of sometSing' 


Angles -- A, 360" — A, etc. 

sine — y 
cosine x 
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increases or diminishes to a certain limit. It required great ingenuity 
to make them stand for the very large class of quantities which contin- 
ually revert to the same value. This class of quantities is very great 
and very significant. The displacement of the vibrating string of a 
violin and the ups and downs of unemployment figures in successive 
trade cycles under capitalism are two familiar illustrations of j; quan- 



If the length of the revolving line is unity, sin (90® -f- A) = + & = + cos A, 
and cos (90° + A) = — a = — sinA. 

tanA==+a^ + & = r 
0 

tan (90® + A)=+fe-l a 

tan A 

titles which vary periodically with time measurements represented 
along the x axis. 

The curve in Fig. 152 represents the equation 
y — cos X 

The curve of the equation ^ = sin is exactly like it, except that 
we should begin at the origin {x = 0°) half-way up the crest of a wave 
instead of at the top of it. You can plot for yourself 

jy — sinx 

. By plotting jy = 2 cos or jy == I cos 2x, you can discover for your- 
self that a more ^neral type of equatkin gives a curve just like the 
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foregoing, except in so far as interchanging 2 and | make it flatter or 
steeper. The more general form is 

y — aay&hx 
^ = <2 sin 

These equations are the parent of the mathematics of wave motion, 
now one of the most important applications of mathematics to the 



y~ cos X 

real world. The discovery of a simple way of representing wave-like 
or periodic movement has made it piossible to interpret measurements 
of tiie spectrum and the discharge of electricity in gases. Without 
it we should not be able to make calculations about alternating currents. 

We shall come back to the discussion of “wave motion” later. Here 
you must be content with a glimpse of something which may often 
have puzzled you. You have heard or read in books on popular science 
that light travels in waves, and “wave-lengths” in the age of radio are 
familiar realities of everyday life. So you have probably wondered 
what physicists mean when they talk about waves. The next figure 
(Fig. 153) shows you the answer to your question. It is a graph of the 
table given at the beginning of the chapter to iliustrate the use of 
and ” for describing the position of the^pendulum at different 
instants of time. Along the axis we have put the displacemenits, ' 
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along the x axis we have recorded the time which has elapsed since 
the observations in the table on p. 397 started. The curve of the 
pendulum is very much like the curve whose general equation is 

3 ? = a cos bx 

If you make a taWe and dot in the points you wMl ind that the 
curve in Fig. 153 runs very close to 

3 ; = 6 sin ( 9 O 3 ;)'’ 

So we can use the latter as an approximate formula for calculating 



where the pendulum is at any particular time. All the physicist means 
when he talks about waves of light sound or electricity is that he 
calculates with the aid of equations which can be represented by wave- 
like curves such as the one in Fig. 152. You have dispersed one of the 
mystifying things in modem language by liberating the operators 
“ sin” and “cos” from the Euclidean figures in which they could only 
work with angles between 0® and 90% or 0’’ and {IttJ 
There is another class of operators which gained new opportunities 
for usefulness in the Reformation geometry. The abacus stands for 
a White Settler policy. It allows the operator n in the phrase to 
work with whole numbers, but sets up a colour bar which prevents 
n from doing skilled work with fractions. Fig, 164 shows you that 


-2 d 2 2 3 ¥ ^ 

Fig. 154.-~The Cokvb whose Equation is 
y = 2» 

negative or positive (see pages 204 and 290). Neither the figures of 
Euclid nor the counting-frame can give you a model in which x can 
stand for a fraction. Indeed, when you are first taught that it can do 
so you may feel uneasy, like South Africans who say that natives cannot 
be taught to read and write, in spite of the fact that they could see 
Xosa and Zulu students working at sums in the integral calculus if 
they took the precaution of visiting Fort Hare-CoUege in the Ciskci. 
The way to see whether a native can learn what wc can learn Is* t® 




43 ^ The Reformation Geometry or 

teach him, as the South African Labour Movement would do if it 
were a really progressive party. Reformation geometry does for the 
operator x in 2® what a really progressive party would do for the Bantu. 
It gives it the opportunity of doing skilled work. 

In Fig. 154 we have plotted all the values of = 2* between 
= — 1 and x — 6,^ when a: is a whole number, and have joined them 
up to form a curve. In joining them up to form a curve we have given 
X the benefit of the doubt, to see if it can do useful work when 
it is not a whole number. In Chapter 6, p. 269, we gave the rule of 
Archimedes 

2“ X 2** = 


It is easy to see that this works for whole numbers, e.g. 

22 X 23 = 23 
4 X 8 = 32 

So if X can be made to do useful work when it is not a whole number, 
21-6 X 22*3 ^ 2** = 16 

As accurately as we can read ojBf the values of y corresponding with 
X = 1 - 5 and x = 2 - 5 in the graph shown we find 

3 - 1.5 = 

3 - 2.5 = 5i=y 

So (3-16X3-2.5) = ¥5^ 

This is as near to 16 as the rough drawing could allow us to get, 
the difference being less thanll per cent. You can check from the 
graph the following: 

Measuretl (approximate) Theoretical 

Value Value 


2l'5 

X 

23-3 

T 1 

4 

X 

¥ 

31-6 

32 


X 

24-5 

¥ 

X* 

¥ 

63-9 

64 

22-5 

X 

23-5 

- 4 “ 

X 

¥ 

66-1 

64 

22-3 

X 

2^-3 

¥ 

X 

¥ 

134 

123 

23'3 

X 

24-5 

¥ 

X 

93 

- 4 - 

267 

256 


The graph of Fig. 154: was drawn on very cheap (penny exercise book) 
squared paper, and so the measurements cannot be correct within much 
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less than 5 per cent. When multiplied they might well be out by as 
much as 10 per cent. You can probably get much better results your- 
self. What we have given here is sufficient to show you that x can do 
just as good work as we can reasonably expect when it is allowed to 
do skilled work with fractions in the industry represented by 2®. In 
the next chapter we shall see that liberating the 'operator x from the 
restriction of worldng only with whole numbers leads to the greatest 
time-saving device which has been invented in the history of calculation. 
The operation a®, like sin x or cos x, plays a most important part in 
the measurement of alternating ’currents, when we have put it to 
work on jobs which the fetters of Euclid and the colour-bar laws of 
the counting-frame prevented it from doing. 

THE MEANING OF THE VERB /( ). — It will help you later if we break 
off the narrative at this point to introduce a small point in the grammar 
of size. You are well aware that the verb to do in English can stand 
for almost any other verb, as when the Victorian parent tells the old- 
fashioned child, “Do as you are bid.” The corresponding universal 
verb which stands for any operator in mathematics is written /( ) 
or ). It means, “Look up the corresponding value of ... in a 
table.” Thus the sentence 

means, “Look up the corresponding value of ^ in a table wliich gives 
the values of x,” i.e. x is the departure column which corresponds 
with y the arrival column in the time-table we make when we plot 
a graph. 

In the grammar of everyday speech we learn some rules which are 
true of all or nearly all verbs. For instance, the gerundial form of 
English verbs end in ing. Thus socializing agriculture under a socialist 
Government and nationalizing the mines under a capitalist Government 
illustrate the same grammatical rule, though they are very different 
things. In the same way there are certain rules wliich apply to all 
operators or large families of operators in mathematics. One rule which 
applies to all curves which are smooth and do not have any sharp 
angles is very important in connexion with the discovery of series 
which choke off for sin x. cos x, 2®, etc. 

The rule is not difficult to grasp, if you first familiarize yourself, 
by drawing them, with the shape of curves whose equations are .* 

(a) j = X, jy — x®,j; = x^, etCa 

(&) j; = x\j = x4,:y — X®, etc. 
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We have akeady studied the graph of 
y~ 03 ^ 

The shape of graphs corresponding with 31' = ^, 3;= etc.j is 
simharj except in so far as they become steeper. By the sign rule 



Fig. 155. — Graphs of 
y = x® and * >> == sc® 


(— x) (— «) (-- x) . . . (— x) to m terms is a:”*, when m is even. So the 
graph of y = when m is even, i» always U-shaped, 3; being positive 
whether x is positive or negative. The graphs of 3; == x*”, when w? is an 
odd number, are illustrated in Figi 455 . They all cross the origin down- 
wards to the left and upwards to the right, because (— (“ x) . . , x) 
to m factors, if m is odd, is So 3; is negative when x is negative. 
The graphs of 3? ~ 3; = ~ X®, etc., are of the same shape, 

crossing the origin downwards to the left and upwards to the right. 
To distinguish curves representing even and odd powers we may write 
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their equations respectively 2 S y — and y = Thus if n= Is 

= x% and = x®. If k — 2, x®” = x^, and = x^. 

The next two figures show curves whose equations belong to the 
family : 

y = ax^ + &x2”+i 

You will notice that for large values of x in Fig. 156 (compare 



y = + x* Fig. 156 

with Fig. 155) the curve becomes like that of j; — ^x”*, when m is 
odd, i.e. 

This is as we should expect. Thus when x~.% x® is only twice 
x^. But, when x == 8, x® is eight times x®. For small values of x the 
shape of the curve is more like that of 

Jf <=s=ax^., , , ^ , : ; 



440 The Reformation Geometry or 

This again is common sense. When — 1, = 1 — When 

5c = — yV, and o? is i.e. is four times as large as x®. 

So we see that in the neighbourhood of the origin (x — 0 ~ y) the 
lower power (x^”) is the chief thing which affects the shape of the 



= 4 + 3x + 2x8 + x® 

= 6 + 4x + 3x8 + 2x= + X* 

curve, and when x is large the higher power is the chief 

thing which affects the shape of the curve. 

Fig. 156 shows you another thing. You can make the region of the 
airve in which the lower power predominates larger if you make a 
large compared with & in the graph of 

In both graphs « is^. In one (the lower curve) and the 

' U-chaped part of the curve is barely recognizable. In the other a is 
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four times 6, and there is quite a large region in which the curve has 
the U -shape of j == x% the lower power. In the next figure (157) 
we have made y a little more complicated. There are two graphs : 

y = 4: + 3x + 2x^ + 

31 = 5 -1- 4:c -f- 3x2 + 2 jc 3 + a;* 

When you have plotted these curves for yourself, compare them with 
Fig. 154, which shows the graph of 

y^=ar 

You will then see that within the rectangular area marked off by 
straight lines parallel to the x and y axes the curve of Fig. 154 is very 
much like the shape of the curves in Fig. 157. In fact, by giving a 
suitable values different from its value (a == 2) in Fig. 154, you could 
use either of these curves as an approximate way of reading off values 
of a* within certain limits. 

If you now turn to Figs. 168 and 159 you will see the graphs of 

^ = 6x - X® 
y 4 -&X^+X* 

These equations have been built up by using only odd or only even 
powers. In the neighbourhood of the origin, they are periodic or wave- 
like. They approximate to the curves whose equations are 

y — asinbx 
y = a^cosbx 

The important point to notice about the second curve is that by 
putting in a higher power of x we have added another half-period to the 
curve. AH the smooth curves which we have drawn can be represented 
as members of a single family. 

y = a + bx cx^ dx^ + ex^ -f /x® and so on 

or to use the general verb 

/(x) — a + bx + cx^ and so on 

They differ in the numerical values and sigq,s of the numbers n, 
c, etc., which are called the constants of the equation. Thus the values ' 
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y = 6x -- *» 


+ 50 



Fig. 16^. — ^Thb Curve whose Equation is 
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©f the constants are 6 == 6, J = — 1, and a == 0 = e == etc., in the 
graph of 

y^&x — 3 ? 

What we have seen justifies the suspicion that by using enough 
powers of x {x^ ... ... > .) we can build up a 

curve as near as we like to curves such as 

j; = a* 

or — sin « 

This K the principle we shall use later to get for sin *: and series 
which choke off like a recurring decimal. 

MAP GEOMETRY FOR AEROPLANE AND SUBMARINE. — ^Euclid devOtcd SOme 
Space to the geometry of solid figures. Apollonius adapted Euclid’s 
geometry of solid figures to the study of curves. You may recall the 
fact that we gave a reason for omitting any account of Euclid’s "solid 
geometry” from Chapter 4. The reason was that solid figures are much 
more easy to visualize and measure by later methods. In describing the 
Reformation geometry so far we have seen how the flat projection 
maps of the Great Navigations paved the way for a new method of 
studying flat figures. Flat projection maps are good enough for ships 
wibich move on the sea. Nowadays we have submarines that move 
at different depths and aeroplanes that move at different heights above 
the surface of the sea. So a longitude (E.-W.) and latitude (N.-S.) 
method of describing the movement of modern means of communi- 
cation does not meet aU the requirements of transport. The Reformation, 
geometry can be adapted to the needs of submarine and aeroplane 
without much difflcultya so that the Cartesian method can describe 
solid space as well as figures drawn on a flat surface. 

All that is needed is to go back to the world centre in the Gulf of 
Guinea, anchor the ship, drop a plumb-line vertically downwards, and 
hoist a mast vertically upwards with the flag of the Parliament of 
Man to remind u^ that civilized people regard modem warfare as a 
degenerate branch of piracy. Mast and plumb-line stand for the z axis 
of the aeroplane’s height and the submarine’s depth. Every point in 
solid space is now represented by & z parallel of height and depth, as 
well as an ;x parallel of longitude and parallel of latitude. A flat 
figure is represented by an equation in which the value of j' is found, 
by tabulating all the values x can have. A soEd figure is represented 
by an equation in whidi the vaduc of z is found by tabulatinf aU'tiss 
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different values both x and can have. In other words, it is an equation 
which gives the z co-ordinate of height and depth corresponding to 



Fig. 160 

each spot (e.g. mountain or valley) of a particular longitude or a 
particular latitude on the flat surface of the projection map. 

In Fig. 160 we have set up' the ar axis of flag-mast and plumb-line 
at the world centre ifi the Gulf of Guinea. The solid figure whose 
equation we shall give to iUiKtrate the Cartesian method is the cone. 
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If the centre of its circular base (radius R) lies on the surface of the 
Gulf of Guinea at Lat. 0°, Long. 0"^, any slice parallel to the surface 
of the sea is also bounded by a circle. Every vertical half-slice through 
the axis of the cone is a right-angled triangle. At P, drawn about half- 
way on the upward ascent from the circular base to the apex of the 
concj the horizontal displacement is r and the ^vertical displacement 
is z. We already know the connexion between the vertical and hori- 
zontal co-ordinates of a point on a straight line when x is the horizontal 
and y the vertical displacement. It is the equation 

y ^ ax -\-h 

If we call the vertical displacement z instead of y and the horizontal 
displacement r instead of x, we can write this 

z~ar-\-h 
or z~b — ar 

We also know that if R is the distance of the boundary of a circle 
from the world centre, the connexion between R, x (longitude), and 
y (latitude) on a flat map (footnote, p. 402) is the equation 

R2 = a^-|-3,2 

A similar connexion will apply to any circle lying parallel to the 
sea-surface with its centre directly above the world centre in the 
Gulf of Guinea. We can therefore write 

y'^ 

or ~ a\x^ -f- 

But we have seen that ~ (z — 

a^x^ + y^) = (z ~ bf 

To use this equation for calculation we need to know what a and h 
are. Wh’en z ~ h, the height of the cone, i* = Oj so if 

z = ar 

b =k 

When 2 r = 0. r = R, the radius of the base; so 
0 
a 


= aR-f 6 
~ R 

- i 

R 
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Thus we can rewrite 

in the form + 3 ?*) = (0 — h)^ 

®r ^ 

To see how this equation can be used, suppose a wasp is crawling 
up outside the canvas of a conical tent 40 feet high, with a base 40 feet 
in diameter (i.e. R — 20 feet). How high from the ground will the 
wasp be when it crawls through a hole 6 feet east of the tent pole 
(ic == 6 ) and 8 feet south of it ( 3 ; == — 8)? The equation tells us : 

402(36 + 64) = 202(2 - 40)2 
402 X 102 = 202(2 - 40)2 

Taking the square root of both sides, we get 

400 == ± 20(2 - 40) 

20 = ± (2 -- 40) 

20 = 2 - 40 
or 20 = — 2 + 40 
2 == 60 or 20 

The reason why we get two answers is that, properly speaking, the 
equation of the cone is the equation of the cone and its shadow cone 
or mirror image (Fig. 160). The answer 60 feet upwards from the 
base of the cone means 60 — 40, or 20 feet upwards from the apex of 
Jhe shadow cone. We shall return again to the simplicity of the Car- 
tesian method as compared with Euclid’s treatment of solid figures 
in Chapter 10. 

DiFFERjENT KINDS OF MAPS.— -Once the fmitfulness of representing 
the position of a point in a framework of co-ordinates was recognized, 
the possibility of devising different kinds of map geometry suggested 
itself. One land, which is especially useful for solid figures, called 
spherical co-ordinates, is essentially the method of the globe as opposed 
to the flat map. One method sometimes suitable for flat curves is 
based on the mariner’s compass, and is called the method of polar 
co-ordinates. Instead of describing position by vertical and horizontal 
displacements like the parallels of longitude and latitude on a projection 
map (Mercator projection), we can say where something is by giving 
the length of the line {r) joming it to the world centre and .the angle 
(a)*which this line makes with the equator. 



What are Graphs? 447 

This leads to very simple equations of dosed curves like the circle 
and the ellipse. The circle is a figure in which r, the distance from the 
centre to any point on the boundary, is always the same whatever the 




sin a = 


P 



A p = r sin <2 , A q ~ r cos a 

Fig. 161 . — The Polar Equation of the Ellipse 

rn^ 

^ M(-l + e . cos a) 

angle which r makes with the equator. So if c is a constant quantity, 
the polar equation of the circle is simply 

r = c 

A straight line makes the same angle with the equator or parallels 
of latitude everyvsrhere, so, if it goes through the origin, its polar equation 
is simply 

a==ic : , ^ , 

In Fig. 161 the distance (r) from one focus is one of the polar 
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co-ordinates j and the equatorial angle (a) of the line joining the same 
focus to a point P on the boundary is the other polar co-ordinate. Since 
the sum of the focal distances of a point on the boundary is constant 
(2d), the other focal distance is 2d — t. The constants c, d, e mean 
the same as in Fig. 145. Looking at the two right-angled triangles in 
Fig. 161 you see from (i) 

/) — r sin <2 
q~r cos a 

Also from (ii) by Dem. 8 

(2d-r)2 = (2d64-?l^ + />® 

= (2d5 -+• r cos dy -f (r sin 

4d^ — 4dr — 4:<P^ -f 4der cos a-\- cos^ a-\- sin® a 
If you look up the footnote in Chapter 6, p. 251, you will see that 

r® (cos® a -}- sin® a) = r® 

4d® — 4dr + r® — 4d®e® -f- 4der cos a 

Dividing by 4d and taking r® from both sides, you have 

d ~ r — de® -1- ^ cos a 
d — de® — r(l -{- e cos a) 


Referring to Fig. 145 again, you will recall that if m is half the 
minor axis 


m® == d2(l - fi®) 

Similarly if M is half the major axis 
M=:d 
w® 


M 


= d - de® 


So we can now put for the polar equation of the ellipse 
m® . 

^ = r(l -f e cos a) 


M(1 -f- e cos a) 

Another way of representing the position of a point is by means of 
the kind of maps which geographers call Flamsteed or Mollweide 
projection maps, and mathematicians call curvilinear co-ordinates. 
The meridians of longitude on the curved surface of the globe are not 
parallel like the circles of latitude. They converge at the poles. The 
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Mercator projection map in which the meridians of longitude are 
represented by parallel straight lines distorts the relative sizes of the 
continents and oceans, making countries like Greenland which lie 
far north of the equator appear to be much larger than they actually 



Fig. 162 

On the left is a typical species of the genus Diodon. On the right, says Professor 
D’Arcy Thompson, ‘T have deformed its vertical co-ordinates into a system of 
concentric circles and its horizontal co-ordinates into a system of curves which 
approximately and provisionally are made to resemble a system of hyperbolas. 
The old outline transformed in its integrity to the new network appears as a 
manifest representation of the closely allied but very different-looking sunfish 
Orthagoriscus.” 

are. Maps like the Flamsteed projection map, in which the meridians 
are represented by curved lines converging towards the poles, correct 
this distortion. A very suggestive application of curvilinear co-ordinates 
in Fig. 162 is taken from a book Growth and Form by Professor 
D’Arcy Thompson, who is one of the most learned men in the 
English-speaking world. A skull or body of one species drawn in a 
framework of curvilinear co-ordinates looks exactly like the skull or 
body of another species drawn in a Cartesian framework. The use of 
this method may provide a clue to the laws of growth in the evolution 
of species. 

Mathematics for the Million » 
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LIMITATIONS OF THE REFORMATION GEOMETRY.— Throughout OUI 
studies we have kept before us the fact that the application of mathe- 
matics to the real world only gives us an approximate description of 



Human skull in a Cartesian 
framework 



Co-ordinates of the chimpanzee’s 
skull as a projection of the above 



Skull of baboon (left) and chimpanzee (right) 



the things we see, hear, and handle. We saw that Euclid left time out 
of geometry, and we have seen how Descartes put time into geometry. 
Does this mean that the Reformation geometry has at last given us a 
perfect description of the world? The answer is No. Reformation 
geometry has left out something just as Greek geometry left out some- 
thing. To see what that something is, go back to the pendulum. It is 
only a half-truth to say that the swing of the pendulum can be correctly 
described by an equation like 

y — aoo^hx 
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The reason why it is a half-truth is that the curve which represents 
this equation extends as far as we like to the left and to the right. That 
is to say, if x stands for time, the equation tells us that the pendulum 
has been swinging from all eternity before our observations began. 
When we draw the curve starting at some particular time, we bring 
in something which is not in the mathematical form of the curve, 
just as we reject one answer in the equation of the cone because we are 
only using one of two cones which the equation of the cone describes. 

In contrast with the mathematics of the Greeks, the mathematics 
of the Reformation was dynamic . It took time into account. In contrast 
with the requirements of a mathematics which would be necessary 
to deal with the whole range of modern knowledge Reformation 
mathematics is non-historical. It does not take fully into account the 
historic past. It arose in the age of merchant enterprise, when ships 
were using astronomy to steer on the high seas. For astronomical 
purposes the historic past is unimportant because the characteristics 
of the universe of stars change so little during a period which affects 
man’s social needs. So we can use the same principles for calculating 
when an eclipse did and when an eclipse mil occur. Modern physics, 
modern chemistry, and modern biology are immensely preoccupied 
with problems of growth and decay. The historic past is becoming the 
all-important issue in natural science. In the twilight of mercantile 
culture, the future of the human reason depends more and more on 
understanding human relationships in the light of historic experience. 
We are beginning to see that a mathematics which allows us to move 
is not enough. We need a mathematics which can concern itself with 
whence we came and whither we are going. 


Exercises on Chapter 9 

In all these exercises on graphs, ip case you have not ali eady realized 
it in reading the text, the following point is very important to remember. 
If we are using a graph to represent the shape of a geometrical figure 
correctly, we must always use the same unit of measurement for x 
and y. Thus -f ^ is only the equation of a circle if x and y 

are both measured in the same units, e.g. centimetres or inches. If we 
are merely using a graph to solve an equation/ our units need not be 
the same length. Thus if j? is very large compared with x, it may be 
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convenient to make one unit of x 1 centimetrej and one unit of y 
0 -01 centimetre, and all that matters is that we remember that a given 
distance measured along one axis has a different value from a given 
distance measured along the other axis. Of course, in graphs which 
represent physical laws the same applies, since we please ourselves 
what units we use. ^ 

Before you attempt any of the succeeding examples, show that the 
circle is the figure which corresponds with the equation 

y = \/25 - 

To do this make a table of all values of y corresponding with values 
of X between — 5 and + 5 in steps of f, using a table of square roots. 
Thus when x == — 4-| 

V26-(f)^ 

= i Vl9=±K^-36) 

= ± 2-18 

Mark on your graph the two points which are ±2-18 units measured 
along the y axis and — 4| along the x axis. If you use 1 centimetre 
as the unit and graph paper divided by lines 0-1 centimetre apart, 
y will be two large and practically two small divisions. Do the same 
for all the other values tabulated, and draw a line running smoothly 
between the points. 

1. An elevator in a sixty-storey building makes the following 
journeys, starting at the lowest floor: up twenty storeys, down four, 
up eight, down three, down seventeen, up ten, down one, up five, up 
eleven, down twenty-four. Where is it at the end of this period? 

2. Draw a graph of a circle with radius 4 centimetres, (a) with its 
centre at the origin, (&) with its centre at the point x = 2, jy = 3. 
What is the Cartesian equation in each case? 

3. Show that the angle which the tangent to a circle at any point 

makes with the x axis is — — when x^, and y^ are the co-ordinates of 
yr 

the point. 

From the figure you have just drawn see whether you can show tliat 
when a positive angle n is measured in radians sin a is less than a and 
tan a is greater than a. 
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4 . If X is any length measured in inches and y is the same length 
measured in feet, then 

12j; = X 

Plot a 5-pomt graph connecting inches and feet. Read olf trom the 
graph how many inches there are in If feet, 3 *6 feet, and 4- 1 feet. 

5. Make similar graphs for converting centimetres into inches, 
pounds into dollars, and pints into pounds of water. 

6 . Draw the graph 3 ? = 3:k + 4, then draw at sight (i.e. without 
making a table) 

»y = 8A: + 6 (i.e.:v = yH-2) 

jv = 32* + 40 

7. On the Fahrenheit scale water freezes at 32° and boils at 212°. 
On the Centigrade scale it boils at 100° and freezes at 0°. Show that 
the formula for converting degrees Centigrade into degrees Fahren- 
heit is 



Draw the graph of this equation, and from the graph read off the 
Centigrade equivalent of normal blood temperature (98-4° F.) 

8. If two straight lines are described by the equations 

(a) 3; = as + 3 
(Z>) 3; = y 3 X + 2 
at what angles are they inclined to the x axis? 

9. If a set of straight lines arc’.described by the equations 

3> == + 1 

y — mx + 2 
y = 'mx-\-Z etc. 

what do you know about these straight lines ? 

10. What does the quantity C represent graphically in the equation 
y~mx-\-C7 

11. What would be the equation of a straight line drawn parallel 
to the X axis? 
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12. Mr. Evans sets out for a walk. He walks 3 miles in the first hourj 
2| miles in the next, 2 miles in the next hour. He rests for three-quarters 
of an hour and then goes on at a uniform rate of 2-| miles an hour for 
3 hours. Find from a graph the distance walked by Mr. Evans in 
1| hours, ^ hours, and 5| hours. 

Mr. Davies starts ffom the same point 2 hours later than Mr. Evans, 
and cycles at a uniform rate of 6 miles per hour. Show Mr. Davies’s 
journey on the graph you have just drawn and read off the distance 
from the start when Mr. Davies overtakes Mr. Evans. 

13. Plot the straight lines 

2y -f- 3x = 31 
33; + 2x = 39 

on the same graph. Read off from your graph what must be the values 
of X and y so that both equations shall be true at the same time. Turn 
back to Chapter 7, p. 312 ei seg., and you will see that you have found 
a graphical method for solving problems involving two simultaneous 
equations. 

14. Solve the problems in Example 14, Chapter 7, graphically, and 
compare your solutions with those you have obtained previously. 

15. Draw a careful graph of 3; = x\ taking values of x between 
— • 10 and 10 and making the y unit equal to the x unit. Use your 
graph: 

(a) to make a table of the square roots of all the numbers from 
' 1 to 100; 

(h) to make a table of the squares of all the numbers from 1 

to 100. 

16. Make graphs connecting , 

(a) the area of an equilateral triangle with its base; 

(b) the area of an isosceles triangle with base angles of 45° with 

its base ; 

(c) the area of a right-angled triangle with one angle of 30° with 

its base. 

17. For the length of a pendulum in centimetres and the numbei 
of seconds per complete swing, the following values were found ; 

seconds 0-7* 0*8 0*9 0*5 0*6 0-4 

length 49 64 81 25 36 16 
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Check this with a button, a piece of cotton, and a watch, taking the 
average of ten complete swings in each case. Draw the graph. What 
is its equation? 

18. Find the formula connecting area (jy) and radius ( 5 ?) of a circle 
by drawing a graph based on the area obtained by counting squares 
(Japanese method on p. 265). Having satisfied yourself that the correct 
formula is 

V = (CSC* 

read off from the graph what ic is. 

19. Solve the foHowmg simultaneous equations graphically: 

(a)x 3 ^ = 0 (&):c*+y = 26 {c) {x - yf == I 

+ x-\-y-=l (Zx ~ 5y)^ = I 

20. Find the curves of which the equations are : 

= ± f VI 6 - cc* 
y==± -t V49 - X* 

To what measurement in the figure do the numbers refer? 

21. Graph the Cartesian and polar equations of the ellipse whose 
major axis is 3 and minor axis 2 units of length. 

22. Using the formulae for sin (A -b B), cos (A + B) given 
on p. 260, put ski 180° = sin (90° + 90°), cos 180° = cos (90° + 90°), 
sin 270° = sill (180° + 90°), etc. Hence show 

(a) sin 180° == 0, sin 270° == — 1, sin 360° == 0 • 

(b) cos 180° = - 1, cos 270° 0, cos 360° = + 1 

Substituting these values show that 

sin (90 °+A)=+cos A, cos (90°d-A)=— sin A, tan (90°+A)=— cot A 
sm(lS0°+A)=— -sin A, cos(180°-f A)==--cosA, tan(180°+A)— -f tan A 
sin(270°-!-A)=— cosA, cos(270°-f A)=-bsm A, tan(270°-l-A)=— cot A 
sin(360°--j-A)~'i-'Siu A, cos(360°-4",A)=“{~cos A, tan(360°-(- A)=“f-^3ti A 

23. Using the formulae for sin (A — B), cos (A — B) in Chap- 
ter 10, p. 460 and 462, show that 

sin (90°— A)=-bcos A, cos (90°— A)=s=-|-sm A, tan (90°--A)=-l-cot A 
sm(180°~ A)=-fsm A, cos(180°— A)— — cos A, tan(180°— A)=— tan A 
sin(270°— A)=— cos A, cos(270°— A)— — sm A,'»tan(270°-— A)“-f-cot A 
sm(360°— A)=— sin A, cos(360°-— A)=i=-f cos A, tan(360°— A)— — tte A' 
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24. Using a diagram interpret the meaning of the following and 
check your results by putting sin (—A) == sin (0 — A), etc. : 

sin (— A) = — sin A cos (— A) = cos A tan (— A) = — tan A 

25. sin 130° = sin (2« X 90° — 50°) [where « = 1] 

= sin (*180° — 50°) 

= sin 50° 

Alternatively 

sin 130° = sin (2« + 1 X 90° 40°) [where « = 0] 

= cos 40° 

= sin 50° 

£n the same way find by two alternative methods the values of: 

tan 210° sin 230° cos 300° 

tan 120° sin 150° cos 100° 

26. Solve the following quadratic equations by the method on 
p. 414 and check by p. 321 

(i) 5 jc2 + 2;c = 7 

(ii) 8^:2 - 2x ~ 3 == 0 

(iii) 5 jc 2 - x - 6 = 0 

27. Graph sin x and tan a? for a: = 0°, 30°, 45°, 60°, 90°, From 
your graph read off the approximate values of : 

sin 15° sin 35° sin 75° 

tan 15° tan 35° tan 75° 

and compare with the tables. 

28. Draw a graph of jy = and from your graph construct a table 

of the cubes and cube roots of the numbers 1 to 20. 

29. Draw graphs of 

2® 1-5* '3* M* 

From your graphs read off the values of 

23‘® (1*5)1'® 3^'® (M)O'® 

30. Draw the graph§ of 

yz=x^ y—ofi y=x^ y = x^ 
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3L Draw the graphs of 

ry — 4 and 
This curve is called an hyperbola. 

32. Make a figure to show that the equation W the sphere, when 
the centre is at the origin, is 

33. Find, using the tables, the sin, cosine, and tangent of the follow- 
ing angles : — 20°, — 108°, 400°, — 500°. 

34. Make a graph to connect the amount {y) to which ^^lOO or 
$100 grows in x years at 2, 2|', 3, 3|, 4, 5 per cent (a) at simple interest, 
Q}) at compound interest. 

THINGS TO MEMORIZE 

1. The Equation of the Circle 

r^ = (x- af -\-(y~ b)^ 

2. The Equation of the Straight Line 

y = (tan A) x -f- & 

3. The Equation of the Parabola 

y == 

4. The Equation of the Ellipse 



5. sin (~ 0) = — sin 9 cos (— 6) = cos 9 

sin (90° — 9) = cos 9 cos (90° — 9) — sin 9 

sin (90° + 6) ~ cos 9 cos (90° + ^) = — sin 9 

sin (180° — 0) = sin ^ cos (180° — ^ — cos ^ 

sin (180° + - sin a cos (180° + 9) = — cos 9 
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6. sin {mr + (— !)“«) = sin a 
cos {2mT ± a) = cos a 
tan (niT -f n) == tan a 

3m — ^ — TT i: a = (— 1)« cos a etc. 

« 

It is very important to be familiar with the values of general angles, 
but they are most easily recalled, not by memorizing the formulae, 
but by visualizing a diagram. 

Note that in the last two sections, 5 and 6, the Greek letters a and 
d have been used to represent angles. This is a common mathematical 
practice, like using x for an unknown quantitj’ in an equation, or a, 
hi c for known quantities. 



CHAPTEE X 


THE COLLECTIVIZATION OF 
ARITHMETIC 

or 

^ • 

Hovi Logarithms were Discovered 

Fifteen hundred years earlier the Alexandrian culture had fore- 
shadowed the three great developments in the mathematical awakening 
which accompanied the rise of the Protestant democracies. The carto- 
graphy of Ptolemy and the curves of Apollonius embodied the essential 
features of Cartesian geometry dealt with in the preceding chapter. 
The mensuration of the circle by Archimedes and Theon’s device for 
taking square roots anticipated two fundamental operations which 
will be used in a later chapter on the infinitesimal calculus. Archimedes 
also stumbled on the principle which underlies logarithms. We shall 
now turn our attention to the invention of logarithms and the new 
impetus which it gave to the study of series. By comparison with such 
calculations as had been undertaken by the Alexandrian mathemati- 
cians the tasks which arose from the expansion of trade and improved 
technique in navigation during the fifteenth century made exorbitant 
demands upon the Rechenmeister, and compelled the search for more 
compact and less laborious algorithms than those which we learn in 
our childhood from the Arab schoolmasters of Western civilization. 
The outcome was an immense step forward towards the socializatioo 
of arithmetic. 

If you compare the algorithms for multiplying two numbers 
(e.g. 324 X 245) and adding the same two numbers, you will see that 
the number of operations involved in multiplication is always greater 
than the number of operations involved in adding them (unless, of 
course, one of the numbers lies between 1 and 10, or is a simple 


multiple of 10), e.g. 



324 


324 

245 


245 

' , 


— 

589 (one operation) 


648 

1296 


1620 

79,380 (four operations) 
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With very big numbers the discrepancy between the amount of 
labour involved in multiplication (or division) as compared with addi- 
tion (or subtraction) becomes greater and greater. So it is a very big 
economy of eifort if we can reduce all multiplication to the addition 
of two numbers. This is what the invention of logarithms achieved 
for us. To quote the 1631 edition of Logarithmall Arithmetike by 
BriggSj who first compiled the tables which are now used : “Logarithmes 
are numbers invented for the more easie working of questions in 
arithmetike and geometrie ... by them all troublesome multiplications 
and divisions are avoided and performed only by addition instead of 
multiplication and by subtraction instead of division. The curious and 
laborious extraction of roots are also performed with great ease. . . . 
In a word, all questions not only in Arithmetike and Geometrie but in 
Astronomie also are thereby most plainely and easily answered. ...” 

The possibility of adding numbers which can be looked up in tables 
compiled “for ever,” as Napier remarks, instead of carrying out a 
lengthy process of multiplication, was suggested in two ways which 
were quite independent at first. Later on we shall see how they can 
be linked together by making use of the “imaginary number” i or 
The first arose in connexion with the preparation of trigono- 
metrical tables for use in navigation. The second was closely con- 
nected with the laborious calculation involved in reckoning compound 
interest upon investments. 

During the latter part of the sixteenth century Denmark became 
an important centre of research in problems connected with navigation, 
in Denmark the epoch-making researches of Tycho Brahe the astro- 
nomer were carried out. Two Dapash mathematicians, Wittich (1584) 
and Clavius (whose work de Astrolabio was published in 1593), suggested 
the use of trigonometrical tables for shortening calculations. In 
Chapter 6, p. 250, you will find the expression 

sin (A + B) = sin A cos B + sin B cos A . . (i) 

A corresponding expression for the sine of the difference between 
two angles can be got by a similar construction (Fig. 164) 

sin (A — B) = sin A cos B — sin B cos A . . (ii) 

Adding the two expressions on the right of (i) and (ii) and the two 
expressions on the left of (i) and (ii), we get 

^ sin (A H-'B) + sin (A — B) = 2 sin A cos B 

or sin A cos B = | sin (A -f B) -f | sin (A — B) 
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This equation can be used to substitute the socialized information 
of the sine and cosine tables for the individual labour of multiplying 
two numbers. Thus, to multiply 

0-17365 X 0-99027 
we look up the tables and find 

sin 10° = 0-17365 
cos 8° = 0-99027 

Our formula tells that 

sin 10° . cos 8° — (sin 18° + sin 2°) 




O P 

Fig. 164. — The Sine of t 


cosA° 

QR 

PR P 



Construction.— Angle POT = A : /.FOR = B ; Z.ROS = (A — B). Draw 
PT perp. to OS, PQ perp, to PT, PR perp. to OP, and QS through R perp* 


to PQ. 

Demonstration.— sin (A - 




OR ~ OR OR ~ OR 
PT .OP QR . PR 
PR . Or 
cos A sin B 


" OP. OR 
= sin A cos B 
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The tables tell us that sin 18° == 0-30902 
sin2° = 0-03490 
sin 18° -f sin 2° — 0-34392 
|(sin 18° + sin 2°) = 0-17196 

ThuSj correct to five decimal places, 

0-17365 X 0-99027 = 0-17196 

You will see that this is correct to the fifth place by multiplying 
out as follows : 

0-17365^ 

0-99027 


0- 156285 
156285 
34730 
121555 


0-17196.... 

The inaccuracy involved simply depends on the tables used. In this 
case five-figure tables were used, and these do not assure complete 
accuracy beyond the fourth place. To get seven figures correct we 
should need eight-figure tables. Using the construction in Fig. 164 
you can also show that 

cos (A — B) = cos A cos B + sin A sin B 
Combining this with (p. 250) 

cos (A + B) = cos A cos B — sin A sin B 
you can get tlie alternative formula 

^ cos (A + B) + I cos (A'’— B) = cos A cos B 
This you can use in the same way. 

This device probably suggested to Napier, who is usually called the 
inventor of logarithms, a simple method for multiplying the sines of 
angles by a process of straightforward addition. Napier’s discovery 
was eagerly welcomed by Tycho Brahe and Kepler. It was translated 
from its Latin edition in the year (1614) of its first publication by 
Edward Wright, a Cambridge mathematician, who had already written 
.in 1599 a book entitled C^taine Errors in Navigation detected and 
corrected. 



How Logarithms were Discovered 463 

Howeveij it rarely if ever happens in the history of science that a 
great discovery is made singly. The same social context which demanded 
quicker methods for calculating the position of the stars in the heavens 
called for quicker ways of calculating the wealth which accumulated 
through voyages which could not have been made without the use 
of astronomy to find the ship’s position at sea. One line which led 
to the discovery of logarithms was the preparation of tables for 
calculating interest. The calculation of compound interest is a 
practical application of the use of geometric series. If r is the rate 
of interest per pound invested? 5(^1 in one year grows to £(l + t). 
For instance, if r is 5 per cent jCi grows to ,^1 -05. At the 

end of the second year every ;^1 invested at the end of the first year 
will be worth *05, If no interest is paid on the first year 
will be invested at the beginning of the second year for every £l 
invested at the beginning of the first year. So the original ,^1 will 
have grown to £1-05 x T05 or £(1*05)2 aj- end of the second 
year. Similarly it will be £(1 *05)® at the end of the third year. So we 
may tabulate the rate of growth of £1 in the following way: 

At the end of 0 1 2 3 4 years 

1 (1 H- r) (1 + rf (1 4 - rf (1 -f r)« 

'The series above is an arithmetic and the series below a geometric 

series. If we wish to calculate compound interest to quarter years we 
must extend the table, using fractional powers thus: 

0 i I I 1 li n If etc. 

1 (1 + r)* (1 + r )< (1 + r )3 (1 + r ) (1 + r )* (1 + r )3 (1 + r )! - 

To get the value of £156, which’has been accumulating compound 
interest at 3 per cent for 2| years, all we have to do is to multiply thus : 

£156 X (1 -03)2* == £156 X (1 *03)^^’ 

Stevinus, to whom we have already referred on more than one occasion, 
published tables like this for calculations in commercial arithmetic. 

If we make the rate of interest 100 per cent (i.e. r ~ 1), the two 
rows of series given above correspond with the 3 C co-ordinates and 
y co-ordinates in the graph on p, 435, since (1 -f r) = 2 when r == 1, 
We have seen how to read off approximate values of 3 ; corresponding 
with the quarter days, i.e. etc., from the graph. We must 

now examine the meaning of a fractional power more closely. The 
fundamental principle of the logarithm table was understood* by' 
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Archimedes. Let us retrace our steps to this discovery, putting down 
any geometric series underneath its generating series of the first n 
natural numbers, e.g. 

1 2 3 4 6 6 7 

21 £2 2’ 2^ 2® 2® 2'^ 

2 4 8 16 32 64 128 

Following Napier we shall now call the numbers in the upper or 
arithmetic series logarithms and the numbers in the bottom or geometric 
series antilogarithms. The principle of Archimedes is that if we want 
to multiply any two numbers in the bottom series we add the corre- 
sponding numbers in the top series and look for the corresponding 
number in the bottom series. One way of writing this rule is 

a’® X a” = 
e.g. 23 X 24 = 2’ 

(8 X 16 = 128) 

The operator written in front of a number means, “Look up 
in the table the power to which a has to be raised to give the number.” 

Antilog” written in front of a number means, “Look up in the table 
the value of the base when raised to the power represented by the 
number.” Thus, if 

m = log„ p 

^ p — antilogy m 

We can thus write the rule for hiultiplication in an alternative form, 
putting: 

q — a” so that n = log^ q 
p X q = so tha’t m + « = log^ (p X q) 

or p X q = antilogy (m + «) 

= antilogy (logd P + log^ q* 

The particular numerical example given in the new symbols would 
read: 

8 X 16 = antiloga (logg 8 + logs 16) 

= antilogg (3 + 4) 

= antilog3 7 

The last step means, “Look up ti>« number in the bottom row of 
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antilogarithms corresponding with 7 in the top rows of logarithms.” 
On looking it up, we find that it is 128. 

Of course, a table like this is of no use for multiplication unless we 
can fill it up so as to include all the numbers which we might wish to 
multiply. We started by using the operator x in (f to mean multiplying 
X n’s together. Then we noticed that we could 4ook at the connexion 
between x and a in another way. As we go from right to left in the 
series, one step downwards in the x numbers means that the number 
in the bottom column has to be divided by a. Thus if 2^ = 16, 
2® = 16 -4- 2. So we found that if a is the basis of the positional 
notation, a” is the value of each bead in the (n + l)th column of the 
abacus. Thus corresponds with the value of a bead in the units 
column, i.e. for any value of a 

aO = 1 

The power one less than 0 is 

Similarly, u““ 

And generally a-" 

Thus a” corresponds with the value of a bead in the nth. column 
to the left of the units and corresponds with the value of a bead 
in the «th column to the right of the units, i.e. witli the value of a 
figure which occupies the nth decimal place. We can thus write down 
the following logarithms and antilogarithms based on the geometric 
progression 3”: 


Log -3 -2 

-1 

0 1 

2 3 

4 

3~3 3-2 

3-1 

30 31 

3'^ 

33 

34 

Antilog 0 ■ 037 0 • 1 

0-3 

1 3 

9 

27 

81 

On drawing a graph with these 

numbers 

as points 

0 

II 


y = antilogg x) we can measure the length of y corresponding with 
any particular value of x, whether a; is a fraction or a whole number. 
We then find that the rule of Archimedes still holds good even when 
m and n are fractions in the equation 

To test the rule arithmetically we need some way of defining h” or 


— 1, so 
a?- a 

= 1 ^ = i 

a ■ 

__ 1 _ 
a” 
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a”* when m or n are not whole numbers. If the rule of Archimedes 

holds good : 

== X 

i.e, — a 

Similarly, x X 

i.e. a*=f/a 

j, 

So in general ~ 

Thus 3^'® means 

32+4 = 32 X 34 = 9V3 

Similarly 2^ means 

2^+4 ^ 21 X 24 = 2'f/2 

m 

A quantity like 2® or 3% or in general n", can be translated in 
another way, using the fact that 

a X '^'b == ab 
or X ^6 = '^ab etc. 

Thus we may put 

32 ® = 3 ^ = 3Vx V3 = \/3« Vs = V¥ 

2 ^ = 2^2 = X -^2 = 

So that the rule is 

The two rules which we have given for fractional and negative 
powers were first stated by Oresmus in a book called Algorismus 
Proportionum^ published about a.d. 1360. It took the human race a 
thousand years to bridge the gulf between the rule of Archimedes 
and the next stage in the evolution of the logarithm table. You need 
not be discouraged if it takes you a few hours or days to get accustomed 
to the use of a fractional or negative power. 

We can now extend a table of logarithms as far as we like. Thus 
for logarithms based on the geometric series 2”, we can draw up a 
tabi€ like this which is correct to three decimal places. 
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n = iogg N 

0 

N == (antilogg «) 
1 

I -000 

0-5 

V 2 

1-414 

1 -0 

2 

2-000 

1-5 

V¥ 

, 2-828 

2-0 

4 

4-000 

2-5 


6-657 

3-0 

8 

8-000 

3-5 


11-314 

4-0 

16 

16-000 

etc. 

etc. 



Logarithms are the numbers of the arithmetical generating series 
« of a geometric series a”. To distinguish logarithms corresponding 
with terms in one geometric series from logarithms corresponding 
with terms in another geometric series we call a the base of the series, 
and write a as a mathematical adjective in the bottom right-hand corner 
to indicate what logarithm tables we are using, as in; 

log22-828 = l-6 
or antilogg (1 • 5) — 2 • 828 

Of course we can go on filling up this table as far as we need. Thus 
we can put 

n ^ antilogg n 

0-25 0 ' i/2 

0-75(1) i/¥ 

etc. etc. 

Once we have got such a table we can use it to multiply numbers 
in this way. Suppose we wish tohaultiply 2-828 by 5-657. The table 
tells us that 

logs 2-828 = 1-6 or 2^’® = 2-828 
log 2 5'657 = 2-5 or 2®'® = 5-657 

The rule of Archimedes tells us that 

2-828 X 6-667 = 2^'® X 2^'® = 2 "'®'*-®-® = 2« ’ ' 
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So the number we are looking for is the number whose logarithm 
is 4, i,e. 

antilogg 4 = antilogg (1 - 5 + 2-5) 

= antilogo (log 2 * 828 + log 5 ■ 657) 


The table shows thait antilogo 4 is 16. To check this multiply out: 


2-828 

5-657 

14- 140 
1-6968 

14140 

19796 

15- 997996 = 16 to four significant figures 

The discrepancy is 2 in 16,000, an error of little more than 1 in 
10,000. Of course, a better result could be obtained by using a table 
in which the figures are given correct to five, seven, nine, or more 
decimal places. The rule for multiplication with logarithms may be 
stated briefly thus: “To multiply two numbers find these numbers 
in the column of antilogs, add the corresponding numbers in the 
column of logs, and find the number corresponding with the result 
in the column of antilogs.” 

The possibility of making such a table was hinted at in several 
sixteenth-century works on commercial arithmetic. Stifel realized its 
usefulness. It was suggested again by Simon Jacob, and within a few 
years of publication of Napier’s l 9 garithms of sines, Jobst Biirgi, of 
Prague, published Tables of Arithmetical and Geometrical Progressions 
to simplify calculations by applying the principle of logarithmic 
multiplication. Biirgi’s table was essentially like the one which we 
have just given, except that the base was 1-0001. This number was 
chosen for a reason which will be explained later. Although Burgi’s 
table was mentioned by Kepler as, a useful device for astronomical 
calculations, its origin is not dkectly connected with the need for 
ready-reckoning in navigation like Napier’s logarithms of sines. It 
simply carried the use of the compound-interest tables of Stevinus 
a stage further. 

Neither Napier nor Biirgi, who discovered logarithms independently 
within a few years of one another, used either of the two base numbers 
for which modem tables are computed. We have seen that in trigono- 
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metry two units for measuring angles are used. In working out 
practical problems we still stick to the Babylonian degree. For theo- 
retical purposes we use the radian because the size of the radian is 
connected in a very simple way with tlie size of the circumference of 
the circle. The advantage of the radian will be seen more clearly later 
on. As with the angle, so with logarithms we use two sets of tables, 
one for practical convenience, one because logarithms so calculated 
have relatively simple mathematical peculiarities. The latter are called 
natural logarithms. In trigonometry, as we shall see, modern tables 
are first calculated in radians and then changed to degrees for practical 
use by using the equation 

1 radian = degrees 


There is a simple rule by which logarithms calculated for one base 
can be converted into logarithms calculated to another. It depends 
on the fact that e.g. 8® = (2^)3 = 2®, as you can see by 

multiplying. The rule is demonstrated as follows. Suppose we have 
calculated a table of logarithms and antilogarithms to the base 2. On 
looking over the table we find log 2 10 = 3*322, or in other words 

28-322 ^ 10. So if 


M = 10*" i.e. m — logjo M 
M = 23-322»» i.e. 3*322w== logaM 
3*322 logioM-logaM 
loggM 


logio M = 


logg 10 


We may write out the rule in mora general terms: 


loga M = 


log6 M 


iog6a 

For instance, loga 8 = 3, w'hence 

3 

^ 3-322" 


logic 8 == ? 


0*903 


For practical purposes the base of logarithmic tables is 10, because 
10 is the base of our numerical system. This fact simplifies the calcu- 
lation of logarithmic tables for the following reason. If the base is 
10 the fundamental numbers in the tables are the two series : 


Log -2 -1 0 ■ .1 , 2. ^ 

Antilog 0*01 0*1 1 10 100 


3 

1,000 


4 etc. 
10,00(3 
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So logic 1 == 0, logic 10 = 1, and logic VTo = logic 10^ = 0-50. 
The square root of 10 (to three decimals) is 3-102. So we can write 

logic 3-162 = 0-500 

Now 31-62 = 3-162 x 10 

So logic 81 - 62 = logic (3 - 162 X 10) 

= logic 3 *162 + logic 10 
= 0-500 -+-1 
= 1-5 

Likewise logic 316 -2 = logic (3- 162 x 100) 

= logio3-162+ logic 100 
= 0-500 + 2 
= 2-5 

So shifting the decimal place in a number does not alter the value 
to the right of the decimal place in its logarithm, and the number to 
the left of the decimal place can be written down by common sense. 
Since 10® = 1 and 10^ = 10, the number to the left of the decimal 
place in the logarithm is 0 for all numbers between 1 and 10. Since 
IQi = 10 and W — 100, it is 1 for numbers between 10 and 100. 
Since 10^ = 100 and 10® = 1,000, it is 2 for numbers between 100 
and 1,000. Similarly, 1 put in front of the fractional part of a number 
whose antilogarithm we are looking for means, “Multiply the anti- 
logarithm of the fractional part by 10”; 2 in front means, “Multiply 
the antilogarithm of the fractional part by 100,” and so on. This means 
that if we have the logarithms of all numbers between 1 and 10 in 
suitable intervals we have all we need for multiplying. For instance, 
we may want to multiply 1 -536 by 77. The tables tell us that 

logic 1-536 = 0-1864 
logic 7-7 =^0-8865 
Hence logic 77 = 1 - 8865 

So :-636 X 77 = antilogic (0- 1864 + 1 -8865) 

= antilogic 2 -0729 
= 100 X antilogic 0-0729 
= 100 X 1-183 
= US-3 

The result, as you will see by multiplying, is correct to four significant 
figures (first decimal place), and that is all you can expect since we have 
only 'used four-figure tables. 
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The first logarithms calculated to the base 10 were published by 
Briggs in collaboration with Napier. Briggs gave the logarithms of all 
numbers from 1 to 1,000 correct to fourteen decimal places. A little 
later (1628) Adrian Vlacq, in Holland, published logarithms from 1 to 
100,000 correct to ten decimal places. To use logarithms we only 
require one table, giving in one column n (= log N) and in the other 
N (— antilog n). It is more convenient in working with logarithms to 
have separate tables of numbers equally spaced with corresponding 
logarithms and antilogarithms, so as to be able to look up whichever 
is required more auickly. A table in which the left-hand column gives 
numbers (N) in equivalent intervals and the right-hand column gives 
their logarithms (log N) is called a table of logarithms. A table in 
which the left-hand column gives numbers («) in equivalent intervals 
and the right-hand column gives the corresponding antilogarithms 
(antilog n) is called a table of antilogarithms. The tables of Btirgi were 
tables of antilogarithms in this sense. The tables of Briggs were tables of 
logarithms. To construct a table of logarithms we have to start by 
making a table of antilogarithms. You can make a rough table of 
logarithms by an approximate method in this way. First we have 

1 = 10« 
logic 1=0 

Next we find by multiplication 
2« = 1,024 

which differs from 1,000 by 2| per cent, 

210 _ JQ3 appj^oximately 

2 = 10® approximately 

== io^» = IQO ® approximately 
logic 2 = 0-3 approximately 

Similarly by multiplication 

3» = 19,683 

= 20,000 approximately 
= 2 X 10,000 approximately 
= 10®'® X 10* approximately 
= 10*'® approximately 

3 = -^''lO*® approximately 
= 10**® = 10°'*® 

logic 3 = 0-48 approximatcll ” : 



472 The Collectimzation of Arithmetic or 

Now 4 = 2® — 10®'® X 10®'® approximately 

= 10®'® approximately 
logjo 4 = 0-6 approximately 

Similarly 2 x 5 = 10 

iogio 2 + logio 5 = logio 10 = 1 

logjo 5 = 1 — 0*30 approximately 
= 0-70 approximately 

6 = 2x3 = 10°'® X 10®'^® approximately 
= 10®"’® approximately 
logio 6 = 0-78 approximately 

72 = 49 = 5 X 10 approximately 
logio (7X7) = logio 7 4- logio 7 == logio 5 + logio 10 
2 logio 7 = 1 - 70 approximately 
.*. logio 7 = 0-85 approximately 

8 = 2® = (10®-®)® = 10®'® approximately 
logio 8 = 0 • 90 approximately 

9 = 3® = (10®'«)2 = 10®'®® approximately 
logio 9 = 0-96 

So we now have the following rough table of logarithms : 


N 

logio N 

N 

logio N 

1 

0 

10 

1-00 

2 

0-30 

20 

1-30 

3 

0-48 

30 

1-48 

4 

0-60 

40 

1-60 

5 

0-70 

50 

1-70 

6 

0-78 

. 60 

1-78 

7 

0-85 

70 

1-85 

8 

0-90 

80 

1-90 

9 

0-96 

*90 

1-96 



100 

2-00 

aiitilogy^n 

n 

antilogygfi 

n 


You can test this rough table as follows : 

6x8 = antilogio (logm 6 + logio 8) 

= antilogio (0-78 +0-90) 

= antilogio (1-68) 

The antilog of l -68»lies between 40 and 50. The number 1-68 
corresponds with or | of the interval between 1 -60, the logarithm 
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of 40j and 1-70, the logarithm of 50. Taking as the antilog of 1-68 
the number corresponding with four-fifths or eight-tenths of the in- 
terval between 40 and 50, we get 48, the correct result. You may also 
use this rough table to familiarize yourself with the use of logarithms 
for division or the “curious and laborious extraction of the roots.” 
Combining the rule given by Oresmus for a nepgative power with the 
rule of Archimedes, we get 


10 « 
IQW 


= 10" X 10--* 


10 » 
10«» 


= 10«-« 


If lO’* = N, logio N = « 

10”* = M, logio M = m 
N „ , , N 

N 

•*. logio Jji = Jogio N - logio M 
N 

or ^ = antilogio (logjo N - logn, M) 


’ Suppose we want to find 20 5. We put 

20 ^ 5 = antilogio (logjo 20 — logic 

Looking up the rough table of logarithms given above, we find that 

20 ~ 6 = antilogio (1 • 30 - 0 ■ 70) 

== antilogio (0-60) 

= 4 

The extraction of a root depends on the rule 

j. 

'<rio = io»» 


So if N = 10"* 

^ = iogio N 
1 ^ 
V^==:N"= 10” 

logic = ^ 
logic ~ logic N 


Likewise 



474 CoUectimzation of Arithmetic or 

If we want to find the cube root of 8, we put 
-^8 = antilogio (i logjo 8) 

From this rough table we get 

•-^8 = antilogy (5^) 

«= antilogjoO'SO 

You will be able to deduce the analogous rule 

N” = antilogio (« logy, N) 

Test this by finding 2® from the rough table. 

The four rules which you have now learned for performing multipli- 
catiouj division, the extraction of roots, and raising a number to any 
power were among the “marvellous things relating to these numbers” 
recorded by Stifel. Stifel put arithmetic and geometric series side by 
side, as we did on p. 269 and noted that: 

(a) Addition of terms in the arithmetic series corresponds with 
multiplication of the terms in the geometric series. 

(&) Subtraction of terms in the arithmetic series corresponds with 
division of terms in tlie geometric series. 

(c) Multiplication of a term in the arithmetic series by a constant 
corresponds with raising a term in the geometric series to a given power, 
•(d) Division of a term m the arithmetic series by a constant corres- 
ponds with extracting a given root of a term in the geometric series. 

Having got so far, it seems a great pity that Luther’s convert spent 
so much time in arithmetical calculations to prove that Pope Leo X 
was the Beast of the Apocalypse, instead of undertaking the socially 
useful task of compiling tables like those of Biirgi or Briggs. 

In constructing an accurate table of logarithms Briggs began by 
making a table of antilogarithms, using the equations 

' . or antilogiflt = 
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i: 

n = login N 

N == antilogij, n 

1*000 

10*0000, (10*0) 

0-875, (1) 

7*4989,(^107) 

0*750, (1) 

5*6234, (,^^2) 

0-625, (I) 

4-2170, (-^106) 

0-500, (i) 

3*1623, (ViO) 

0-376, (1) 

2*3714, (^7i^3) 

0-250, a) 

' 1*7783,(4/10) 

0-126, (i) 

1*3335, (v^io) 

0*000 

1*0000,(1*0) 


475 


By extracting higher roots we can make the intervals between the 
numbers («) in the left-hand column as small as we like. To get a table 
of logarithms, i.e. a table with numbers (N) equally spaced for reference 
in the left-hand column and their logarithms in the right-hand column, 
Briggs made use of the rule which was first recognized by Stifel. Put 
down any arithmetic series (logs) starting with unity, and a geometric 
series (antilogs) starting with the base of the series, e.g. 

1 2 3 4 5 . . . arithmetic series (logs) 

2 4 8 16 32 ... geometric series (antilogs) 

You may recall (p. 165) that the arithmetic mean of two numbers 
a and b is |-(a + &), and the geometric mean between two numbers 
A and B is W consecutive numbers in the 

top row, the middle one is the arithmetic mean of the other two. Thus, 
if 2, 3, 4 are the numbers chosen 3 — 1(2 -}- 4). Similarly, for any three 
consecutive numbers in the bottom series the middle one is the 
geometric mean of tlie other two. Thus, if 4, 8, 16 are the numbers, 
8 = -y^ei = V4: X 16. This is also true if we reduce the interval of 
the arithmetic series to give fractional steps, as 

2, "2-5, 3 
4,22*6,8 

The middle term in the bottom row is 2^'® ~ 2® and the geometric 

mean of the other two is Vi X 8 ~ — -^2^. 

Briggs used this fact to convert an antilogarithm table, i.e. one in 
which the logarithms axe given in equal intervals in the left-hand 
column, into a logarithm table, i.e. one in which the antiiogaridims 
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are given in equal intervals in the left-hand column. The process, 
which is laborious, will be illustrated by successive approximation to 
the value of log^oS, as in the table which follows. 


N = antilogio n 

n = logio N 

A= 1 

a =0-000 

B= 10 

b = 1 -000 

C= VaB 162277 

c = Kfl + &) = 0-500 

D = - 5 -623413 

1(6 + c) = 0-750 

E= VCD = 4-216964 

d) = 0-625 

F = VDE = 4-869674 

/=|(i-|-e) =0-6875 

G= Vot = 5-232991 

=0-71875 

H = V¥g = 6-048065 

/z = |(/+^)= 0-703125 

I = VfK = 4-958067 

,-=|-(/4. 6) = 0-6953125 

J = Vffl = 6-002865 

y=|(6 + i) =0-6992187 


There is no reason to carry on this process till the result is correct 
to the fourteenth decimal place to illustrate the method which Briggs 
used. You can work out a few of the results yourself, and then make 
up sums which you can do by means of the table at the end of the 
book, testing the results by direct multiplication, etc. You will then 
realize what the serious business of the social culture to which the 
Protestant Reformation gave birth owed to the industry and common 
sens? of men like Briggs and Vlacq. 

,ln a previous chapter we have seen that the admirable proposal of 
Stevinus for introducing a decimal^ system of weights and measures in 
conformity with the material needs of the new mercantile democracies 
received little attention and produced no immediate response. The 
ideological leaders of the movement were too busy arguing about the 
perseverance of the saints and the Real Presence. Napier’s logarithms 
barely escaped obscurity for a similar reason. The enthusiasm with 
which they were taken up by the ^mathematicians of the time was 
largely due to the practical common sense of Edward Wright and the 
immense labour which Briggs devoted to the subject. In the year of 
publication Briggs wrote to Bishop Usher that “he never saw book 
which pleased me better or made more wonder.” Usher was amusing 
himself with another branch of arithmetic. At the conclusion of years 
of painstaking research upon the genealogies of the Old Testament 
canon he finally succeeded in establishing, to quote Professor Bury’s 
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wordSj that man was created by the “Trinity on October 23rd B.c. 
4004 at nine o’clock in the morning.” Napier indulged a similar taste. 
At college he was “moved in admiration against the blindness of 
papists that could not most evidently see their seven hilled citie of 
Rome painted and there so lively by St. John as the mother of all 
spiritual whoredome. . . . From thenceforwai’d I determined with 
myself by the assistance of God’s spirit to employ my study and dili- 
gence to search out the remanent mysteries of that holy booke, as to 
this hour praised be the Lord I have bin doing at all such times as 
convenientlie I might have oceasion.” Fortunately he was a quick 
worker, and completed for publication the Plaine Discoverie of the 
whole Revelation of St. John in 1594. In the same year Tycho Brahe 
was delighted to hear, from a young Scot who visited him, first news of 
a great simplification in the art of calculation. It seems the fate of a 
revolutionary epoch to fling up live lava and dead ashes in about equal 
amounts. To lay the foundations of the classless society in which there 
is abundance for everybody and poverty for none we shall need to 
make the most of the lessons of man’s past history. It is easy to find 
excuses for Stifel or Napier. It is moxe difficult to understand why 
some well-meaning socialists should weary us with tiresome disputa- 
tions about the Hegelian dialectic. 

SERIES FOR MAKING TABLES. — The first tables of logarithms contained 
inaccuracies which were noticed and corrected from time to time. 
The labour expended in constructing them was stupendous. Not 
unnaturally it stimulated the search for more congenial methods of 
calculating them. This search gave a new impetus to the study of what 
mathematicians call infinite series. At tlie beginning of this book we 
used the recurring decimal 0 T to illustrate a series which never grows 
beyond a certain limiting value however many terms we continue to 
add. Later we were able to show that any geometric series with a 
fractional base less than unity has the convenient characteristic of 
choking off in this way (p. 227, 18, 19). The invention of logarithms was 
followed by the discovery of a large family of series which do the same 
thing. 

The example with which we shall start is the binomial series for a 
fractional power. If you refer back to Chapter 7, p. 325, you will 
recall that : 

(a -j- by = a”’ + na^~'^b •< 

^ - 2) ^ 

. *7" , oT « o . . . 
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If n is a positive whole number the series on the right contains -f 1) 
terms. We have now found an intelligible meaning for n when n is 
not positive, and when it is a fraction. This raises the question: Does 
the binomial theorem still work when we put negative and fractional 
numbers in the place of «? The answer is that it does often work. It 
leads to series which go on for ever like a recurring decimal, and such 
series choke off like a geometric series with a fractional base if a and & 
have certain values. To show that this is so, we shall use the binomial 
theorem to find two quantities which we have already required in 
order to construct the trigonometrical table on p. 239. The first is 
Vfj which may be written 

(1 - i )* 

The other is which may be written 

■v/2 = (-iri 

In both these expressions a is 1, so the binomial series simplifies to 
the form 

(1 - = 1 + «(- 6) + 

n- 3, 

-1 n(»~l)(n~2)b^ 

"^2! 3! -h... 

'To use the bmomial theorem to get a series for V'f' and we 
need first to tabulate the values of the bmomial coefficients for 
n = (0*6) and (“- 0*5). Thus when 

K = | 

«(« - 1) Ki - 1) 

2 ! 2 

= -0*126 

When n=— I 

2! 2 

= + l 

* .. « , = +0*376 



How Logarithms were Discovered 479 


So we have 


= n 

+ 0-6 

-0-6 

„ n{n — 1) 

^2 - 2! 

— 0-125 

4- 0-375 

n(n-l)(n~'2.) 

Bg- 3, 

+ 0-0626 

- 0-3125 

„ n{n-l){n-2){n- 

^4= 4j 

— ^ — 0-0390625 

4- 0-2734375 

B. 

-f- 0-02734375 

- 0-24609375 

B« 

— 0-0205078125 

4- 0-2255859375 

B, 

-f- 0-01611328125 

- 0-20947265625 

Bg 

— 0-013092041016 

H- 0-196380615234 

B9 

+ 0-010910034180 

— 0-185470581054 

Bio 

- 0-009273529053 

4- 0-176197052001 

Ai 

4- 0-008008956909 

- 0-168188095092 

Bi 2 

— 0-007007837295 

4- 0-161180257797 


To get -v/f we want (1 + J)”, where h = \ and n~\. So the 

binomial series is 


I - 0.5(1) - 0.125(-J-6) - 0.0625(-6\) - 0.0390625(2|«) 

- 0.02734375(-n5V¥) • • • 

If we take the first two terms of this series we have 


1 - J = 0-875 


We can tabulate the values we get by taking the sum of the first few 
terms thus ; 

Terms , Sum 


1 

2 

3 

4 
6 
6 
7 


0-875 

0-8671875 

0-8662109375 

0-866058349609375 

0-866031646728515625 

0*8660266399383544922 


However many terms we take, the sum of this series never grows 
smaller than 0 - 866025, which is the value of '\/| correct to six decimals. 
We only need to take the sum of the first seven terms of the series to 
get Vif for making a five-figure table of sines or cosines (see tabk 
in Chapter 6, p. 239). 
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The series for V2 does not choke off so quickly. By now you will 
probably remember that the a)rrect value to four figures is 1-414. 
The binomial series is obtained by putting & = — | and n = 
in the expression 

(l_^,)«=:l_j.(__0-5K-|-) + (0-S75)(-|)2 + (-0-3125)(-|)3 . . . 

Tabulating as in the preceding illustration the sum of the first few 
terms, and giving the answer correct to four figures only, we have 
Terms Sum 

1 , 1 

2 1-250 

3 1-344 

4 1-383 

6 1-400 

6 1-408 

7 1-411 

8 1-413 

9 1-414 


The series never grows as large as 1-4143 however many terms 
we go on adding. 

As an additional check on the use of the binomial series for negative 
powers the following result will be used later to get an unlimited 
series for tt. We may write in the form 
(1 + 


tfie expression 
By direct division we get 

l + x 

— X 


1 + JC 

« + a:® — . . 


— X — X^ 


x^ 




X« + X5 


X^ . . 
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By using the binomial series we get 

. (-l)(-l-l)(-l-2)(-l-3)x ^ 

4.3.2 

= 31? + X^ .. . f 

The result is therefore the same as the one which we get by direct 
division. 

You will naturally ask how we know when such series do eventually 
choke off. The first mathematicians who used series of unlimited 
length did not bother themselves to find a satisfactory test to decide 
when a series of unlimited length chokes off and when it does not. 
They were content to use them because they found that they led to 
useful results. It is very comforting to recall the curious mistakes 
which some of the most eminent mathematicians of the seventeenth 
century made before such tests were discovered. A series which puzzled 
Leibniz, whose immense contributions to mathematics will be dealt 
with later was the foregoing, when a: = 1 : 

+ + . 

This is the geometric series (— 1)", where n can have successively 
the values 0, 1, 2, 3, and so on, as long as we care to continue. The 
sum of the first n terms would be 

Terms Sum 

1 1 

2 0 ^ 

3 1 

4 0 

5 1 

6 0 

7 1 

etc. etc. 

This does not choke off, Leibniz argued that the sum of the series 
is Y, since 2“^ = 0-5. Actually it has no limiting value. So (1 + 1)“^ 
cannot be represented in this way. It was left till the nineteenth 
century to find satisfactory tests for deciding whether series of 
unlimited length approach a Umiting value like tlie limiting value 
^ for the series 

0-1 + 0-01 + 0*001 4 - 0*0001 .. . 

Mathematics for the Million Q 
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You will find it easier to forgive Leibniz when you know that a 
seventeenth-century mathematician deduced irrefutable evidence for 
the creation of the world out of nothing by divine providence from 
tlie behaviour of this series. 

The simplest test which helps us to decide whether an imlimited 
series chokes off is '’to compare it with one like the above, which 
is known to do so. This test can be used to show that the binomial 
series in the expression 


(1 -h = 1 + H- 


n(n-iy , 
2! , ■*" 


n{n — 1 ) (« ■— 2)&3 

3 l 


does so, as long as b is between — 1 and + 1. 
You can see how this test works on the series 


‘ + * + 2! + 3 ! + i 




The reason why this series chokes off depends on the factor r! in the 
denominator of the (r -f l)th term, which we shall call Now 
4 + 1 = 3)! — X {xl{r+ 1)}, (see p. 217), and there 

eventually comes a time when r is bigger than however big x is. 
After this stage each term is less than one-tenth of the term before. 
We already know that a series in which every term is exactly one-tenth 
of the preceding term is a recurring decimal fraction like 0*1, which 
has a limiting value of I, or 0*7, which has a limiting value of I*. If a 
series in which every term is exactly a tenth of the one before cannot 
grow beyond a certain size, a series in which every term is less than 
a tenth of the one before cannot grow beyond a certain size. So a series 
IS always ‘‘convergent,” as the mathematicians say; or, to use our own 
metaphor, a series which choke's off, provided that m, is less than 
x% (any fixed x), when it belongs to the family 


1 j_ ^ , ^4 


When the numerator is a very small fraction in a series of this 
family a highly accurate result can^be got by taking only a few terms. 
For instance, if we want to find the fifth power of 1-0001, the base 
of Burgi’s tables, we can put 
(1 -0001)5 = (1 -f 0-G001)» 

= 1 + 5(0-0001) + l^o-oooiy + |-^(0 0001)> .. . 


TWs belongs to the f&iily because mg — 0. 

The sum cf the first two tmos is 1-0005, of the first three terms 
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1 *0006001 j of the first four terms 1 -(KIOSOOIOCX)!. The successive terms 
of the series are always less than a thousandth of the preceding one. 
So the result is correct to ten decimals, even if we only take the first 
three terms of the series. 

One series of this family is of immense importance in modem 
mathematics. It leads us to the pronoun e, which was mentioned on 
p. 77, and is the base of what are called “natural” logarithms. 
The best modem logarithm tables are caiailated to more than twenty 
figures. For such precision the labour involved in using the method 
of Briggs would be almost superhuman. It is enormously reduced by 
first calculating “natural” logarithms to the base e and then using 
the rule 


logio a = 


loge 10 


This series, which leads to e, is called the exponential series. The 
exponential series is 

vS ^ 

‘ + * + 2l + 3! + 4i + 5l 


If :« = 1, its value is “e”, i.e. 

« = i + i+ + 

After the tenth term every other is less than a tenth of its predecessor. 
So adding it on introduces another correct figure beyond the last correct 
decimal place of the sum of the terms which go before it. However 
many terms we take, it does not get bigger than 2*7182818285 correct 
to ten decimals. The result obtained is correct to five figures if we only 
add nine terms. Like tt, it cannot be expressed by a single number. 
There are many ways in which the useful characteristic of this series 
can be deduced. One depends on the binomial theorem. We shall 
approach it by the method of experiment. The reason why this 
series is so useful is because the quantity e can be raised to any 
power by a simple rule (see Appendix 3). 

Thisruleis (e)* =1+ x + - + . 

For instance ei = (2*71828 . . ,)Hs 

i + L-ul 1 . JL.i . J_^l 

^ 5 ^ 25 * 2! ^ 125 31 ^ 625 41 * * * 

You will Sfff! for vnnrwf^if 


1 — 
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first n terms where n is 1, 2, 3, 4, 5, viz. 1, 1 *2, 1 -225 1 -22133 1 •2213§, 
The addition of a new term in this case never affects the new correct 
decimal place given by the preceding term. So we have only to take six 
terms of the exponential series to get the fifth root of 2*71828 . . . 
correct to six figures. It is an immense saving of effort to calculate 
logarithms by using ®the exponential series. Later on we shall meet 
another series, which reduces the work still more. It is called the 
logarithmic series, and we shall use it to get a “convergent” series for tt. 
The exponential series was suggested by the binomial series, such a$ 
(I 4- x)2 = 1 + 2x 
(1 4- = 1 d Zx + 3x2 + ^ 

(1 4- = 1 + 4x + 6x2 + 4xS 4- x^ 

When X is very small in such expressions, x2, x^, etc., will always 
be very much smaller than x in descending order of size; if, for 
example, 

* = rk = (0-oi) x= = TTriirir = (0-0001) 

x^ = 0 * 000001 x« = 0 • 00000001 etc. 

So we get a very good first approximation when x is very small, if 
we take 

(1 -f x)2 = 1+ 2x 
(l-fx)3=l + 3x 
(1 + x)« = 1 + 4x 

How good the answer is depends on how small x is and how big n 
IS in the general expression 

(1 + x)" = I +* «x (approximately) 

For instance, if x is 0*1 (1 -f- x)® — (1 -1)2 ==: 1 -21, and the first 
approximation 1 + 2x gives 1*2, which is less than 1 per cent too 
small. You will find it helpful to check for yourself the following 
results for (1 4- 


X 

n 

(1 + xr 

i 4* 

Percentage Error 

0-i 

2 

1*21 

1*2 

0*8 

0*1 

3 

1*331 

1-3 

2-3 

0*1 

4 

1*4641 

1-4 

4-4 

0*01 

2 

1*0201 

1 '02 

0-01 

0*01 

3 . 

1*030301 

1-03 

0*03 

0*01 

4 

1*04060401 

1'04 

0'06 
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You see from this that if x is the same, the error involved in using 
the approximate formula is always greater for higher than for lower 
powers, e.g. the error in finding (1 + x)^ is nearly six times as large 
as the error in finding (1 + when x is 0 • 1 . However, by making 
X ten times smaller (x — 0*01) the error in using the formula 
l-\- nx for (1 + xy is less than one-tenth the »error in using it for 
(1 4- x)^y when x is 0 • 1 in the latter expression. 

In using 1 + mx as a first approximation for (1 + a:)”, what we have 
done is to neglect as a trivial quantity every power of x which does 
not occur in the expression within the brackets. Let us now do the 
same with 

(* + * + 1 ) 


We now get, when we put n — 2, 

4 +* + §■]) 

If we reject all terms involving pow-ers of x which are higher than 
those in the original expression we get 

I +2x + x%^ + 1 + i) = 1 + 2x + 2x2 
(2x)2 


: 1 + 2x + : 


2! 


Do the same with the expression ’ 


4+*+lij 


You will find that when you reject all powers of x above x® this can 
be reduced to 


t +Sx + 


21 


Similarly the approximate formula for 


(l + X + 


l-f4x + 


21 


is 
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So in general if we reject again all powers of x which are above 
those enclosed by the brackets we get a second approximation formula 




2 ! * ‘ ' 


The agreement between the expressions on the right and left of 
this equation is much closer than for 

(1 + x)”~ 1 + nx 

This you will see by multiplying out when x = 0 • 1 . We then have 
4-OT + = 1-221025 


Substituting 0 - 1 for x in the approximate formula, we get 


H-2x + 


(2x)^ 

2 ! 


= 1-22 


The result is less than 0-1 per cent too small. We can tabulate for 
this approximation a set of numerical values similar to those in the 
last table thus : 


X 

« 


(n3c)2 

l+NX + -^ 

Percentage Error 

0-1 

2 

1-221025 

1-22 

0-1 

0-1 

3 

1-349232625 

1-345 

0-3 

0-1 

4 

1 *49090205 

1-48 

0-7 

0-01 

2 

1 -0202010025 

1 -0202 

0-0001 

0-01 

3 

1-0304540226 

1-03045 

0-0004 

0-01 

4 

1 -0408100B55 

1-0408 

0-001 


This encourages us to go on looking for a better approximation of 
the same kind for raising a number to any required power. You will 
find, if' you multiply out: 


+ *+*“ + ^ + [ri] 

4_ ?! j- ^ j_ r ^ I ^ 1 

"*"2!'^2!'^L2!2!'^2l3!j 

JELj- 
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If you reject all powers of x higher than ofi, you will get 


{^xf 


l+2a: + 2a:» + ^ = H-2* + ^T-^ 

Similarlyj when x is small you will get the approximate results 

A 4. , 4. 4. 1 4- q, 4. ( 3 ^)“ 4- 

(_l + * + 2] + 3!j - * + ®* + ^ + -3r 




1+4:X + 


2! 

( 4^)2 ( 4^)3 


21 


3! 


Or more generally 

(1+*+2! + ^) + ^ + 


If you tabulate tlie numerical results of applying this approximate 
formula, as we have pireviously done, you will get the following results ; 


X 

n 

/ *2 a:8\n 

(^ + '' + 2! + 3l) 

(f«)2 (m:)s 

l + ”^ + "2r ^TT 

Percentage 

Error 

0-1 

2 

i- 22 139336 

1-2215 

0-005 

0*1 

3 

1-34984323 

1-3496 

0-026 

0-1 

4 

1-49180174 

1-490C 

0-076 

JO'OI 

2 

1 -0202013892 

1-0202015 

0-0000006 

0-01 

3 

1-0304545327 

1-0304545 

0-000003 

001 

4 

1-0408107725 

1-0408106 

0-00001 


You may now suspect what you can find out for yourself by multipli- 
cation; that is to say, if we reject the terms above as trivial compared 
with x\ when x is smaller than 1 ; 


(l + » + "^ + 


t 4- 
3! 4!/ 


^l + nx + 


jnxy 

2! 


(nxf 

31 


(nxY 

4! 


On tabulating ±e numerical results which we get from this approxi- 
mate formula, we find: 


X 

n 

/ X^\f* 

1-1 nx-h 2f + 3! 4 ! 

[ Percentage 
Error 

0-1 

2 

1-22140257 

1*2214 

0-0002 

0-1 

3 

1-34985850 

1*3498376 

0-0015 

0-1 

4 

i- 49182424 

1*49175 

0-006 

0-01 

2 

1-020201340026 

1*02020134 

0-0000000026 

0-01 

3 

I -030454533951 

1*03045453875 

0-00000002 

§•@1 

4 

1-040810774189 

1*040810775 

0-00000009 
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You will thus see that we get better and better agreement every 

time we add a new term — , to the left and r- to the right in the 
r! rl 

expression 


/ , v3 v4 V n (nxf (nxf {nxf 

4- a: + 2j + 31 • • •) l+nx+ + 31 + 


41 


So you would not be surprised to find that if we add enough terms 
of this kind we can make x as near to 1 as we like and still get a good 
result. If ac — I in the unlimited exponential series 

1 + jc 4- . . . 

the series becomes 

This series, as we have already noticed, cannot grow beyond a 
certain limiting value, which is 2*71828 correct to six figures. So if the 
result holds good when = 1 , 

m2 w4 

(2*71828 ...)« = 14-«4-^4-^4-^... 


That the correspondence can be made as close as we need by adding 

x'' 

enough decimals on the left and new terms of the type — , on the right 
is illustrated in the followmg way. Take only two terms, i.e. 
( 14 -a:)-(l 4 -l) = 2 

Then (1 +x)^ -=2^ = 4: 

(14-2a:) = 3 

The difference between (1 4 - x)^ and 1 4- 2 a: is 25 per cent. Pro- 
ceeding in the same way, we may draw up a table like this: 


Correct Value of 

Total 

Approximate Value 

Percentage 
Total Error 

(1 + 1)2 

4 

1+2 

3 

25 

( 1 + 1 +^,)’ 

6*25 

• 22 

1 + 2 +j, 

6 

20 


7*i 

22 23 
I+24.-+™ 

6-S 11 

/ 1 1 1\2 
^1 + 1 f^j + g-j + ^J 

7* 33507 

22 23 24 

^+^+2i'''3i+ri 

7 

4-6 

/ 1 1 1 
■(l + l+jj+^j+^5+^^ 

1 7-38028 

22 23 24 25 

*+^+2i+3l + 4l+51 

7-26 

i'6 
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The conclusion to which we are led is that if 

e = l + l+ 2 i + 3 j + jj + ji andsoon, 

e®-_l+a:H-- + - + ^ + - and so on. 

i^ou can test this for a fractional power by putting x = ^ and adding 
the first six terms of ±e exponential series : 

— •\/2- 71828 . . . —1*649 (correct to three decimals) 

1 + 1+ JL_pJLu_ J_ . Jl_4. 

^2 ^232! ^233! ^2^4! ^2^5!^ " * 

= 1 + 0*5 + 0*125 + 0*02083 + 0*00260 + 0*00026 . . . 

— 1 * 649 (correct to three decimals) 

To test it for negative powers put x — — 1. On adding the first 
eight terms of the exponential series we get: 

<8"“^ == o"~ni"o^o = 0*368 (correct to three decimals) 

^2! 3! ^41 61^6! 71 ’ ’ * 

= (1 - 1) + Kl - 5) + 5Va - « + TiUl - 4) . . . 

= 0 + J • • • 

= 0*368 (correct to three decimals) 

In calculating logarithms for any base other than e by the original 
methods we have first to go on extracting square roots or cube roots 
repeatedly to get a table of antilogarithms. If we wish to get the eighth 
root of lOj we have to take the square root successively three times. 
To get the sixth root we have to take the square root of the cube root, 
or vice versa. There are no algorithms for getting an odd root otner 
than the cube root. We can get any root of e by substituting a fraction 
for Xi and the higher roots of e are easier to calculate than the lower 
ones, because they choke off more quickly. You may see this from the 
calculation of or e’?, which has been given already. The first 
logarithms to the base e were published by Speidell in a.d. 1619. The 
ease with which it is possible to get any root of e is only one of many 
interesting characteristics which this extraordinary number possesses. 
For instance, it is closely connected with an unlimited series which 
represent tt. 

It also helps us to get an unlimited series for the sine and cosine'" of ’ 
■ ■ ■ . Q*'.'.' 
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an angle, thus simplifying the construction of accurate tables of angle 
ratios for use in astronomy, surveying, and navigation. 

THE USE OF THE IMAGINARY NUMBER.—The most interesting, and at 
first surprising, thing about the mathematical pronoun e is that it 
is closely connected with quantities met with in trigonometry. In 
tabulating logarithms* for the sines of angles Napier set out to find 
how the length of the half chord varies (see Fig. 129) as it moves along 
the diameter of a circle in steps equivalent to equal strips of the circum- 
ference. In a circle of unit radius (p. 385) the half chord is the sine 
of the angle enclosed by an arc. The practical problem was to connect 
with the length of the half chord quantities whose addition corresponds 
to the multiplication of sines. In the language of modern mathematics 
this was equivalent to calculating the logarithms of sines to the base 
= (0*368 . . .). Napier was not acquainted with the series which 
we have just given, and the reason why e is connected with the behaviour 
of sines did not become clear until the first really important use of the 
imaginary t was discovered by de Moivre. 

Towards the middle of the sixteenth century the Reformation 
movement was gaining strength in France, as socialism was gaining 
strength in Germany and Austria in the closing years of the nineteenth 
and opening years of the twentieth century. Then came the terror of 
St. Bartholomew in August 1572. Intellectual reaction reigned supreme, 
as in Germany and Austria to-day. Even men like Descartes, who 
never severed their allegiance to the old regime, sought sanctuary in 
Holland, England, and their colonies. So it came to pass that the 
intellectual life of the rising Protestant democracies was enriched by 
absorbing the finest flower of French intellect in the seventeenth 
century. It may be that the Far East is going to enrich herself at the 
expense of a decaying social order in the same way. No doubt England, 
Holland, and their American colonies were not ideal countries to 
live in. The important thing was that the new social order 
could find a use, and give opportunities, for real intellectual work, 
just as Soviet Russia can absorb engineering technique while capitalist 
countries are restricting production and checking expenditure on 
research, unless it promotes the extermination of the human species. 
Among the Huguenot exiles who settled in England during the seven- 
teenth century were the parents of de Moivre. We pronounce his name 
in the English way, because we can be justly proud that there was 
once a time when our dwn country was leading the advance of mankind 
towards the commonwealth of knowledge. 
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De Moivre discovered a new field of calculating devices by using 
the mathematical gerund i or V — 1 as Diophantus had used the 
mathematical gerund a.” What is called de Moivre’s theorem 
started a new chapter in modern algebra just as the law of signs started 
a new chapter in the algebra of antiquity. The fundamental rules for 
using V— ^ in calculation are simply based on the law of signs itself. 
Thus if: 

,•2 == (V'^)=' = - 1 

,-« = (\/zni)2 X * = 

,•4 _ ( X / = - = + 1 

X i = + I 

etc. 

so we have : 

i i® I* j® t® f j® I* . . 

_|_i — 1 — t _|_1 -j-i — 1 — { _}_i 

The rule which bears the name of de Moivre (de Moivre’s theorem) 
li^e the binomial theorem of Omar Khayyam, is a rule for raising a 
quantity to some power represented by the operator n written in the 
top right-hand comer. It is : 

(cos a + I sin a)" = cos na -f i sin na 

Do not bother at present about fhe meaning of this. The meaning 
of a rule in mathematics is either a statement about its consistency 
with other rules, or a statement about how it can be used. First satisfy 
yourself that it is consistent with what you know already about sines 
and cosines, negative quantities, square roots, and powers. One thing 
which you will need to remember is the demonstration which is 
given in Chapter 6, p, 251 : ’ 

cos® a + sin® a = 1 

nr sin® a — 1 — cos® a 

Bearing this in mind, apply the customary laws of multiplication to 
(cos a -f- isina)* 
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We then have cos a + / sin a 

cos a + I sin a 
cos^ a-\- i cos sin a 

+ i cos a sin tz + i® sin® a 
cos® a + 2i cos as'ma -j~ P sin® a 
Now we already know that 

sin 2a = sin (<2 + a) 

== 2 sin cos a (p. 251) 

2/ cos a sin a = / sin 2a 
So we may rewrite the result obtained as 

cos® a + * sin 2a + P sin® a 
And since / = y' — 1 this is also the same as : 

cos® a — sin® a + / sin 2a 
But we also know (see p. 251) that 

cos 2a — cos (a + ct) 

== cos® a — sin® a 

So we can now write: 

(cos a + I sin a)® = cos 2a + i sin 2a 

We see then that the theorem works for squaring. By multiplying 
out you get: 

(cJbs a + I sin a)® = cos® a + 3/ sin a cos® a 

•• -f- 3z® sin® a cos a + P sin® a 

= cos® a + 3/ sin a cos® a — 3 sin® a cos a -- i sin® a 

By applying the rules given on p. 250 we find that 

cos 3a = cos (2a + a) 

— cos 2a cos a ■— sin 2a sin a 

— cos a (cos® a — sin® a) — sin a (2 sin a cos a) 

= cos® a — 3 sin® a cos a 

In the same way 

sin 3a = sin (2a + a) 

== sin a cos 2a + cos a sin 2a 
= sin a*(cos® a — sin® a) 4- cos a (2 sin a cos a) 

= 3 cos® a sin a ~ sin® a 
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So we may now put: 

(cos a + « sin of — cos® a 82 sin a cos® a — 3 sin® a cos a — i sin® a 

— (cos® (2 — 3 sin® a cos a) + * (3 cos® a sin a — sin® a) 

— cos 3(2 + i sin 3a 

Thus the theorem also works for cubes, an4 in the same way we 
arrive at . a + / sin a)^ = cos 4a + i sin 4a 

(cos a + / sin a)® — cos 5a + i sin 5a 
The rule which is known as^de Moivre’s theorem is equally true 
for fractional powers and negative powers. Thus we can see that 
1 


(cos a + * sin a)-” = 


cos na + i sin na 
cos na — i sin na 


cos ?2a — 2 sin na cos na + i sha na 
Now we know (Dem. 4, p. 138) that 

(a + &) (a - &) = a® - 

(cos na — i sin na) (cos na + i sm no) = cos® na — 2® sin® na 
==■ cos® na + sin® na 
= 1 

-Hence 

cos na — I sin «a 

-—7—. r = COS na — t SID. na 

(cos na — 2 sm na) (cos na + 2 sm na) 

For fractional powers de Moivre’s theorem is found to be consistent 

with the rules we have already learned by putting : * 

( cos - + 2 sm - ) — cos «- + * sm n- 
\ M «/ n n 

— cos 6 + 2 sin b 

But we must now be careful, because 

^cos ^ + i sin = cos (6 -j- 277) + i sm (6 + £77) 

= cos& + 2sm6 

and you can easily verify that 


b ^ . b . 

cos - 4- * sm - and 


b -j- 277 , . ^ -f" 277 

s — f- 2 sm !- — 


are not the same. So we can only say that me of the values of 
Vcos 6 + 2 sin & or (cos & + * sin RF cos - -h 2 sin -• ^ ' 
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If « is a whole number there are also « — 1 other values 


where 


b + 2^77 , . . 6 + 2r7T 

cos — ! b < Sin 

n n 

r — 1, 2, 3j ... up to n — 1. 


In one of Dickenses novels the charity boy asks, when he comes to 
the end of the alphabet, whether it is worth going through so much 
to get so little. The same question may occur to you. So we shall now 
proceed to show how the theorem of de Moivre can be used to shorten 
the work of constructing a table of trigonometrical ratios. To malte this 
clear, it will be helpful if we retrace our steps. We have already seen that 


cos 3a == cos’ a — 3 sin® a cos a 


We may also write this as 

cos 3a = cos’ a — 3 cos a (1 — cos’ a) 
= cos’ a 3 cos a + 3 cos® a 
— 4 cos® a — 3 cos a 


The same result which we used to illustrate the truth of de Moivre^s 
rule can naturally be obtained by applying it. Thus if 
3C = cos a + I sin a 
ac-i = (cos a + * sin 
1 

- — cos a — 1 sm a 

X 

• jc -f - = 2 cos a 

X 

and ;e ~ — 2i sin a 

X 

Likewise we may put x^ == cos na + i sin na 
I 

— — cos «a — * sm m 
it” + = 2 co^ «a 

and — -4 == 2i sin «a 
We thus see that if jc 4- - = 2 cos a 

■ X \ 

^ i _ 2 cos «a 

3Cr : 
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So if we wish to find cos 3a, knowing cos a, we may put 

1 


2 cos 3a == 3c® 4- 




2 cos a : 




(2 cos of = 


8 cos^ ^ • - + 3:x: • 32 + ^ 


= (^ + p) + 3(^ + i) 
= 2 cos 3a + 6 cos a 
4 cos^ a = cos 3a + 3 cos a 
cos 3a = 4 cos^ a — 3 cos a 


1\ 
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This is the same result as we have already used. To convince yourself 
that the imaginary quantities may be used for calculation you can now 
put 

/ 1-0 
(2 cos a)® — f * + ~ j 

6^cos®a = ^ + 6^®-^+ 15;c2-i + 6j;-p 4-^ 

=(’^+?)+K^+?)+i4^“+i=)+3o 

— 2 cos 6a 4* 12 cos 4a 4- 30 cos 2a 4- 20 
cos 6a = 32 cos® a — 6 cos 4a — 15 cos 2a — 10 

You can check this fi:om two valu^ of cos a which you know already, 
i.e. (a) cos 90° = 0; (p) cos 60° = So 

(a) cos 540° == 32 cos® 90° — 6 cos 360° — 15 cos 180° — 10 
cos (360 4- 180)° == 0 - 6(1) - 15(- 1) - 10 
cos 180° = — 1 

Q}) cos 360° = 32 cos® 60° — 6 cos 240° — 15 cos 120° - 10 
= 32 cos® 60° - 6 cos (180 4 - 60)° 

- 15 cos (ISO - 60)° - 10 
= 32(*) + 6(i)4-15(-|)~10 
= 1 

Having now reason to hope that we may make — 1 or i do the sort 
of work which can be checked by actual calculations, we shall use it to 
derive the two series from which we can obtain the sine or cosia^ of 
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any angle to any degree of accuraq^ required. We have seen how the 
study of trigonometry in connexion with the preparation of astro” 
nomical tables for navigation prompted the search for quick methods 
of calculations and how the discovery of logarithms led on to the 
study of unlimited series such as the exponential series. A crowning 
achievement which fdllowed the Great Navigations was the further 
discovery that the exponential series has a simple relation to the theorem 
of de Moivre. The result of this discovery was a further simplification 
of the labour entailed in sociaU 2 dng the fruits of Greek geometry in 
the tables of angle ratios which are used to find the position of a ship 
at sea or to construct an ordnance map. To see the connexion between 
the exponential series and the theorem of de Moivre, first put 

x == cos 1 + I sin 1 

This is the same as making a = 1 in the original expression of 
de Moivre’s rule, and if we now use a like n for any number 

x" = cos a + I sin a (i) 
and ~ cos a — i sin a 


As before, we may put V* ~ at ® = 2/ sin a 
We can also represent x as some power of e, thus 

or y~ loge X (ii) 

"'Using the exponential series, we have ; 

ny aV aY 

'2! 3! 4! ‘ 


Subtracting the lower from the upper, we get 

This may also be written 


^^ 3! ^ 61 ^ 7! 




2i sin a ~ 2ya + 2—- -f- 2 -gy 

i sma __ y^a^ 

a 3! ' • 


(iii) 
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Since a is any angle, this equation is trae when a is so small that we 
can neglect any term multiplied by a, i.e. 

y5^ y7^6 


We have also seen that if a stands for radians (see Chapter 6, p. 260) 
when a is very small : " 

sin ^ 
a 

i sin a _ . 
a ~ 

So when a is very small one side of equation (iii) reduces to i and 
the other side to y. We thus find that 
i=y 
x==e* 


Putting in the value of in (i), this means that if a is measured in 

radians: ^ . 

e — cos a 1 sm a 


But since — 1 , etc. 

icfi 


: 1 + w - 


2! 3! "*“4! 5! 


6 ! • * * 


... /, d^ a® \ d a® a® \ 

, + isma = (1 -gi + jj -gy. . .j + <(« -§7 + g-y. . 


Do not now make the same mistake as those who confuse people 
with price indices in which all sorts of quantities are mixed 'up 
indiscriminately till the final result of their cerebrations is a state 
of muddle which faithfully reflects the system of which they are the 
hired apologists. To take the next step, remember that real mathe- 
maticians do not jumble up numbers which stand for one sort of thing 
witli numbers which stand for another sort of thing. The man who 
did not go to church (p. 399) after he left the inn called “The Turtle 
and Toasting Fork” taught us that quantities which have i in front 
of them do not represent the same sort of measurements as quantities 
wliich have not. In the Reformation geometry they represent measure- 
ments in a different direction. So just as we say that if 

a pears and b ponies == 30 pears and 2 ponies 
u = 30 ^ 

and 6 = 2 ' 
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we must also say that if 


cos a -f - 1 sin a “ p + iq 
p — cos a 
q~sm a 


We now do the sam^ thing with the equation 

. . ( \ I -f 

cosa + .sma= (1 + 4 I -J] 



From which we conclude that if a is measured in radians ; 


' ^ 2 ! “^ 4 ! 6 ! "^ 8 ! * * ' 


, a® 

™“““-3T + 6I ■ 


71 ■ • ■ 


This means that you can calculate the cosine or sine of 1, 0*5, OT, 
etc.j radians directly by substituting 1, O-o, 0-1, etc., for a in the 
unlimited series given above. You will see that they must choke off 
quickly if a is less than 1 . To assure yourself that this result is trust- 
worthy turn back to Chapter 6 , p. 242, and you will find that by using 
Euclid’s geometry we obtained the values _ 


cos 15° = 0-966 
sin 15° = 0-259 


To use the series given we have to convert 15° into radians, thus : 
16° = ^(90°)=.^(|) radians 

If we take tt = 3 ■ 1416, 16° == 0-2618 radians 
So putting a == 0 • 2618 we have 


a2 = 0-0685 
a3 = 0-0179 
= 0-005 


' 0-0885 0-005 

cos IB- = 1 - — ^ , 


sin 15° 


0-0179 


Thus 
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These series choke off so rapidly that we only need to take the 
first two terms to get 

cos 15° = 0*966 
sin 15° = 0*259 

VECTOR ANALYSIS. — You can now see that the maginary nomber i 
is anything but a mere figment of the imagination. With its help we 
can make tables from which we can calculate the latitude and longitude 
of an ocean liner. The calculation of alternating currents on which 
modern lighting and power depend also employs the equation 

gto _ a 4 - I sin a 

Since the time of de Moivre a new branch of mathematics called 
Vector Analysis has been developed, especially in connection with 
the study of the electrical phenomena which were first discovered by 
Faraday in the earlier part of the nineteenth century. A vector is a 
quantity which is understood to have a definite direction from some 
feed point, as well as a definite distance from it. Temperatures, forces, 
magnetic and electrical attractions, and the like can be represented by 
distances. Consequently the flow of heat, forces tending to propel a 
body in a particular direction, magnetic and electrical fields can all be 
represented by vectors. The use of vectors illustrates a feature of great 
interest in the iiistory of mathematics. The rules of geometry and 
algebra were invented so long ago that we are apt to forget that they 
were invented to deal with real objects in the world of social experience. 
The rules of vector algebra have been drawn up to fit the requiremehts 
of measuring new phenomena in the world of social experience. So 
it is less easy to conceal the fact that they are nothing more than 
grammatical conventions which are used because they are suitable 
to the needs of socially organized mankind. 

Chapter I introduced a small tank with an automatic siphon to 
illustrate the fact that adding two to two in the real world does not 
always give us four. For the fighre on p. 29 the laws of elementary 
arithmetic would not help us to find how much the tank contains 
when a measured quantity of water is added to what is there already. 
If we continue to use the sign + to mean addition in the physical 
sense, we should have to make different laws, such as 

2 + 2 = 2 

3 - 4^1 = 2 , "... 
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In vector analysis laws of addition, subtraction, and multiplication 
are made to fit the way in which mechanical forces interact. As this 
branch of mathematics has developed mainly in connexion with 
physical problems, it is not possible to indicate its scope without 
recourse to technical illustrations. However, the basic principles can 



Fig. 165. — The Addition of Two Vectors 


be illustrated in a general way by what is called vector addition. In 
Fig. 165 OA is a vector which represents movement along a measured 
distance from the point O in the direction shown. OC is another vector 
representing a measured distance in a more northerly direction from 
the same fixed point. Adding the vector OA to the vector OC means 
finding the distance and direction ffom the fixed point O if we first 
execute the movement represented by the vector OA and proceeding 
from A move along AB, which is equivalent in distance and compass 
reading to the vector OC, or alternatively movement from O to C 
followed by movement from C to B equivalent in distance and compass 
reading to OA. This is written with the old sign, though it carries a 
pew^meaning. Thus : * 


OA -f OC = OB 
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The vei-cor OB, which stands for the result of adding a day’s march 
represented by the vector OC to a walking tour which began with 
the vector OA or vice versa^ stands for our final distance and direction 
from the place where we started. The numerical value of OB, which 
includes its length, the distance of B from O, and its direction, the 
angle which OB makes with the base line rmSning east and west, is 
itself the result of adding a day’s march so many units of length east 
to a day’s march so many units north, or vice versa. From the illus- 
tration given in Fig. 133 we have found that multiplying a distance 
X units by i is equivalent to a distance x units measured in a direction 
at right angles to the original distance. To distinguish b units of 
measurement due north from a units of measurement due east, we 
use i as a label in front of the former, so that we write 

OB = a f !■& 

In the same way, if OA is equivalent to q units due north and p 
units due east, we put 

OA — p + iq 

^ Also, if OC is s units due north and r units due east, 

OC = r + is 

You will now see from the upper diagram that 

a = p + r 
6 = g + s 

From the lower figure you will see that the distance represented by 
the vector OB is 

The angle V, which stands for the direction of the vector, is the 
angle whose tangent is This can be foimd from tables of tangents, 

provided we know b and a. Thus the principle of vector addition is 
that if we go hiking and change our direction every day, we deduce 
the final direction and distance from the place where we started by 
adding separately all the northerly bearings and all the easterly beanngs. 
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For this the imaginary i is merely used as a label to warn us against 
making the same confusion as political economists. 

Having defined a process of vector addition to correspond with the 
physical act of walking a certain distance in one direction and a certain 
distance in another direction, we can go on from this to define other 
operations in which Ns used in the same way as de Moivre used it. 
This leads to some very valuable short cuts in physical measurement. 
Such operations have been designed to fit the results of experimental 
observations, and they are appropriate to the kind of phenomena 
which suggested them. However exact science becomes it is necessarily 
more than a mere collection of symbols. What the scientist investigates 
decides the rules which the symbols have to obey. 


Exercises on Chapter 10 

HOW TO USE LOGARITHM TABLES 

There are a few details of method to note when using logarithm tables. 
Any number whatever can be written as the product of a number 
between 1 and 10 and 10 raised to some power. 

For example, 9,876 can be written as 9-876 X 10®. Now we know 
that the logarithm of any number between 1 and 10 is a positive 
fr^tion, and we can write down the logarithm of 10® as 3. It is easy 
to see that the logarithm of any number consists of a whole number 
which can be written down by inspection and a fractional part which 
is the same for all numbers having the same digits in the same order. 

Thus log 9-876 = 0-9946 

log 98 -76 = log 10 -flog 9 -876 
= 1-9946 

log 987 - 6 = log io® -i- log 9 - 876 
= 2-9946 
■ etc. 

and log 0 • 9876 = log lO'i x log 9 • 876 

= - 1 + 0-9946 

log 0 • 69876 = log 10“® x log 9 • 876 
= — 2 + 0-6946 
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The last two logaritiims are written as foliows: 

log0‘9876= 1-9946 
log 0-09876 = S-9948 

This is simply a device for maldng calculations easier. For example: 

log 182-3 -log 0-021 

2- 2608 - (2-3222) 

2 + 0-2608 - ( -2 -h 0-3222) 

2 + 0-2608 + 2 -0-3222 
4 - 0-0614 

3- 9386 

8682 

The positive fractional part of the logarithm is called the mantissa, 
and the integral part, which may be positive or negative, is called the 
characteristic. 

To find the logarithm of 9-876 in the table the procedure is as 
follows. At the left-hand side of the table is a column of double figures 
beginning with 10. We look down this till we find 98. Looking at the 
top of the page we see columns headed by the numbers 0 to 9, so that we 
look along the line beginning 98 till we come to the column headed 7. 
The number given in this place is 9,943, and this is the mantissa 
of the logarithm of 9-87, To take into account the last figure, 6,^6 
look at the right-hand side of the table, where there is a set of columns 
with the numbers 1 to 9 at the top. The numbers in these columns 
indicate what has to be added to the logarithm to take account of the 
fourth figure in the given number. In the present case we have found 
the right mantissa for 9-870, and we want to know how much to add 
on for 9-876. Looking along the line from 98 we see at the extreme 
right hand under the column headed 6 the number 3. So that the 
required mantissa is 0-9943 + 0-0003, i.e. 0-9946. 

When the logarithm is knowm, the number of which it is the logarithm 
can be found by reversing the above process. For example, we can 
find the number whose logarithm is 2-6276. Considering first the 
mantissa 0-6276, we can find from either a table of logarithms or a 
table of antilogarithms that the digits corresponding with it are 4++2: 


log 


182-3 
0-021 ' 
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The characteristic 2 tells us that the number lies between 100 and 
IjOOO. Therefore the number required is 424-2. 

1. Multiply the following numbers: 

(a) by using the formula 

sin A cos B = I sin.(A + B) 4- 1 sin (A — B) 

(b) by using the formula 

cos A cos B == I cos (A + B) + i cos (A — B) 

(c) by using logarithm tables 

(i) 2-738 X 1504 (iii) 6-412 x 368 

(ii) 8 - 726 X 3471 (iv) 2 - 1505 x 46 • 12 

Check your results by ordinary multiplication. 

2. Calculate the following by logarithms : 

(78-91)2 (1-003)2 

\/68990-3 ^ 0-0271 ^0-0731 

9-437 484 

Vm X (M)> 

0-48 

3. Find the tenth root of 1,024, the eighth root of 6,661, and the 
eigjrth root of SS-g-f ^ by logarithms, and check your results by 
multiplication. 

4. Plot the curve y == logic x 

6. Do not forget that logarithms are a device for doing multipli- 
cation and division rapidly. There is no simple way of finding the 
value of log (a 4- b), so that if, for. example, you want to calculate 
Vl-Ol -- "^l -01, each term must be calculated separately. 

Find the value of 

(i) (23-91)3 4- (48-24)3 
(ii) 

(0-4673)2 

^ , ^^^40-5436)2 -(0-3276)2 
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6 . Calculate the following, using log tables ; 

(i) Find the compound interest on ;£1,000 in 6 years at 4 per cent 
per annum. 

(ii) How long will it take a sum of money to double itself at 10 per 
cent per annum. 

(iii) Find the compound interest on ;f400 for 5| years at 3| per cent 
per annum, payable half-yearly. 

7. Taking e as 2*718, calculate the following* 

log, 1 *001 log, V2, log, 3789 

8 . In an experiment the following values were obtained for two 
variables x and 3 ; : 


X 

1*70 

2*24 

2*89 

4*08 

6*63 

6*80 

y 

320 

411 

491 

671 

903 

1,050 

X 

8-42 

12-4 

16*3 

19*0 

24*3 


y 

1,270 

1,780 

2,250 

2,520 

3,180 



. -.Plot two graphs, one showing x and y, and the other log x and logjy. 
From the second show that the relation between log a: and logy is 
approximately described by the equation 

log 3 > = 0 • 876 log x -f 2 • 299 
From this write down an equation connecting x and y. 

9. Write down the binomial expansion of (1 +0'06)”^. Find its 
value by taking the first five terms. Show that the error involved is 
less than 0-0000163. 

10. Using the “infinite” series for sin a and cos a, find the values of 
sin 1° and cos 1°. How many terms do you need to get the values of 
sin 1 ° and cos 1 ° given in four-figure tables? 

11. Using the “infinite” series for sin m and cos na and the values 
just obtained for sin 1 ° and cos 1 °, make a table of the sines and cosines 
of 1°, 2°, 3°, 4°, 6 °, and compare with the values given in the tables. 
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THINGS TO MEMORIZE 

sin A cos B — I sin (A + B) + sin (A — B) 
cos A cos B = I cos (A + B) + | cos (A ~ B) 
log,o 100 = 2 

logic 10 ^ 1 
logic 1=0 
logic 0-1 = — l- 

logic 0- 01^== — 2 

+ +^1 + • “ 

(cos a-^- i sin c)” = cos wa + i sin na 
sin 3A — 3 sin A — 4 sin^ A (see p. 492) 
cos 3A == 4 cos^ A — 3 cos A 

a® a’ 

sin a (radians) = « “3I 't* gy ~ 7! * * • 

/ ^ a*’ 

cos (radians) === 1 “ 2 ! 4[ “ (H * ‘ * 



CHAPTER X! 


THE ARITHMETIC OF GROWTH 
AND SHAPE ^ 
or , 

What the Calculus is about 

The invention of logarithms and the introduction of the Reformation 
geometry coincided in the opening years of the seventeenth century. 
Two technical developments which forced themselves on the attention 
of mathematicians during the ensuing period paved the way for advance 
in the science of mechanics and new methods of calculation necessary 
for further advance. One of these was progress in the use of artillery. 
The other was improvement in the construction of clocks. When a 
Spanish king retired from the intrigues of European politics to end 
his years designing them, clocks had all the novelty of the racing car 
and the autogyro in our generation. 

We commonly divide the mechanical problems arising in con- 
junction with solid objects into two groups. One, called staticSi deals 
with how one weight balances another when both are at rest. The 
problems of stress in designing a building are among the principal 
applications of the mechanics of rest. In contrast to architectural 
mechanics, or statics^ dynamics is the study of moving bodies. The 
world of classical antiquity produced architectural achievements and 
feats of irrigation hardly inferior to anything which our own civilization 
has constructed. In Alexandria, which was in close touch with the 
technical problems arising out of large-scale building construction and 
irrigation, the basic principles of statical mechanics for both solid 
bodies and liquids were taught in much the same way as we teach 
them today. Such machinery as was used till the fall of the Roman 
Empire included little more tham devices for using the bodily energy 
of the slave, the soldier, the horse, or the ox. For designing primitive 
machinery like the catapult or the pump, the statical mechanics of 
Archimedes was sufficient. The introduction of explosives and of 
clocks driven by weights or (later on) by springs, laid the foundations 
of the modern age which exploits energy derived from sources other 
than the metabolism of human beings or beasts of burden. Although, 
isolated inventor.^ among the Chinee and Alexandrians, like Hero, who 
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made a model steam-turbine, recognized the possibility of construct- 
ing machines driven without the muscular activity of living beings, 
the energetic basis of ancient civilization rested primarily upon the 
institution of slavery mitigated more or less by the use of beasts of 
burden. At the beginning of the sixteenth century civilization stands 
on the threshold of ah advance which was destined to eclipse every 
constructive achievement from ‘the dawn of Nilotic civilization to the 
circumnavigation of the terrestrial globe. At the very moment when 
the greed of competitive mercantile enterprise was initiating the 
infamies of the slave trade, human inventiveness had discovered the 
means of creating a society which could guarantee leisure and security 
without slavery. The birth of dynamics, or the mechanics of motion, 
signalizes the great cultural dichotomy which separates the slave 
civilizations of the past from men and women who are now becoming 
historically conscious of their part in planning human life on earth in 
accordance with common human needs. 

While the laws of planetary motion were being studied by Tycho 
Brahe and Kepler at the end of the sixteenth century, the clock was 
becoming an instrument of increasing importance, and experiments 
directed to improve its mechanism were exposing the laws of terrestrial 
movement. Acceleration, or gathering speed, something so easy m 
grasp in these days when we hear automobiles changing gear on a hill, 
was quite a new experience which had not impressed itself on the 
imagination of men and women accustomed to the relatively slow and 
jerky movements of vehicles drawn by horse or ox against the friction 
of Tough roads. Galileo (1564-1642), who discovered the principle that 
successive swings of a pendulum occupy the same time, also showed 
that compact and comparatively heavy bodies of different sizes and 
densities fall to the earth simultaneously, gathering speed at the same 
rate, if they start from the same place. Galileo revolutionized mechanics 
by introducing the principle that the pulling power which a body 
exerts by its weight may be measured by its power to increase the rate 
at which another body moves. Huyghens (1629-1695), who first 
adapted the pendulum to the clock, studied the laws of collision of 
elastic bodies and the principle of centrifugal motion which he used 
to make clocks keep correct time in different latitudes.* As compared 
with any which went before, the century which followed the Great 
Navigations was obsessed with the problem of motion. The crowning 

" * ^The earth’s centrifugal pull is different at different latitudes, and hence a 
pendulum does not swing exactly at the same rate at the equator and the poles, 
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achievement, which came at the end of the seventeenth century, was 
Nev/ton’s Law of Universal Gravitation, which linked together the 
path of the planets, the path of the cannon-ball, and the principle of 
centrifugal motion. Galileo’s principle of terrestrial gravitation made 
it possible to show why a cannon-ball projected at an angle to the 
horizon follows a curved path at approximately constant horizontal 
speed owing to the combined action of the initial explosion and the 
pull which makes bodies gather speed as they fall to the earth. The 
possibility that all material bodies exert a pull on one another propor- 
tional to their masses like the pull of a weight at the end of a string when 
we swing it round in a circle suggested itself to several of Newton’s 
contemporaries as the explanation of Kepler’s laws. Newton was able 
to show that the curved path of a body moving at constant speed will 
be an ellipse if the pull towards one of the foci of the ellipse measured 
by its power to impart motion is inversely proportional to the square 
of its distance from that focus. This demonstration Mnked together 
the facts of terrestrial motion with the motion of the planets in 
elliptical orbits, their sizes, and their distances from the sun as 
focus. 

So soon as mathematicians began to concern themselves with the 
problems of motion, they found themselves severely handicapped 
“by the Arabic algebra, which derived its principles from classical 
geometry. They were forced to devise a new instrument of calculation, 
based on the Reformation geometry. This new algebra is usually called 
the Infinitesimal Calculus. Though it was fiirst devised to deal with the 
geometry of motion, it can also be applied to other kinds of calculatipn, 
such as constructing a table of logarithms or getting a value for tt. 
From a geometrical point of view, it is primarily concerned with two 
problems (Fig. T66).^ne branch, called the Differential Calculus, is 
a means of finding how steep a curve is at any point. Thus the curve 
shown in the figure begins with a very gradual slope, then becomes 
very steep, and finally flattens out till it hardly slopes at all. What 
is called a dijferential coefficient is nothing more than a formula for 
finding how much a curve slopes at a particular point if we know 
the co-ordinates of the point. The other branch, called the Integral 
Calculus^ is primarily concerned with finding the area enclosed between 
a portion of the curve (AC in the diagram), the corresponding points 
on the X axis (B and D]), and two lines called “ordinates” parallel to 
they axis (AB and CD)^^hat is called m integral is simply the formula 
for finding such an area m we know the x cO“OrdiDates (OB and OD) 
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of A and C. The Differential and Integral Calculus both employ 
similar methods, because the area enclosed between two ordinates 
of a curve itself depends on how much the boundary slopes. 

Since the calculus was devised to deal with problems of motion, it 
is not easy to see the point of it without first asking how measuring 
slopes and areas come® into the study of movement. So before seeing 


Br' nf ft ad 



Fig. 166 


The slope of tlie curve is first relatively flat at/. It becomes steeper in the middle 
at I* as x: increases. Finally it becomes flatter at h. At any point the steepness 
is andicated by the size of the angle which the tangent to the curve makes with 
the X axis or with any line parallel to it. 

how we can use it to do other things we must spend a little effort in 
trying to see how the speed of the ship is represented in the map 
geometry of the great navigations. 

GRAPHICAL REPRESENTATION OF SPEED AND ACCELERATION.— In using 
the old algebra to describe moving things, we do not find ourselves in 
any difficulties provided things move in a straight line at uniform 
speed. Problems of that kind only occur in textbooks. They do not 
happen in real life. Indeed, we have only to look a little more closely 
at textbook problems to see how very roughly they can represent real 
happenings. Such a problem, taken from a textbook, was given to 
illustrate a simple equation in Chapter 7. We were told that one 
trainr (A) travelling at 60 miks per hour left London on a 400-mile 
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journey to Edinburgh at one o’clock and another train (B) travelling 
at 25 miles per hour by the same route left Edinburgh at four o’clock. 
Taking the problem at its face value we might plot along the y axis, 

EdlrJmrgh 



as in Fig. 167, the distance from London in miles, and along the 
X axis the time in hours p.m, on the day when this improbable event 
took place. The progress of the two trains would then be represented 
by two straight lines crossing where x — 7| (7.20 p.m.), the result 
obtained by solving the equation. If you now look at the next figure 
you will see why this problem could only exist in a book and could 
never arise in a signal box. . 
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First re-examine the original graph. If we take any two points on 
the line which represents the progress of train A, its speed, as given 
in the problem, corresponds with the gradient which the line makes 
with the x-axis or any line parallel to it. Speed is the distance traversed 

divided by the time taken or “distance per unit time.” This is 
or, as we shall now write it, In the time which elapses between 

three o’clock (x^ = 3) and five o’clock (^2 “ moves from 

100 (= y-^ miles to 200 (= miles from London. So the gradient. 


^y 200 - 100 
Lx 5-3 

” 2 
= 50 


As the figure is drawn, the gradient (miles per hour) is the same 
firom the moment the train starts to the moment it stops. This is 
equivalent to saying that the train starts instantaneously at top speed 
and stops dead instantaneously. The lower figure in Fig. 168 shows 
the speed of the train between starting at one o’clock and finishing 
its journey at nine o’clock. If we could start at top speed instantaneously ' 
and stop dead instantaneously, the speed would be represented by the 
straight line AB parallel to the x axis. No real trains behave like this, 
so that even if a train could maintain an absolutely constant speed over 
the greater part of its course, we should have to represent its speed 
during the whole journey by a curve with a flattened top. It would 
be a litde higher than AB, to make up for the fact that the train has 
to gather speed (positive acceleration) when it starts, and slow down 
(negative acceleration) when it stops. From the upper figure you will 
see this means that the train will not travel as far in the first or last 
hour as in the intervening time. So the middle part of the line which 
represents its progress is a little steeper than the dotted line corre- 
sponding with its path in Fig. 167. 

Thus die use of the simple equation depends upon two assumptions. 
Tne first is that a train can move at a constant speed (speedometer- 
pointer stationary) over the greater part of its course. The second is 
that the journey is so long that the time taken to start up and slow 
down does not appreciably affect our calculations. Actually the time 
wasted in starting up or slowing down means that if the train does the 
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4CK) miles in exactly eight hours, it must travel at something over 50 
miles an hour, however small the excess, during part of the journey. 
Hence the two lines in Fig. 167 need not cross at exactly 7.20 p.m. 



Owing to the 
scale on which 
they are drawn, 
the ascending 
and descending 
■Q limbs are less 
oblique than 
they should be. 


123 45 67SS> 

X ~ ijzwe, ui. hoars p.m. 

Fig. 168 . — Speed and Acceleration 


When the journey is a long one the error arising from the second 
assumption may well be too small to bother about. 

In real life few things move at a constant speed in a straight line, 
and even when they go straight over a long distance, they* change 
direction eventually. In the new algebra, of motion we can take account 
of direction as well as speed just as in-*teal lif^,the route chosen is as 
important as the distance which a motor-bicycle is capable of covering 

Mathematics for ths MiUsm S 
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in a given time. So we distinguish between erode speed and useflii 
speed, which is called velocity. Grade speed is simply the total distance 
divided by the time taken, irrespective of the direction taken. Velocity 
is speed in a giveti direction. If the first train continued its journey 
towards Edinburgh in a straight line its velocity in the direction London 
to Edinburgh would ♦be the same as its speed. If, as in Fig. 169, it 
reversed when it had gone 200 miles in a straight line and returned at 



Fig. 169. — Crude Speed and Velocity 


the same speed to London, its average velocity taken over the whole 
of its journey would be zero at nine o’clock, instead of being 50 miles 
per hour, as it would have been if it had gone on to Edinburgh. 

If you go back to Fig. 167 and look at the progress of train B, you 
will see that in a time two hours between four o’clock = 4) and 
six (xg ~ 6), the distance of the train from London has changed from 

= 400 to ^^2 “ 350 miles. So if we write, as before ^ = — — ~ 

OhX 

Ly 350 - 400 
hx 6-4 
_50 

Thus the gradient in the graph of distance (measured along a straight 
line) plotted against time represents not the crude speed, but speed in 
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a particular directions i.e. mlocity. Train A moves with a velocity of 
+ 50 miles per hourj i.e. a speed of 50 miles per hour away from 




sp is drawn roughly to represent the tangent to the curve at 

London when the distance is measured from London. Train B moves 
with a velocity of •— 25 miles per hour, i.e. with a speed of 25 miles 
per hour, distance being measured towards London. 

The next figure (Fig. 170) represents something more like motion 
as we see it in the real world. The curve shows the distance which a 
motor-cycle travels in a short trial, timed with a stop-watch over a. 
straight track of 160 feet. The direction remains the same. So the 
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speed and the velocity are equivalent. The entire trial from the time 
of starting {x — 0) to the time of stopping (x = 8 ) occupies 8 seconds. 
The average velocity over the v?hole track is therefore : 

~ second) 

^8 — 0 

If you study the graph you will see that the cycle starts off slowly, 
increasing its speed gradually till about half-way along its course, when 
the speed begins to fall off. Thus it travels about 8 feet in the first 
second. At the beginning of the fourth second it is 40 feet from where 
it started, and at the end of the fourth it has got to P, 80 feet from the 
start. So it travels 40 feet in the fourth second. Its average velocity 
during the first second is 8 feet per second, and 40 feet per second 
during the fourth. From P onv/ards the velocity decreases. At the 
beginning of the eighth second it has traversed 156 feet, and by the 
end of the eighth it has reached its goal, 160 feet from where it started. 
So its average velocity in the last second is only 5 feet per second. We 
may tabulate its progress, using Ax for the interval between successive 
stages measured in seconds and Ajy for the ground covered during the 
corresponding interval Ax as follows: 


X 

AX 

y 

A3? 

AX 

0 

2 

0 

20 

(feet per sec.) 
10 

2 

2 

20 

60 

30 

4 

2 

80, 

65 

32 

6 

2 

145 

16 

8 

8 


160 




Suppose now that we have observed the track of a cyclist who started 
some distance behind the beginning of the trial course and ended some 
distance beyond. He would not have to accelerate or slow down. He 
would be able to keep the pointer-reading of his speedometer at prac- 
tically the same place throughout the course. The graph which recorded 
his progress would then be a straight line. On converting seconds to 
hours and feet to miles^ the gradient of the line would be equivalent 
•to the speedometer-readiag. The average velocity between two points 
like P and Q in the graph of Fig. 170 is also the gradient of the straight 
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line joining them. PR is the interval of time (Ajc), and QR is the distance 
(Ay) traversed, the gradient 


If two points in the course are very close together, as are the y 
co-ordinates of p and q, the curved liije joining them is difficult to 
distinguish from a straight line, and the pointer of the speedometer 
will not shift appreciably during the inten^al represented by the differ- 
ence between the x co-ordinates of q and p. When p and q are very 
close together, so that we cannot distinguish them, the line passing 
through them becomes the tangent at the point/? == q, and the gradient 
of this line corresponds with the speedometer-reading at the instant 
represented by the x co-ordinate of p or at the distance from the start 
represented by the y co-ordinate of p. However small we make the 
triangle pqr^ or, in other words, however near together p and q are, 
the angle a between pq and pr remains a perfectly definite quantity, 
being the angle which the tangent to the curve makes with the x axis 
or any line parallel to it. 

In a speed graph like this one, i.e. a graph in which distances are 
measured off along the y axis and time along the x axis, we can always 
'deiermine the speedometer-reading at any point /?, whose x co-ordinate 
is Xp and y co-ordinate i.e. when the moving object has traversed 
a distance y^ in a time x^,. All we have to do is to draw the tangent to 
the curve at p, read off the angle which the tangent makes with any 
line parallel to the x axis, and look up the tangent of this angle in 
tables. In this instance we do not need tables. From the larger triangle 
we can see that the gradient 

pi 

tan a == ~ 

St 


Now pt corresponds with 4 divisions along j, i.e. 40 feet, and st 
from — 2 • 4 to 52 = 6 • 5 corresponds with approximately 4 * 1 divisions 
along X, so that the velocity at p is approximately 
40 4*1 == 9*8 feet per second 


This result would correspond closely with the speedometer reading, 
if the tangent were very accurately drawn. We could get a more rough- 
and-ready measure of the velocity at p (i.e. 6|- seconds, or 150 feet 
from the beginning of the trial) by taking the average velocity between 
two points close to p, e.g. the average velocity between the points* on 
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the course passed 6 and 7 seconds after the trial started. Here is a table 
of approximate speeds constructed in this way: 

Approximate speed 





Ay 



» 

AX 


AX 

at %<== 

0 

1 

0 

8 

8 

0-6 

1 

1 

8' 

12 

12 

1-5 

2 

1 

20 

22 

22 

2-5 

3 

1 

42 

38 

38 

3-5 

4 

1 

80 

43 

43 

4-5 

6 

1 

123 

22 

22 

5-5 

0 

1 

145 

10 

10 

6*5 

7 

1 

155 

5 

5 

7-6 

8 


160 





From this table we see that if we take the average velocity between 
the beginning and the end of the seventh second as the speedometer- 
reading (in feet per second) when the stop-watch reading is 6| seconds, 
tljp result, 10 feet per second, is 2 per cent more than the 
previous estimate, partly because the tangent was drawn roughly, 
and partly because the speed does not change uniformly between the 
end of the sixth and the end of the seventh second. The tangent 
method is equivalent to taking rwo points with x co-ordinates Xp and 
{Xp + Ax) andjy co-ordinates and {yp -f Aj?) so close together that 
Ax and Ajy are too small to measure. The gradient (lower figure in 
Fig. 170) is: 


A^_ 

Ax" 


When bky and Ax are immeasurably small we write the ratio (pronounced 
as dee-wy-by-dee-eks) 

dx 


This ratio is called the diffetential coeffidmt of y with respect to x 
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It airrcsponds with velocity or distance per unit time when the quantity 
measured along the x axis is time, and the quantity measured along 
the y axis is distaiice in a straight line. However, it may stand for any 
rate of change, e.g. the swelling of a tyre produced by the stroke of 
the pump. If we plotted the length of a bar of iron along and the 
temperature along jc, our graph would represent the expansion or 


The IkccohroiLcm, ^ aph 



Bte. 171 

increased length per degree of the bar as the temperature increases 
or diminishes. If we plotted the length of a spring along y and the 
weight attached to it along x as in Fig. 143, our graph would represent 
the stretching of the spring or increased length per unit load as the 
attached weight is increased or dinunished. 

We are now in a position to measure acceleration or the rate at which 
a moving Ixsdy gathers (or loses) velocity. In the next illustration 
(Fig. 171) the divisions on the x axis are half-seconds as in the previous 
one, but the divisions on the axis measure i&e speedometer-readings 
at sucojssive instants. It is based on the approximate speedometer- 
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readings of the last table given. To distinguish measurement along 
thej’ axis in this graph from the preceding, we might call it the © axis, 
V standing for velocity. The curve shown is steep from P to Q and 
Q to R, where the velocity is still increasing. The pointer of the speed- 
ometer is moving towards the right. The cycle is accelerating. At T 
the curve flattens out momentarily, and thereafter the velocity decreases. 
The cycle is now slowing down. Slowing down, being the opposite of 
acceleration in common parlance, is called negative acceleration in 
dynamics. At T, where the pointer of the speedometer stops moving 
towards the right, the acceleration is zero. Thus the slope of the graph 
in which velocity, instead of distance, is represented along the y axis 
measures the rate at which the velocity is changing. The acceleration is 


where 

It is usually written 


dv 

dx 



dx^ 


and pronounced dee-two-wy-by-dee-eks-two. 

Since we can also represent other difierential coefficients, such as 
expansion per unit rise in temperature or stretch per unit weight along 
the y axis, we often use the more general term ^‘second dijferential 
coefficient^^ which reminds you that in this context the number 2 does 
not mean the same thing as squaring, though written in the same way. 
You will see that at Q, where the speed is increasing, 


dx^ 


tan c 


while at W, where it is diminishing 
d^y _ 


— tan b 


DIFFERENTIATION.— So far we have only shown how to find the 
differential coefficient by means of a geometrical construction. The 
accuracy of our result by this method depends on our draughtsmanship. 
Even with the best draughtmanship, big inaccuracies are inevitable 
when the curve is steep. The first person who appears to have realized 
that there is no need to rely on draughtsmanship was Isaac Barrow, 
the teacher of Newton*. We can illustrate the method he introduced 
by the path of the cannon-ball, which is reproduced in Figs. 172-4. 
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In Fig. 172 the average velocity of the ball in the upward direction 
between the points P and Q is measured by the tangent of the angle 
h, on substituting the appropriate units of measurement. If the unit 
of time (x) is one second and of distance (y) 64 feet, the equation of 
the curve as drawn is: 

dx Ix^ ^ 

^ = -2-T 

If, as in Fig. 173, we want to find the velocity upwards at any point P 
(x co-ordinate x^), after a time x from the moment when the gun 


The SpcizJ- of tfuz <2aJinon.-BaiI 



is fired, we set about it in this way. Returning to Fig. 172 we see 
that 

-QR 

PR 

_ y<i*-yp 


tan A = - 


If we represent the interval between Xg and x^ as dx (i.e. -f dx), 

we can write 

y^ = I ix^ + dx) ~ iXxp + dxf 

3 , 3 j ^ % dx __ (dxf 


2^3»+2^" 

yQ~-yp==ldx-ixpdx-k(dxf 

dx 2 2 ' i 


jw} 
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When P and Q are so close as to be indistinguishable (Fig. HS), 
dx is too small to be measured, so 

dy_^__x 
djc " 2 2 

If you look at Fig» 173 you will see that Xpy the x co-oroimte of P, 
is in this case 2|. So that at E: 

dx~~ 2 8 

==0-375 



With a protractor we find that the angle A is 20|° to the nearest 
half-degree. The tables of tangents give 


tan 20|-°== 0-374 


Each unit along x is one second, so this measures the velocity per 
second in the particular units of length chosen for jy. in the figure the 
unit ofjy is 64 feet. So in feet per second 

® = 64 x 0-375 
= 24 feet per second 

It will help us to see a more general rule for differentiating, i.e. 
finding tangents, if we put down the values of y and its differential 
coefficient in a similar form, thus 


3 ? = — Ix^ 

dx~2 


The symbol p may be left out, as it was only put in to distinguish 
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Xp from Xg when P and Q were far apart. Since x® — Ij whatever value 
we give to Xj the last equation may be written 
dy ^ 3x0 l(2x") 

dx 2 4 

Before exposing the rule suggested by the similarity between y and 
^ when written out in this way, we may ’draw two practical conclusions 

from the expression we have got. First, we can use it to find the precise 
instant at which the cannon-ball reaches the highest point in its path. 
This will be when it stops moving upwards, and has not yet begun to 



move downwards. At this point it is moving horizontally in the air 
for the moment. Its upward velocity, which is changing from positive 
to negative, will be zero. The tangent to the curve (Fig. 174) will 
be parallel to the x axis, to which its angle of slope will therefore be 


zero, i.e. 


3 

2 



That is to say, the cannon-ball reaches its maximum height 3 seconds 
after the explosion. Its height at this instant can be found by putting 
X — 3 in the original equation: 


y~ 


^_X2 

2 4 

3g)_(2 

2 4 

= 2J (^-units) 
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The unit of measurement along the y axis is 64 feet. So the height 
in feet 

X 64 = 144 feet 

We can also use the equation for the differential coefficient to find 

Tlie Dtnvmvari 
of tLe Cazmcn-BAl 



Along the x axis the units represent time in seconds. Along the y axis the units 
represent speed, i.e. distance per second, measured vertically upwards. One y 
unit corresponds with 64 feet per second. The line slopes from right to left 
upward and the sign of the gradient is therefore negative. That is to say, the 
bail looses speed upwards, i.e. gains speed towards the earth. The gradient as 
seen from the shaded area is 

(0 — Tg) units of^ 1 • S X 64 feet per second 

<3 — 0) units of * 3 seconds 


i.e. —32 ft. per second per second 

the acceleration of the cannon-ball downwards. In Fig. 175 we have 
plotted the graph of 

3 X 
2 

As before, measurements along the x axis represent seconds, and 
measurements along tlie axis represent corresponding values of 

® == ^. The graph is a straight line, the slope of which represents 
the tate at which the velocity of the cannon-baU changes in the direction 
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vertically upwards. The slope of the line is the second cMerential 
coefficient. As the legend beneath the graph shows you 

d^y —1*5.. 

_ = — g — (j-umts per second per second) 

= — 32 feet per second per second 

That is to say, throughout its whole path the cannon-ball is always 
losing (negative sign) speed in the upward direction and therefore 
gaining speed earthwards at the same rate. Galileo showed that all 
bodies failing near the earth gather speed downwards at a rate approxi- 
mately equivalent to 32 feet per second in one second if there is no 
matter to obstruct their progress. In a vacuum the feather and the 
coin fall at the same rate. The tendency of tlie feather to float is due 
to the large surface which it offers to frictional resistance with the 
air. The cigar shape of the modern projectilej in contrast with the 
old-fashioned cannon-ball, and the streamlines of a modern car are 
designed to reduce the resistance of the air through which they 
move. 

, The differential calculus can be used for a great variety of calculations 
besides the mechanical problems in connexion with which it was invented. To 
apply it correctly to the sort of problems involved in the mechanics of movement 
it is very important to remember that acceleration does not merely mean 
speeding up or slowing down, as we use the word in everyday speech. In 
mechanics acceleration means change in velocity, and velocity always means 
speed meastired in a particular direction along a straight line. If a thing moyes 
in a straight line, its velocity is its speed witli the appropriate sign attached 
to indicate which way it is going. If it does not move in a straight line its average 
speed between two points on its path must always be greater than its average 
velocity. Thus if a train moves straight from A to B in an hour its velocity along 
the direction AB is 4- AB miles per hour and along the direction BA, — AB 
miles per hour. Its speed is AB miles per hour either way. If it goes by a round- 
about path, e.g. straight from A to C and straight from C to B, its speed is 
(AC + CB) miles per hour (total distance -i- time) but its velocity measured 
in the direction AB is still AB miles per hour. The reason for making this dis- 
tinction lies in tlie universal experience of inertia. When a train stops suddenly 
we have to exert a pull to prevent ourselves from lurching forwards. When we 
turn a corner suddenly we have to bend inwards to prevent ourselves from going 
straight on while the bicycle turns. A pull has to be exerted to stop a thing 
from moving onwards straight ahead, as well as to make it move faster or more 
slowly in the direction in which it is going. If we measure force or pulling 
power by the motion it imparts to things, we are therefore Just as much con- 
cerned with the direction in which they move as the distance through w'hich 
they move. When anything moves with constant speed (i.e. distance per-unit 
time) in a circle, its direction is changing all the time. It would fly oS at a tangent 
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if it were not held to the centre by the steady pull which your finger exerts when 
you swing a stone at the end of a cord. Cut the cord and the stone flies on along 
the straight line grazing its circular path at the point where it was when the 
cord was cut. All the while your finger is there you are bending it inwards, 
giving it motion towards the centre. This is what is meant in mechanics by 
saying that it has an acceleration towards the centre. Though there is no 
speeding up or slowing down in the ordinary sense, there is a continuous 
change in velocity. It life outside our scope to go into details about measuring 
the way in which the velocity of .a thin g changes when it moves in a curved 
path. 

In this chapter we shall chiefly use the infinitesimal calculus to 
solve numerical problems which do not depend on understanding 
mechanics. The most valuable applications outside mechanics can 
only be understood if you will persevere in studying the rules for 
getting the slope of different sorts of curves. Before getting into deeper 
waters a simple illustration of its use to solve a class of problems to 
which ordinary algebra does not apply may therefore help you to face 
the necessary hard work. Finding the height of the cannon-ball when 
it is furthest off the ground is an example of finding the greatest value 
which some measurement may have, when we know some general 
expression which includes all the possible measurements, and problems 
of this kind are not confined to motion. For instance, you might be 
asked to make an oblong nm to hold the greatest number of poultry" 
with a roll of wire netting 200 yards long. Your problem then is to 
make a rectangular figure with the greatest area (ground space for 
the fowls) when the total length of the four sides is fixed. 

^If all four sides measure 200 yards, two adjacent sides measure 
100 yards. So if x is the length of one side, its neighbour is (100 — x) 
yards, and if you know x you know the shape of the figure which is 
to have the greatest areajy. The value of is x(100 — x) or lOOx ■— x®. 
Your problem is to find the value of x wliich makes y a maximum. 
One way of solving it is to draw a graph of the parabola 

y = 100 x — x^ 

You can then measure off the x co-ordinate corresponding to the highest 
point of the curve. The other is to save yourself the trouble of drawing 
it by applying the rule that y must have its greatest value, when 
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As in the example of the cannon-ballj 

Ay = 100 (jc + Aic) ~ (ic + iSxY - (100 « - x^) 

= 100 Ax-2^A:^-(A.v)2 

^=100~2x-Ax 

LXX 

When Ax is too small tomatterthis is 100—2:^3 and when 100--2jc==0, 
X = 50. So the area is greatest when ohe side is 50 yards long. The 
other is then 100 — 50 or 50 yards, and the shape of the figure is 
that of a square. You can check the result with a table. Thus if both 
sides are equivalent the area is 2,500 sq, yards. If one side is twenty 
yards longer than the other, the area is 60 X 40, or 2,400 sq. yards. 
If one side is 40 yards longer than the other, the area is 70 x 30 or 
2,100 sq. yards. If one side is 99 yards longer than the other, the 
area is 99*5 X 0-5 or 49*75 sq. yards. 

METHODS OF DIFFERENTIATION. — ^Yoi', Dave now grasped the funda- 
mental utility of the diiferential calculus. It resides in the fact that 
the gradient of the tangent to the cur\^e measures the rate of change 
of the quantity represented by measurements along the y axis for 
unit change in the quantity represented by measurements along the 
X axis, and y is greatest or least when the gradient is zero. It happens 
.that the last example depends on the same type of curve (parabola) 
as the cannon-ball. To solve any problem of finding the greatest or 
least value of some measurement consistent with the limits set, you 
need to know how to find the gradient of the tangent to a curve of 
dny shape. 

Finding this gradient for any curve whose equation is known, ^r, 
as we shall now say, differ eniiatmg< y with respect to x, depends on 
andersuinding the natural history of curves. Curves can be classified 
in families and genera and species, like families, genera, and species 
of insects or mammals. The most primitive species is the straight line 

y!=ax + b 

As we have already seen, the differential coefficient is a (= tan A), 
which is the same for every value of x since it does not contain x. In 
mathematical language it is a constant as opposed to a variable quantity. 
So we may write (see p. 405) 



yss ax-\-h 


when 
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Another simple species which we have met is the curve represented by 
y = ax^ 

Applying the method of Barrow’s triangle, we get 

dx dx 

(xp -f dxf — Xp^ 

~ • dx 

Xp^ -h 2xpdx + (dx)^ — Xp^ 
dx 

= 2axp a .dx 

— 2ax (when dx is too small to matter) 


The last results we have obtained illustrate a rule which applies to a 
larger genus including the straight line and the parabola, as the genus 
Felis includes the cat and the tiger. The genus is 



y = ax^ 

The rule is 

anx^-^ 

dx 

Thus we may rewrite the equation of the line 


y — ax 

in the form 

y — ax^ 

whence 

dx 


— a 

The rule is easily 

seen to be tnje by using the binomial theorem. 


Thus 

y^ = a{xp + dxY 

= a(xp^ + n . Xp»~^dx + ^ 

and yp — ax^ 


yq—yv = • ^v^~^dx + 


<n - 1) 
2! 


xp^-\dxf 

«(m — 1) (m — 2) 
3 ! 


■xp^^-\dxf . . .) 
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When P = Q and dx becomes indefinitely small, we can leave out all 
the terms which contain dx. So when 

y — ajc” 


For instance, if the curve corresponds with the e’quation 



y ~ 

ax® 


dy __ 

6a . X* 


dx 

If the curve is 

3; = 

12x« 


dy 

72x® 


dx 

If the curve is 

y = 



II 

— Zax~^ 




A particular species of this genus is 

3; = fl 

This is the equation of a straight line like AB in Fig. 168 parallel to the 
X axis at a distance a units along 3 ;. Since the equation may be written 

y — ax° 



This simply means that the value of^ does not grow as x grows. Since 


dx 


when 


a 

ax 4- ^ 

, dy' 


the second differential coefficient of 3 ) is where 3 ?" ^ a, i.e. 

S' 

dx^'' 


= 0 


This simply means that if the velocity is constant there is no 
acceleration. 

Just as cats and tigers, both of the genus Felis, and dogs and jackals, 
both of the genus Cards, are all examples of the larger group Carnivora, 
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so all the curves whose equations have been dealt with are examples 
of the larger class 

3; = A + Bx 4- Cx® + Dx® . . . 

To find the tangent of any curve which represents an equation of 
this kind (see p. 441)^ when suitable values are given to the constants, 
A, B, Cj D, etc., all we have to do is to differentiate each term separately. 
As before, putting yq—yp + dXj we have 

= A + B(xp + dx) + C(xp 4- dxf + + dxf . . . 

yj, = A + BXj,+ C»:/ + DV . . 

yg —yp __ B . (a:y + dx) — Bxp C . + dxf — Cxp^ 

" dx ~~ dx dx 

B.(xp + dxf-mp^ 
dx 

^ = B + 2Cx + 3Dxa . . . 


This result can be used to differentiate a large number of expressions. 
Take first the family 

y = 6 + a* 

One curve with such an equation is shown in Fig. 154, in Chapter 9, 
where a = 2 and 5 == 0, i.e. , . 

y = 2* 


We may change the form of the previous expression by putting 

a — ^ 
ioge a = e 

So the general equation becomes 

Now is an expression of the same large class as the power series 
Ax° + Bx^ + Cx^ + Dx^ , . . 

In the last chapter we saw that it is the unlimited series 


So we can put fory 


*+“+2r+3r+ir 
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The value of ^ is got by differentiating successive terms separately® 
thus: 

^ „ . , . 4 ^ 4 ^ 

dx 2! 3! 


/, , , C^X^ , \ 

= K^ + ‘“+ ■gr+ir--') 


So if 


= c(e«) 

= (log, a)a® 
j; == + a® 

|=(!og.a).a- 


If& = 


: 0 and a = e, log, a = 


1. Then y = 


' and 


This is one of the many remarkable characteristics which make the 
pronoun e such an important item in the vocabulary of mathematics. 
It means that the slope at any point is equivalent to the number of 
units represented by its y co-ordinate, 

A still larger class of curves, which includes both the last two 
•examples, is represented by the general equation: 

,, = £“+'< + h 

Since the constant h disappears in differentiation, as before, we 
need only bother about the simpler form of it, namely , 


Applying the rule of Archimedes, we may write this 

y = (n(A 

As d stands for a fixed number, / also stands for a fixed number, 
which we will write for short 


D = 

i.c. y ■■ 

= d(i 




21 


31 


+ 


il “7 


= D 4- Dca: •+• 




3i 


31 


+ - 


4i 
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dx 


= 0 + D. + D^* + ^’ + ^. 

=D.(i+.+^+f..y 

= Dc . 

=»c . if) M 


We can write the expression 
3? = a* + 6 

alternatively as: 

y — b — antilogfl x 

We can also write in two ways the equation of another species of 
an allied genus of curves, namely 


J^ = loge* 


Remembering that ^ is the ratio of two sides in Barrow’s triangle, 


we can put 


dx " 


k) 


\dy} 

We have found that ^ ^ wjjen y ~ 

terchange all the symbols is 


dy _ 


, The result when we in- 


when X = e^. So we get 


dx 

dy 

^ — 1 . 
dx~'^ 

1 


This means that the slope of the curve is inversely proportional to x. 
The curve gets flatter and flatter while x gets bigger as in the curve in 
Fig. 176, which belongs to the allied species 


y = logia X 
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If you turn back to p. 469 you will see that 


or 


logia^ = 


logeX 
logtf 10 
logeX 
2-303 


2-3033; == ^OgeX 



The differential coefficient is, as before, 
1 ’ 



We have seen that when 3; = /* -f 6 

Soif5: = e2-303i,_|.o ^=2*303«2-803» 

dy 

dy _ 1 

dx 2-303:*.' 

3' = logio« 
dy _ 1 

dx » .log, 10 


So when 
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Another important species of the same genus is 
y = log« (a: + &) 
or — x-jr b 
i.e. X — — b 



' = x-\- b 

dy__ 1 
* ■ dx x + b 

A still larger family of curves which includes the last example has the 
general equation: 

y = loge (ac + ^>) + C 
or y — C= loge (x + b) 
i.e. x + b = 


If we 
but b 


interchange x and y, this is of the same type of equation as 
y^b + e^+'i 

is changed to — c = 1 and — — C. So we can put 

^ = glf-O 

dy 

^x + b 

1 dy 1 

whence -f — — r-T 

dx x b 


If the equation of the curve is 

y = a loge (Ji: + 6) + G 

loge (»: + &)== 

V— c 

or X b — e ^ 
y~e 

—h 

^ __ 

dy ~ a “ a 

• __ g 

*" dx'" x-{-b 

The last family which we need examine is represented by 
' = sin 3c 

' * . ; ■ . and y~ cos x 
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There are several ways of getting the differential coefficients of these 
curves. To avoid confusion we shall write the coefficients 


dx 


(sin 3c) 


and ^ (cos 3c) ^ 

The first is based on the fact that, when the unit of x stands for 1 radian^ 
(see p. 498), 

, 3^ X'‘ 

These, like e®, belong to the large family 

y — Ax® + Bx^ + Cx^ -f Dx® . . « 

So we can put 


dx 


(sin x) = 1 ■ 


Sx® ^ 

' 3! 61 ■ 

^ ^ ' 


■ 7! • 


and 


dx 


- (cos x) — 0 


2x1 


21 “*■ 41 


6 , ... 

4x® fix® 


61 




You will easily see from this that 

d^ sin X d cos x 


Similarly 


dx^ 

# cos X 
dx® 


dx 

— sin X 
- = — cos X 


We can get the same result by a method which is based on elementary 
trigonometry without using unlimited series, using the equations 
given on p. 250. Thus; <, 

sin (x + =» X cos dx + ws x sin dx 
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and (when x is measured in radians) 


Hence we may put 


sin dx 
dx 


in the form 


^ _ sin (x + dx) — sin x 
* dx" dx 

sin X cos dx -f cos x sin dx — sin x 
dx 


sin X cos dx — sin jg + cos x sin dx 
dx 


When dx becomes indefinitely small 
cos dx — 1 

sin X cos dx — sin X == 0 

So this reduces to ^ = cos x . 

dx dx 

= cos X 


You will have no difficulty in differentiating sin ax, cos ax, by 
dealing with the unlimited series 


or 


sin ax = ox 


cos ax = 1 


{axf {axf 
'3! 5! '*• 

{axf (ax)^ 

2 ! ■^41 •** 


The method is essentially the same as for which has been given 
akeady. Thus you will find that 

^ (sin ax) — — a^ sin ax 

If we put a~ this is equivalent to 

d® (sin V 6 x) , . 

^^2 -^»sm(V&.x; 

Mg. 177 shows you that the curves of jy = sin x, 3 ? ^ — sin x^ 
3 ? == cos X, jy == — cos X, all represent periodic or wave-like motion. 
The results obtained for the gradients of the curves 

3> — sin X 
3> — cos X 

mean that if a measurement, e,g. the horizontal displacement of the 
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pendulum, varies periodically with the time, its speed and acceleration 
also vary periodically with the time. They provide us with a dramatic 
illustration of the way in which the new algebra of Newton’s generation 
linked together the new machines with the established mechanics of 
bodies at rest. The name of Robert Hooke, a friend of Newton, and 
apparently the first person to notice the cellular structure of living 



bodies as seen under the newly-invented microscope, is also associated 
with the law of the stretched spring. It will not surprise you to learn that 
the properties of stretched springs attracted the attention of scientists 
when the clock occupied the centre of interest among contemporary 
inventions. Hooke’s law of the stretched spring, represented in Fig, 143, 
tells us that the ratio of the weight (W) suspended at the end of the 
spring to the distance (I) through which it is stretched is constant. 
This may be written 

W = 

The weight which the elastic force of the spring can support depends 
on the amount it is stretched. So if the spring is now extended an 
amount x beyond the stretch / necessary to support the weight W, it 
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coold really support a weight k(l + x), or W + kx. So the forces 
acting on the weight W are not balanccdj and the old statical method 
of comparing balanced forces at rest now fails us. Newton came to our 
rescue with another way of measuring forces. He took the resistance 
to change of velocity, or inertia, of moving matter as the basis of his 
system of mechanicsi and his law is that the unbalaiiced part, or 
resultant, of forces acting on &body is proportional to the mass of the 
body and to its acceleration. For instance, the force called the weight 
of a body, if unopposed, produces an acceleration of 32 feet per second 
per second, whatever the mass, as Galileo foimd. We denote this 
particular acceleration by g, the initial letter of “gravity.” 

Now look again at the weight on the spring, it will move because 
there is an unbalanced upward force acting on it, of amount equal to 
the pull of the spring minus the weight W, which the spring has to 

counteract. The velocity of W is and its rate of loss of velocity 
~ Newton’s law, the accelerations produced by two different 

forces acting (in turn) on the same mass are proportional to the 
forces, so we can write 

Actual acceleration __ Actual force 
Gravity acceleration 


d^x\ 

" dfi r ’’ 


Weight 
k(l + x)~W kx X 
W 


because W == ki. So from Hooke’s law we find 

" di^ ” f 

This type of equation is called a differential equation. To solve it we 
need to find something which when differentiated twice is always 
itself multiplied by the same constant and has its sign changed. We 
have learned 


that if 


So if 


= sin then 


i then 


de'' 


dx^~~ 

<Px 

- 1 ^ 




A solution of the equation is therefore 
This means that if we plot along the 5:-axis and extra distance 
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stretched (x) along the ^^-axis we should trace out a curve l&e that 
shown in Fig. 177. If you envisage what actoally does happen, by 
trying to imagine a succession of cinematographic images as in 
Fig. 178, you will realize that this is approximately correct. By putting 
in Newton^s dynamical definition of the force which the spring exerts 
against the weight applied to its end we find that the weight at the 
end of the spring oscillates about its point of equilibrium with periodic 
motion. In common parlance, it '‘bobs” up and down. 



Fig. 178. — Cinematographic Images of a Weight Oscillating Up aIod 
Down at the End of An Elastic Cord 

Before passing on to the method of the integral calculus, we shall 
find it useful to tabulate the results of this section thus; 


y 

ax^ + h 
+ & 

a log^ (;c + + e 

sin {ax 4- h) 
cos {ax + h) 


dy 

dx 

nax”-^ 

(logsa)a». 

a 

x-\-h 

a cos {ax + b) 

— a sin {ax + b) 


FSRENTIAL EQUATIONS.— You Will uoticc that a; == sin i(Vg/f) and ^ 


« = cos tiVgjl) are both possiWe sohitkuw of the simple differential 
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equation which represents a first approximation to the periodic motion 
of a weight attached to the end of a spring. The two curves only differ 
in where they cut the horizontal axis, that is to say, the value of I 
when r = 0. We need to know this in order to choose which answer 
to use. The answ'er to a differential equation is not a number, but a 
family of numbers. Which member of the family we choose for prac* 
tical use depends on the information supplied by the practical problem. 
To see this, consider the form in which we have written Hooke’s law. 
The law tells us that the amount of weight added for given distance 
(/) through which the end of the spring is stretched is the same over 
the range for which the rule is a good approximation to what we 
observe. This might also be written 

dw , 

That is to say, if we plot the total length (L) of the spring along 
the X axis and the total weight applied (za) along the y axis, the graph 
is a straight line whose slope is k. The practical information contained 
in this statement is how much longer the spring will be if we add a 
certain weight. This is not the same thing as telHng us the actual 
length of the spring when we have added it. The slope of any line 
is ki if its equation is 

y — kx-\- C 

or, as we are plotting w along they axis and L along the x axis : 

, zo =-kL + C 

When we write Hooke’s law in. this form we can use it to find the 
actual length of the spring when a given weight is added, provided 
we already know its length when some other weight is suspended 
from it. Suppose a spring stretches one-tenth of an inch per ounce, 
We can write the equation of the spring as: 

zy-iOL + C 

If we are told that it is 9 inches long when a weight of S ounces 
is attached, 

3 = (10)9 + 0 

C = -87 

So the equation becomes 


I0 = 1OL~87 
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We can now calculate the length of the spring when any weight Is 
attached. For examples if 13 ounces is the weighty 

13 = iOL - 87 

So the length will be 10 inches. 

The form in which we give the result of a differential equation 
must always contain a constant like C in the last equation if it is 
to be of any practical use for calculation. The equations which are 
used in modern science chiefly belong to the type which we have 
just discussed. The method used in solving them is very much like 
what schoolmasters call “cooking” the result. We have to know the 
sort of answer from which the equation could be built up^ and adjust 
it accordingly. Here are some very simple examples of diflerential 
equations which we shall meet in the next section. 

(a) To find if ^ 

We know that if 

So if 


This is equivalent to 


So the solution is 
(b) To find V, if 
We know that if 


y — ax”' + 6 
dx 

y — ax”-^^ + b 
dy 
dx 


— (« + 1 ) 

= (n + l)ax” 


x”i if 
a - 

y- 

dx 


1 - 
"n + l 

: ^ If 

n + 1 

■ h cx + dx^ + eo? . . 


3 / — A + Bx + Cx^ + . . • 

dy _ 


= B + 2Gx + 3Dx2 ... 

ax 

^ = b + cx + di^.. ■ 

dx 

, cx^ d}^ 
j = a + -t- -j- . • . 


So if 
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WToimd^,if 1 = ^, 

The solution of this is given in the previous table, i.e. 

a loge ix + b) + c 

W To find if 

We know that if y — 

“ = c . 

ax 

and gSgca+j 

(ZX“ 

So if we put k — i.e. 

c~ Vk 
and y — 

^ (gVi.*+6) = k . 

Since Vk can be negative or positive 


INTEGRATION. — The respective claims of Newton and his continental 
contemporary Leibniz to be regarded as the author of the infinitesimal 
calculus have given rise to considerable discussion in which national 
seatiment has played no small part. Such controversies reflect a 
narrowly individualistic outlook on the history of science. Nobody 
invented the calculus. It was the co-operative product of a group of 
men. If any event must be singled out as the beginning of the differ- 
ential calculus, credit would seem to be due pre-eminently to Barrow, 
who v/as Newton’s teacher. If any event need be singled out as the 
begimiing of the integral calculus, it was the recognition that the 
determination of an area is the same thing as solving a differential 
equation, and the aedit for this step is mainly due to Leibniz, who 
also introduced the dx symbolism. Newton’s main contribution was 
to show how dififerential equations could be used to interpret the 
observed truths of mechanics, astronomy, and optics, and so to 
emphasize the extraordinary usefulness of the new methods. 

The problem of finding a tangent to a curve was not a new one 
when Barrow proposed the “dififerential triangle.” Neither was the 
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method of finding an area by the differential rectangle a new one 
when Leibniz made his own contribution to the problem. It was being 
used independently by the Japanese about the same timcj and Wallis^ 
who was one of Newton’s teachers, used it to find a series for rr. The 
essential feature of his method has already been given in Chapter 6, 



Note that the hyperbola has two separate portions. Part of one shown here slopes 
closer and closer to die x axis, as x increases and indefinitely close to a line 
whose X co-ordinate is — I parallel to the y axis. 

p. 250. If the reader will read once more w'hat was said earlier about 
the Japanese method for getting jr, there tvill be no need to labour 
the point. Integration has already been defined as finding tlie area 
enclosed beUveen a portion of a cur\>'e, two lines parallel to the j-axis 
drawn through its extremities, and the part of the ^c-axis which they 
cut (x~ I to X = 3 in Fig. 179). The area marked off in Fig. 179 is 
divided into rectangular strips of width Ax just as w'e divided the 
area of the quarter circle into rectangular strips of the same width 
on p. 255. It lies between the sum of the inner and outer rectangles 
which differ by the small rectangular blocks shown in the pictore. 
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If you look carefully at the picture, you will see that there are twelve 
outer rectangles (Aj, Ag, etc.) with their right-hand corners lying above 
the curve, and twelve inner rectangles (a^, etc.) with their left-hand 
corners below the curve. The area of all the outer ones is 

Aj -f + A3 -f A^ . . . Ajo + Aji ■+• A|2 

The area of all the inner ones is 

+ <^2 + <23 + <^4 • • • ^10 + ^11 ~l~ ^12 

You can also see that = Ag 

^2 ~ ^3 

So that if we subtract the less from die greater, we have 

(Aj -b Ag + A3 . . . All + ^12) ~ (ui + Ug • ■ • <^10 + ^11 ~t~ ^12) 

= Ai -f- (Ag — Ui) -f- (Ag — < 2 . 3 ) . . . 

+ (^10 ~ ^ 9 ) + (All — iZio) + CA 12 — «u) — ^^12 

= Ai — ^12 

The area of each strip is its height (y) multiplied by its breadth 
(Ajc), so the difference is 

^( 1 ) . - j.(3) . A^ = A^ . [y(l) - y(B)] 

where jvCx) is written for the value ofjy corresponding to x. 

This means that if we took the area marked off as the sum of the 
areas of all the larger (outer) rectangular strips, the result would be 
too big by a quantity about one-half of 

This source of error continually diminishes as we increase the 
number of strips by making Ao; the width of each strip smaller. If 
we make A.x = dx too small to measure, the error will also be too 
small to measure. If w'e use the symbol introduced on p, 258, the area 
wni then be 
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In the iategra! calculus this is usually written with a different 
symbol, as 


'•S ^3 ^ 

y .dx 01 j . 


dx 


It is then called “the integral of y from one to three/’ 

Just as we can get a rough value for the differential coefficient by 
drawing the tangent with a ruler and measuring the angle it makes 
with the X axis with a protractor, we can get a good approximation 
for an area like the one we are considering by measuring the heights 
(jVi to of the n outer rectangles, and multiplying their sum by the 
width of the strip Ax. In the diagram « = 12; Aa: == 1/6. The result 
will be too big by a quantity roughly equivalent to 


l(jVi 

We need not actually measure the height of each rectangle if we 
know the equation of the curve, which in this figure is 

1 

So if we start by dividing one unit along x into six divisions (Ax~ 1/6), 
to find the area enclosed between a: == 1 and a: = 3, the first value of 
y is obtained by substituting 1 for x in the equation. The second is 
found by substituting li the third by substituting li and so on, 
till a; = 2f . So j/i tojy„ have the successive values, 

h V . 

The area of all the outer rectangles will be 

Hi + A ••• + *> = 

This will be too big by about 

I * Kj'i -- 3'n+l) 

To get we have to substitute a: = 3 in the equation of the cur\"e. 
So the excess which we have to subtract is roughly 

*{i-i} = o-02i 

* To check this result quickly write the terms in the form 
tV I’s ☆ • * • iA' • 

Then read off the values from the table of reciprocals. 

Mathematia for tkt Millim S 
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The results which is 0*693, cannot be out by more than this amount. 
So we can make the error as small as we like by maldng Ax as small 
as we can. 

Real progress in the integral calculus began when Leibniz showed 


T)x& HYp^rhohi 




X 



how to find a simple formula for the sum, when Ax is so small (dx) 
that we can neglect 

IdxCxi -yn-hi) 

Since there are still ignorant people who produce average measure- 
ments of the brain capacity of natives in backward regions as a reason 
for withholding educational opportunities from them, it is worth wliile 
remembering that the cranial capacity of Leibniz, like that of Anatole 
France, was lower than the average figure for any aboriginal population. 

To get over the labour of successive approximation, such as we 
used in Qiapter 6 on»p. 267 to find tt, Leibniz introduced motion 
into the measurement of area. You will see how he did it in Fig. 180. 
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where the area which we have to find is the shaded portion bounded 
above by the portion of the curve PQ, and below by the part of the 
x-axis between x = 4 and x = 6. With the symbol we shall now 
employ, the area shaded is 

y .dx or - • & 

4 *'4 

First, imagine the 3? ordinate as a piece of sooty elastic stretched 
between P and x == 4, with a sliding loop round the curve at one end 
and around the x-axis at the other. As we push it along till one end 
is at Q alad the other at x — 6, it w'ill trace out the shaded area in 
the figure. Now let it move a very short distance Ax further along, 
and mark off a rectangular strip of area AA like the one which is black 
in the figure. Then 

AA=«3;.Ax 

AA , 

or nearly 

If Ax becomes indefinitely small this may be written 

dh , 

— 3; exactly 

That is to say, the rate at which the area is growing as x increases 
at any particular point along the x-axis is measured by the y ordinate 
at the same point. 

T his is a differential equation which we have already met, as we 
see at once when we write it out in full thus : 

dx X 

5 

To solve it we have to find an expression which gives - when differ- 
entiated. We already know that the differential coefficient of 
G + a log«5 (x + 6) 

is a ■ 

x + b 

If we put a = 6, & 0, 

a _ 6 
X“h * 

.. « . log^ (x 4- &) ~ 5 io^ X, , ’ 
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So the solution is 

A = C + 61 ogeJi; 

To use this we only have to remember that the area was zero when 
the elastic joined P to x == 4, i.e. 

*61og,4+C = 0 

• C = - 5 log, 4 

The area traced out as the elastic slides along to any other point 
Xq on the x-axis is 

6 log, Xq- 5 log, 4 

In this case we are considering the area between x — 4: and x—Q 
so it is 

6 log, 6 — 5 log, 4 
6 (log, 6 — log, 4) 

5 ioge I 

3 

or 5 log, g 

In the same way we can now find the area marked off in Fig. 179, i.e. 



From the table already given, we know that 
dA ^ 1 

• dx~ I X 

when A = log, (1 + ;r) + C 

Starting from x = 1 when the area is zero 
Iog.(l-i-l)+C = 0 

C=— Iog,2 



The tables give log^o 2 — 0-301, and log, 2 = log, 10 . logio 2 
— 2-303 logio 2. So the result is 0-693 correct to the same number 
r of decimals as the ap|froximate answer already obtained, 

'"We can now draw up tables for finding areas of this land by using 
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the results of the last section in exactly the same way. We know that if 




» + l« 

We also know that if 
dk 

-r- = COS X 
dx 

A == sin ac 4- C 


(^n+l _pn+l^ 


.q 

COS X .dx~ sin. q — sin p 


Another item for such a table follows from the fact that the differential 

coefficient of 6 + is ac . Putting a — we get 

d 1 
~(6 == 


Hence we have 


A = - . 4 i 


. dx ==,-(e"« - erv) 


A short table for finding areas might therefore be made like this: 




cos ax “(sin ag — sin aj>) 


- e^) 
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THE USEFULNESS OF INTEGRATION. — So far we have not explained 
why we should want to measure an area like that marked off in Figs. 
186, 179, and 180. The integral calculus attained its greatest usefulness 
when coal as a source of energy supplanted human labour and that 
of the beast of burden. In the age of Newton and Leibniz one of the 
uses to which it was *put was the discovery of series like those which 
we have studied in the last chapter. The first important application 

Hie (jLTcZe 



of the method of integration was foding a value for tt as an unlimited 
series which chokes off. We have already touched on the method 
which Wallis used to get a rough value for tt in Chapter 6, p, 262. 
In Fig. 181 the area of the quarter circle of unit radius (r = 1) is 
inscribed in a sequence of rectangular strips of area y . Lx, As you 
will see from Chapter 6, p. 256, y = y/l ~ The moving ordinate 
y slides from x == 0 to ac == r = 1, as it traces out the area in question. 
When the number of strips is made as large as possible and Ax becomes 
& width dx too small to measure. 
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We can find the value of tiiis (see Chapter Tj p. 326) by using the 
binomial theorems thus : 

VT~^^ = (1 - 

== 1 - 0-5:c2 - 0-125x4 - 0-0626X® 

- 0-0390625X® - 0 •027^4376x1° o 

So we have to find A when 


1 

dx~^' 


•0-6x3 -0-125x4... 


We know that if 

dx " 


= & + cx + dx® + ex® -f- • • 

..a + bx+-j+-^ +T- 


If we put & ==1, c = 0, d= — O-Sje — O, /— -0- 125, etc., in 
the former, we get the binomial series for Vl — x® given above. So 
the result of integrating (1 — x®)* is 

0-5x3 0-125 x4 0^625x’ 0-0390625x» 

3 


A = a-f X-- 


6 


9 

0-02734376x11 

11 


To find a, we have to recall the fact that the moving ordinate starts 
at X == 0. So that the area A == 0 when x = 0. Thus 


0 = a + 0 - 
a — 0 


-^0 - 0 . . . 


To get the area of the quarter circle of unit radius we have now to 
find the value of A when x = r = 1. Thus : 


3 


0-125 

6 


0-0625 0-0390625 0-02734376 
' 7 9 11 * 


The area (A) of the quarter drcle of unit radius is So we can 


put for rr the unlimited series 


0-5 0-125 

6. ■ 


0-0625 


•••) 
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If we take the first sis terms in this series we get 

4(0-7926 . . .) 

= 3-17 


This series chokes off rather slowly. However many terms we 
includej it never growS smaller than 3 • 14159. So the value of tt correct 
to four decimals is 3-1416. There are many other series for tt, some 
of which choke off very rapidly. One series for tt depends on the use 
of a most valuable device for constructing tables of logarithms. 

We have already seen how to integrate 



.dx 


If p = Of the value of this integral is log^ (14-?). It is also possible 
to find a value for such an area by a method similar to the one which 
we have just used for the circle, since we may write it (see p. 481) 


(1 - X + . . .) . dx 

Jp 

If the differential coefiicient of A is the series 


we have 


1 - X + . . . 

.^2 ^4: 

A=“+*-2+3-J+ 


we are taldng the area between x = 0, (p = 0) and x = 
when X = 0. Hence a == 0, and 


: g, A = 0 


- . dx = 


f 1 + x 
0 

Thus we get the logarithmic series 
log* (1 -+-?) = g 


^ 2^3 


2 3 ■ 


.1 + ^, 

4^5 


.t.t 

4^5* 


This series chokes off, provided q is not greater than 1. So we can 
use it to calculate logarithms for the base e for as many numbers as 
we like between 1 and 2. To get logg (1 -25) we put 


^iog,(l + 0-25) = 0-25 ■ 


(0*25)2 (0*25)3 (0*25)^ 

‘ 2 3 


4 
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This boils down to a series which chokes off fairly quickly, vi 3 .s 
■4(1 ~ i) + — tV) + T-crV^Ci “ A-) • • e 

Similarly to get loge 2, we have 

logs (i + l)=l — i + i— i + i — 

= i + tV + w + tV + ffV xiv • • • 

The logarithmic series, besides beingmseful to calculate logarithms, 
also leads to another method for calculating tt. We have to introduce 
the imaginary V— 1, To get series for cos a and sin a, when a is 
measured in radians, we have already used the equation 
e*® == cos a 4- 2 sin a 

... _i_ . gta _ 1 . « 

cos a cos a 

— 1 + 2 tan a 

msa "" ^ 

log, — log, cos a = log, (1 + I tan a) 


Looking back to p. 473 you will recall the rule for finding the 
logarithm of a number raised to- any power, i.e. 

log, — ia log, e 

Since the logarithm of the base is always 1, = e . . . log, e = 1) 

log, e*® = ia 


Hence ia — log, cos a == logg(l +- i tan a) 

Using the logarithmic series, we put q — itm a: 

, , . 2*2 a . P tan® a 

loge (1 + 2 tan a) = itm a ^ h - 


3 

j-4, Jj J-S ^ 

_ q _ . 


Putting in the numerical values for the powers of i, we get 
tan^ a i tan® a tan^ a 
' ¥~~~ 4. 

I tan® a tan® a 
-i- 5 + 6 • 


log, (1 +- 2 tan a) = i tan a +- • 


- log, cos a = 


i tan® a , i tan® a 
<tana--j- + — g- 




y tan® a tan^ a tan^g 


■V 
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Remembering the rule about pears and ponies^, we have 


jtan^a , itan®a 
: 2 tan a ^ 1 g — , 

tan® a . tan® a 
,tan8--3- + -g-- 


tan’ a 

■ -j- , 


We can use this series to get tt in several ways. We learned at the 
Bridge of Asses that tan (^tt) radians (i,e. tan 45°) — 1. So if a = Jw, 
we have 



= 1 — (I — -|i) — (4- — 1)) — (jT — rij) 
~ 1 — 2(vV + rrV + i4 3 + • • •) 


This series chokes off very slowly, and we can get a much more con^ 
veuient form by using other values of tan a. For instance, tan 30°, i.e. 

taiir = iHenceifa = ? 



When written in tliis way you will see that successive terms get 
smaller more rapidly than those of the series 1 + ^4- (i)^ 4‘(<j)^* So 
tlie last result is certainly correct to decimal places. 

The methods of the integral calculus are specially helpful in solving 
problems concerning the measurement of solid figures. That is why so 
httle has been said about them so far. In this connexion the funda- 
mental device which we use is of very great antiquity. Archimedes, who 
fopad a value for w based m dividiiig the ckcie mto t large numbei 



What the Calculus is About 555 

of approximately triangular strips, asserts that Democritus gave the 
correct value for the volume of a pyramid by regarding it as the sum 
of a large number of slices. It is quite probable that the father of 
Greek materialism derived his method from the Egyptians. A papyrus 
now in Moscow appears to show that the Egyptians possessed a correct 
formula for the volume of the pyramid and the area of a sphere about 
1800 B.c. Perhaps the brilliant achievem'ents of the Alexandrians owe 
a great deal more to the survivals of Egyptian mensuration than our 
habit of writing history as a succession of biographical studies is apt 

Vohwiet. of 



to disclose. How the area and volume of solid figures like cones, 
pyramids, spheres, or ellipsoids can be found by applying the integral 
calculus may be illustrated by finding the volume of the figure which is 
of greatest interest in the study of astronomy. If we want to find the 
volume or area of a sphere we spHt it up into an immensely large 
nimrber of parallel slices, and notice that each slice is very nearly the 
same as a slice of a cone (a different cone for each slice), so that tiie 
area or volume of tiie two slices is almost the same. For finding the 
volume, but not the area, we can simplify further, using cylindrical slices 
(see Fig. 182) just as a circle can be looked upon as the sum of an 
immensely large number of rectangles (Fig. 181), The volume of a 
solid figure which has the same cross-section everywhere is the product 
of the area of the cross-section and the height. Hence the volume of a 
cylinder is To get the volume ©f the spiiece (Fig. 183) we proceed 
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as if a series of flat cylindrical slices are placed end to end along the 
X axiSi each flat cylinder being Aji: units in height when put to stand on 
its base. The radius of each cylinder will correspond with thej ordinate 




Fig. 183. — Using the Integral Calculus to Get the Volume op the 
Sphere 

of the circular cross-section of the sphere. If the radius of the sphere 
is r, the radius of each cylinder, will be given by the equation 

The volume of each slice is 

^Ty^^x 

= — x^)Lx 

The volume of the half sphere will be the sum of ail the cylinders 
when AvV becomes indefinitely small, i.e. 
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For the volume of the half sphere we therefore need to solve the 
differential equation 


dx 


— Trr® — TTX^ 


The solution of such an equation has been given aSc 


V = <j + Trr^x ■ 




Since we are only considering the volume to the right of : 1 c = 0, V = 0 
when 3: = Oj and therefore a = 0. Hence the value of the integral is 
obtained-'by putting r for x in 


-irr^x 


TTX^ 

3 




TTt^ 


3 


The volume of the whole sphere will be twice this volume, i.e. 

Thus the volume of the earth is approximately | X -V- X (4,000)^ 
cubic miles. This is roughly 268,000,000,000 cubic miles. 

MATHEMATICAL INTEGRATION AND SOCIAL EFFICIENCY. — As We have 
seen in the last chapter, the study of series as calculating devices 
became an issue of great practical importance in the social context 
from which the integral calculus in jts modern form arose. So far the 
illustrations which we have given to show its use have been confined 
to the discovery of series and to problems of mensuration. The utility 
of the integral calculus for measurements in physical science did not 
come into its own until the period of power production. The explosion 
of the cannon and the ticking of the clock were the tocsin of a new 
phase in the organization of man’s social life. Before the seventeenth 
century closed another technical development reflected increased use 
of metals. Progress in mining paved the way for the industrial revolution 
which introduced in the sphere of production extensive use of macliinery 
independent of human or animal sources of energy. The integral 
calculus provided the mathematical tool for calculating the efficiency 
of the new machinery, we made the fullest use of our present 
scientific knowledge, we could draw up an inventory of all the sources 
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of power available for planning an age of plenty and leisure for every- 
body. At present, economists have too little training in real science 
to realize the futility of trivial disputations about usury and salesman- 
ship carried on in much the same temper as the theological quibbles 
of the fourteenth century. 

With the advent of coal as a source of power, the Newtonian con- 
ception of force began to play ‘a less prominent role in physical science. 
At the beginning of the industrial revolution those who controlled 
industry were interested in getting the maximum efficiency out of the 
machine. Chemistry was providing new opportunities for the manu- 
facturer. Biology linked to chemistry reflected the absorbing interest 
of the period in the problem of combustion. The dominating issue of 
the time was how the chemical nature of fuel or foodstuffs is connected 
with the work which the non-living or living macliine can carry out. 
The phenomena of friction, as illustrated by Count Rumford’s experi- 
ments on the boring of cannon, came into prominence. A new word, 
energy, or capacity for doing work, became increasingly important in 
the vocabulary of science. The methods of the integral calculus became 
the basis of the new physics and chemistry of energetics (or thermo- 
dynamics), just as the differential calculus had provided the means of 
studying mechanical motion per se in the preceding century. 

In Newtonian physics the zoork done by a falling weight is measured 
by the product of the force exerted by the weight and the distance 
through which it falls (W — F/). If the weight descends through a 
small distance dl, the small amount of work done is 

dW = F . dl 

Remembering that Newtonian force is the product of the mass (m) 
moved and the acceleration produced or where v is the 
velocity at a given instant^, we may put 

at 

If we multiply both sides by dl — dl (= 1), 
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So in starting with a velocity 0 when / — 0 and moving till the 
velocity is Vj when the distance fallen is L, the work done 

fV 

JOT . dfe == V® 

J© 

The quantity is called the Kinetic Energy of m, when it has 
speed V. , 

If the weight fell in a vacuum its acceleration would be approxi- 
mately 32 feet per second per second. The work done by falling trough 
a distance L would therefore be 32mL3 i.e. 

32mL = hnV^ 

Suppose that it does not fall in a vacuimia and that as it falls it makes 
the wheel of the old-fashioned weight-driven clock spin round quickly. 
According to the Newtonian view, the clock wheel has all the sluggish- 
ness of matter, or inertia, which resists change of movement. The 
weight will have to bring the mass of each particle of the wheel up to a 
certain velocity. If we call the total mass of the weight and wheel Mg 
and the average value of the square of the speed of all the particles of 
the weight and wheel we do not find that iMaVg® is equivalent to 
32wL, the work done by the falling weight in getting the wheel to 
mpve. It is actually less, just as the acceleration of the weight is less 
when descending in air than it is when it descends in a vacuum. Some- 
thing else has come in. Heat is produced as well as motion. The more 
the heat produced, the more is motion slowed down. Newtonian 
mathematics could only help us to calculate the speed of a machine if 
tlie wheel moved very slowly (like the wheels of the weight-driven 
clock), and was very well greased, so'that very little heat was produced. 
Before the fiiUest use could be made of it, new experimental information 
about the way in which heat is produced had to be found out. 

At the beginnmg of the eighteenth century physical science acquired 
a new tool, the thermometer. A unit of heat was adopted by general 
agreement. This is the amount of heat required to raise a fixed quantity 
of some particular form of matter from one level of temperature to 
another (one gram of water one degree centigrade in the iaternationai 
system). At the end of the eighteenlfo century and in the opening years 
of the nineteenth, when the process of combustion was the absorbing 
topic of practical interest, three discoveries led to the adoption of 
energy as a common basis of measurement in the physical sciences, 
chemistry, and biology. There Is a ocxostant ratio between the amepnt , 
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of heat produced in combustion and the amount of any particular 
substance burned. There is a constant ratio between the amount of 
foodstuffs consumed and the amount of bodily heat which is generated 
by an animal. There is also a constant ratio between the amount of 
heat generated by friction and the amount of work done by moving 
against this friction. Sb much matter is equivalent to so much heat, so 
much mechanical work to so much heat; therefore so much matter 
represents the possibility of so much work. The invention of the steam- 
engine meant that dead matter acquired potential energy or the possi- 
bility of doing work which need no longer be done by men working 
under conditions of slavery. In real life we never get all the potential 
energy out of matter in the form of equivalent units of mechanical 
work. There is always a certain amount of heat produced. The pre- 
eminent technological problem of the machine age was designing 
machines so as to get as much work out of them as possible. To know 
how efficient a machine is we need to be able to calculate how much 
potential energy is wasted. The solution of this problem gave the 
methods of the integral calculus much greater practical importance 
than its inventors could have realized. 

The simplest illustration of how the integral calculus can help us 
to calculate how much work a machine can do, if none of its store of 
energy is wasted, is provided by the machine of the Newtonian age. 
For simplicity we will assume that the spring of the clock obeys Hooke’s 
Law faithfully, as in Fig. 184. The spring in Fig. 184 extends 0*6 
inches (x) per 10 pound weight (y) applied, i.e. 



= 16 - 73 : 


Suppose when it is stretched 1-6 inches we stretch it further till 
it is 2 • 1 inches longer than its non-stretched length. If it is stretched 
through a distance dx, the work done is the Force, y (measured in 
pounds weight), multiplied by the distance through which it is 
applied, i.e. , 

y ,dx 

Between 3 : = 1-6 and 3: ==2-1 the work done will be the sum of 
all the rectangular strips, i.e. 

. f2'l (-S'l 

\y .dx— 16-7» .dx 
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This means solving 
i.e. 

Wlienx = 1-6, A = 0 
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dA 


dx 


= 16 * 7 » 




C=-^(l-6)> 



Fig. 184 ■» 

So the total work which could be done in stretching the spring from 
1 • 6 to 2 • .1 inches is 

16 • 7 f 


^{(2-1)= - (l-B)’} 

= 15*4 pound-weight-inches. 


We call this quantity ±e amount by which the potential energy of 
the spring is increased when it is stretched from 1*6 to 2*1 inches. 
The efficiency of a machine driven by a spring is measured by how 
much mechanical work the wheels can be made to perform as the 
potential energy is decreased by a given amounts i.e. the ratio of the 
work which we get out of it when it is wound up to the work we put 
into winding it. •» 

Efficiency in the age of the iatcmal-combustion engine depends 
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on using the elastic power of a gas instead of the elastic power of a 
spring. The theory of the combustion engine depends on the law of 
elasticity of gases. By the end of the seventeenth century the technical 
problems of mining had already attracted the attention of physicists. 
Among the technical problems which arise in sinking shafts, pumping 
and ventilation are of great importance. The pump came in for its 
share of attention when the scientific study of mechanics began to 
develop. Robert Boyle, who was closely associated with Hooke and 
Newton, invented a vacuum pump, and made the first recorded experi- 
ments on how g^ses expand and contract when pressure is reduced 
or applied. The approximate law of expansion which Boyle discovered 
is that if the temperature is kept constant (see p. 633), the volume (©) 
of a gas and the pressure (p) applied to it are connected by the equation 



In this equation a is a constant. If a were 5 the curve would be 
identical with the one shown in Fig. 180, where 
6 



To measure the efficiency of an internal-combustion engine our 
problem is to find how much of the work which would have to be 
done in compressing the piston a certain distance is actually accom- 
plished by the wheels and the piston together, when the latter is pushed 
through the same distance in the opposite direction by the expansion of 
the gas. From the legend attached to Fig. 185 you wiU see that if the gas 
is compressed from a volume to a volume this is the same thing as 



If is measured along the x axis this is the integral 



=«.iog.a 

** The'walue of this is obtained from tables of logarithms. 
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MATHEMATICS IN THE NEWTONIAN AGE.— -When allowance has been 
made for the fabulous dimensions which Newton’s achievements have 
assumed, the outstanding fact about his contribution is the success 
with which he v/as able to use the new methods resulting from the 
union of algebra and geometry. Progress with the new methods was 
less rapid than it might have been if those who understood the new 


(j3S' Tnbzgr^ 



Fig. 185 

If a vessel of height x has the same area in cross-section (A) throughout like a 
cylinder its volume is A .x. If the piston is pushed through a distance Ax 
the decrease in volume of the gas inside the piston is therefore A . Ax. Pressure 
is measured in the mechanics of gases by the force applied to unit area, and 
’’{^ork is measured by the product of the force applied into the distance traversed, 
i.e. 

F ==p.A 
and W == F . D 

If the piston is pushed through a distance Ax without loss of energy by fric- 
tion, tlie work done is therefore F . Ax. This may be written also p . A . Ax. 
The small change of volume which is represented by — A . may be written 
Av, and the small amount of work done^in changing it AW, so that: 

A W — p . Aw 

technique had benefited from the fate of the Sand Reckoner an the 
algebra of Theon and Diophantus. The intellectual leaders in the 
Newtonian period did not realize that every intellectual advance 
raises a constnictive problem in education. Newton himself devoted 
much of his energy to devising long-winded demonstrations in 
Euclidean geometry instead of trying to make his own methods 
intelligible to his contemporaries. One result of this was that conspicu- 
ous progress in Newtonian mechanics did not take place in liis own 
country during the century which followed the publication of the 
Prmcipia. 

Nowadays we constantly hear about the limitations of NeWfcon’s 
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mechanics and of the mathematical methods which he used. When 
we recognize clearly what these limitations are, the plain fact is that 
the Newtonian methods remain, and will for long remain, the basis 
of calculation in natural science. For certain purposes other methods 
yield results which are more in accordance with the facts. ’When they 
do, they do so at the cost of immense intellectual labour with a technique 
which will remain beyond the ‘comprehension of the average scientist, 
and still more beyond that of the average man who is not a scientist, 
until the mathematician is willing to call in the aid of the educationist. 
We are not likely to give up the grocer’s scales for kitchen use until 
we can produce an equally cheap chemical balance which will come 
to rest as quickly. Untd recently the Newtonian methods were very 
largely the preserve of the professional mathematician. Much more 
might be done to simplify difficulties in grasping them and using 
them if we started with a recognition of their limitations instead of 
discovering them at the end of a long and bewildering course of 
mechanics in which perfectly smooth balls roll down perfectly rigid 
planes and wheels spin round their unlubricated axles without any 
friction whatsoever. Nothing w'ould do more to promote a rapid 
advance in human imderstanding than an annual conference between 
schoolboys, schoolmasters, and elderly scientists. The scientists should 
be compelled to attend under pain of losing their pension rights. 


Exercises on Chapter 11 

1. Use the series for log^ (1 + x) to find log* 10, log^ 2, log* 3, log^ 4, 

logeS. 

Hence make a table of logjo 2, logio 3, logjo 4, log^o 5. 

2, Find tt by infinite series correct to 3 places of decimals by tw'o 
different methods. 

3. Draw very accurately the graph of 

* Measure its slope at three points corresponding with three different 
values of x, and, using a table of tangents, compare your measure- 
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ments with the values calculated by substituting the appropriate 
numbers in the differential coefficient 

5 

Find by counting squares the area enclosed by the curve, the 
% axis, and the j; ordinates at the points x — 5 and x — 10, and compare 
this with the area calculated from the integral 



4. Draw the graph of — VSO — x^. 

Find " when x = 1, 2, — 2. 
dx ’ 

Draw the tangents and compare with the results obtained by 
differentiation. 

5. In the same way draw the graph of 3 ; = i between = 0 and 

dv ^ 

X — 4, and find “ when :s: = 1, 2. 
dx 

6 . Find from first principles (i.e. by applying the methods of 
’ p*. 630) ^ when 3 ; = jc + 

7. Write down ~ when 

dx 

3 ; = x;3'6^ SV;*:, Vx^i 

‘VX-^ 

S. What is ^ when 
dx 

y = + 5x'^ ~ 4^ d 

9. If pc = kjk being a constant, show that 

dv V 

10. Find the turning points of the curve y = x^ — 3x and plot the 
curve, showing these points. 

11. Find the greatest possible volume of a cylindrical parcel when 
the length and girth together must not be more than 6 feet. ^ 
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12. In a dynamo x is the weight of the armature and y the weight 
of the rest. The cost of ruiming {c) is given by 

c = 10a: 4- 

The power is proportional to xy. If the cost is fixed, find the relation 
between x and y so as to obtain the maximum power. 

13. If the boundary of a rectangle is of fixed length 2L, one side 
may be written x, and the adjacent side is (L sc). If the area is a, 

a == x(L — x). This is a maximum when ^ Hence show that 

the square is the rectangle of fixed perimeter having the greatesit area. 

Prove that the greatest rectangle that can be inscribed in a circle 
is a square. 

14. Write down the values of y corresponding with the following 
values of 

dx 

(i) (ii) I (iii) Y 

(iv) VT (v) 3x2 4 . 2x + I 

<Py 

15. What values ofy correspond with the following values of 

(i) (ii) 5 (iii) Vx 

16. If ~ and p== 18-95 when v is 20, express p as a 

function of 

17. Write down the values of ^ when 3 ; has the values 

(i) cos aH (Ii) 4 sin Zx (iii) « sin mr + ^ cos 

18 Draw a graph of y = tan x from x == 0 to x = 1 * 2 . Show by 
the method of p, 536 that when y «= tan ^ x. Verify this 
from your graph (see also p. 152), 

19. Draw the graph of — £*, making the y unit one-tenth the 
X unit. At any point P on the curve, draw PM perpendicular to the 
axis, meeting it at M. Take a point T one x unit to the left of M. 

Show that PT is a tangent to the curve at P. 



What the Calculus is About 567 

20. Find by the method of p. 547 the area bounded by 3^ == 4x + 3, 
the 3? axiSj and the 3; ordinates at the points (i) 3c = 4^ » = 8^ (ii) x == 2^ 
X = 10, (iii) X = 5, X == 6. ■ 

21. Find the area bounded by 3? = 2x**‘ + 3x + 1, 3? = 0, x = 3, 
X = 7. 

22. Write down the values of the following integrals and check by 
differentiation before substituting numbers for x: 


(i) j (2x‘^)dx 

(ii) r (ox® bx-\- c)dx 

(iii) f- 

•/a 

0~i 

A 


(iv) 




23. In surveying, the area of a plot bounded by a closed curve is 
sometimes found by Simpson’s rule. The rule is: Divide the area 
into an even number of strips of equal width by an odd number of 
ordinates ^ the area is approximately 

I . Width of a strip X {smn of extreme ordinates 
+ twice sum of other odd ordinates 
+ 4 times sum of even ordinates} 

Assuming that the curve bounding the area can be described by a 
curve of the type y — p -h gx ~ rx® + 5X®, see whether you can justify 
Simpson’s rule as an approximation to the area. * 

Find the area bounded by 3; =-0, x = 2, x = 10, and the curve 

3? = 

(a) by Simpson’s rule using three ordinates 

(b) by Simpson’s rule using nine ordinates 

(c) by integration 

24. Find the area bounded by 3? = x® — 6x^ -f- 9x 4- 5, the x axis, 
and the maximum and minimum ordinates. 

25. The speed 0 of a body at the end of t seconds is given by 

V — u-b (Of 

Show that the distance travelled m I seajnda m , 
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26. Find the work done in the expansion of a quantity of steam at 
4,000 lb. per square foot pressure from 2 cubic feet to 8 cubic feet. 
Volume and pressure are connected by the equation 

pv^'^ = K (constant) 

27. Find the volume of a cone with radius 5 inches, height 12 inches 


28. In a sphere of radius 12 inches find the volume of a slice con- 
tained between two parallel planes distant 3 inches and 6 inches from 
the centre. 


29. Find 

30. Write down 


f 


sin xdx 


i 


2 

cos xdx 




r 

sin 2xdx 

(ii) cos 2xdx 

(hi) xsinxJx 


J ^ 

2 

Jo 


31. Sometimes a function of x can be recognized as the product of 
two simpler ones, e.g. y== log x. 

Suppose 3 ? can be put in the form uv, where u and v are each simpler 
functions of x. When u becomes u + An and v becomes v + A©, 

y becomes + Ajy; hence show that ^ ^ ® 

Check this formula by differentiating x"^ and in the ordinary way, 
and then by representing them in the form 

= X and = x’ X 
In this way differentiate 

(i) X sin X (ii) cos x tan x (iii) (2x^ + a; + 3) (x 4- 1) 
first as a product and then by multiplying out. 

32. By using the same method as in the previous example, show 
that if 3 > = - when « and v are functions of x, and v is not zer©,. 

dudv 
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Differentiate (i) (ii) (“^5^ (iv)tan* 

33. Sometimes a function of x (e.g. cos^ 3c) can be recognized as a 
function of a simpler function (in this case cos x) of x. Show that if 

v is a function of u and « is a simpler function o^ x, $ == 

ax du ax 

This can be used to differentiate expressions like the following; 
y — cos^x 

_ (^(cos^ x) dcosx 
>' dx d cos X dx 

= 2 cos jc X (— sin x) 

= — 2 sin X cos x 

Check this formula by using it to differentiate log^, written as a 
function of and log^ x^ written as 3 log^ x. 

In this way differentiate 

(i) Vsinx (iii) sin (ax 4- b) 

(ii) (ax + £»)” (iv) log^ (ax^ -f bx + c) 

34. If jy == A cos X + B sin X, show that ^ ~ 

35. Solve the following equations 

Find y in terms of x in each case if^ = 6 and ^ ^ when x = 0 

THINGS TO MEMORIZE 

ax”‘ 4- b 

_j_ ^ 

a log« (x + 4* tf 

sin (< 2 X 4- b) 
cos (ax 4- 


dx 

(loge a)a* 
a 

X b 

a cos (ax 4- b) 

— a sin (ox 4- b) 


1 . 
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a 

h-\- X 
ax” 

cos ax 



aloge 


(b + q) 
(b + p) 


^(sin ag — sin ap) 

^ - o 


Volume of cylinder — -rn^h 
Volume of sphere = | 





CHAPTER XII 


THE ALGEBRA OF THE CHESSBOARD 
AND THE CARD PACK 

The reader who has reached this stage in our narrative has seen how 
the usefulness of mathematics has established its title to public support 
as it explores new fields under its own steam. Before we take more of 
our medicine, we may therefore cut out the pep talk and proceed in 
this chapter without, appeal to historical precedent in the hope that 
some of it will be for us — as mathematics is for those who live by it — 
wholesome fun. In our final chapter we shall see that the ground we 
traverse does not lead us up the garden path, if the end in view is that 
of Bacon: to endow human life with new powers and inventions. 
The reader who also gets fun out of history will then be able to see 
where our topic fits into the framework of the human adventure, 

THE CHESSBOARD LAY-OUT. — In Chapter 7, we have seen that the 
superiority of the Hindu-Arabic notation rests solely on the principle 
of assigning 2 l position to every power of the base (10). The ten symbols 
O 9 1 , 2 ... 8 , 9 then suffice to specify any finite number, however large, 
and any finite fraction; but this is not the only or the chief advantage 
of exploiting the principle of position. It also makes explicit the opera- 
tions we can perform with the abacus, and permits us to perform them 
widiout the need to handle it. 

The representation of a number in the Hindu-Arabic notation relies 
on the principle of position in ohe dimension only, i.e. a lay-out 
exhibiting a straight line power series; but an algorithm, i.e. rule of 
computation, implicitly employs the same principle in a 2 -dimensional 
set-up. For instance, we perform the first step in the multiplication of 
42()1 by 31f) in accordance with the following chessboard (row and 
colmnn) lay-out: 


3.4 3.2 

3.6 

3.1 


• . 

. . 1.4 

1.2 

1.6 

1 , 

.1 . . 


5.4 

5.2 

5. 

.6 5.1 

Alternatively, we may represent it a: 





5.4 

6.2 

5. 

.6 5.1 

. . 1.4 

1.2 

1.6 

1 . 

1 

. . 8,4 3.2 

3.6 

3.1 

, ■ , 

\ 
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in such a chessboard schemcj the column-position of any product such 
as 5.4 or 3.1 tells us that it is the coefficient of a particular power of 
ten, and the row-position of any such products records an instruction 
to assign such a coefficient to its correct column with that end in view. 
Matrix is the technic^ name for such a grid or chessboard lay-out of 
symbols to facilitate memorization of a sequence of operations and 
to economize the use of symbols by assigning a particular meaning 
to any one of them in virtue of the cell it occupies in the grid. A branch 
of algebra which relies on this device of cell specification is a matrix 
algebra. The rules of such an algebra depend solely on the end in view. 

In the seventeenth and eighteenth centuries the search for^ and the 
study of the properties of, power series which simplify the preparation 
of tables of logarithms and trigonometrical ratios reaped a rich 
harvest from tlie recognition of the principle of position in one 
dimension. The invention of algebras which exploit the same principle 
by recourse to a 2-dimensional grid begins in the nineteenth century ^ 
and the earliest to prove its worth is the algebra of determinants which 
is first and foremost a scheme for solving sets of simultaneous equations. 
To understand this use of determinants, let us recall what we do when 
we solve by elemination two linear equations, involving only the tw^o 
variable a: and y, e.g. 'Sx = 5y + 4 and 43; — 3x — — 2. Our first 
step is to set tliera out with corresponding terms in the same position; 

Sx ~ 5y — 4 or Sx — oy — 4 = 0 

— dx + 4y ~ 2 — -j- 4y -f 2 = 0 

The order we choose is immaterial, if we stick to it; and we shall here 
adopt as our standard pattern for simultaneous linear equations 
involving 2 variables : q. ^ 0 

dx ey f = 0 

The most elementary procedure we can adopt is to reduce such a pair 
of equations each with 2 unknown terms to one equation involving 
only one unknown term. To do so, we either eliminate .v by multiplying 
each term of one equation by the coefficient of x in the otlier and mce 
versa, or eliminate y by multiplying each term of one equation by the 
coefficient ofy in the other and vice versa. The steps are as follows; 
adx -1- hdy -|- cd = 0 aex + bey + ce = 0 

adx 4- aey + a/ = 0 hdx + hey + bf (i 

(pd— ae)y — {af — cd) {ae — bd)x = (&/— ce) 

af~cd bf — ce 
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These formulae (i) furnish a computing schema which dispenses with 
the foregoing steps of elimination of the individual variables ; but they 
suffer from the disadvantage that they are not easily memorizable. To 
sidestep this, we first note that the denominator of both x and — 3; is 
the difference between cross products of coefficients of x and and 
we can visualize this, if we write it in the forih: 


a b\ ' 

\ = {ae- hd) 
d e\ 

The numerator of x involves the difference between cross products 
of constants other than the coefficients of x, and we can visualize it in 
accordance with the same convention of subtracting the left-dozonwards 
from the right-downzoards diagonal product as before : 


f\ 


= (bf - ce) 


Similarly the numerator of y involves the difference between cross 
products of constants other than the jy-coefficients, and we visualize 
it accordingly as : 


I = (af - cd) 


In this notation, we write: 


\b c 


a c 

K / 


d f 

a 

5 — 1 

a b 

d e\ 


d e 


(ii) 


We here have a more memorizable pattern than the formulae of (i),' 
but we can improve on it by recourse to subscript notation in eitlier 
of two ways. One is to write our standard pattern in the form: 

+ Ci = G 
+ 633; + C2=0 

The rule for solution in determinant notation then takes the form; 



Qi 


aji Cl 

\h c,\ 

1 ■ ■' '.y-i 


«i 

bi 

i 



h 
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It is still more economical to write our standard pattern in the form: 

a^iX + + Cl = 0 

a^x + + Ca == 0 

The solution then takes the form: 




Cl 


Uii Cl 


^22 

C2 


^21 ^2 


^11 

an 

• —y __ 

^ii ai-j 


^21 

^22 


^21 ^22 


We may now write the determinants themselves in a more compact 
form by recourse to the generalized symbol r for the row: 


^12 

Cl 

Co 

= [ary. 

. . C4 = ai2 . Cjj — ^22 . Cl 

^23 


Cl 

= [arx . 

. . Cr] = ^11 . C2 <321 • Cl 


C2 



<^12 


• • ^11 * ^22 ^21 • ^12 

^21 

^22 




In this more compact notation we then have: 

fliix + ai 2 .y + Cl = 0 when x = [a,y . . . C,] -h [«„. . . . ary} 
^21^ "h + Co = 0 jy = \o,rx • • • C4 -r [<2;’^: . . . Cry} 

In all this, we have introduced no new rules, merely a new notation 
as a visual aid to memorizing a fnethod of solution witliout going 
through the elementary procedure step by step. The word detenninant 
is simply a name for the symmetrical cross product pattern here written 
in full as a 2 X 2 set. When we know the numerical value of the cell 
elements we interpret it, as above, e.g. 

3 4 

2 g =3(5) -4(2) = 7 

Having memorized the pattern, we can proceed to solve a simultaneous 
equation thus : 

4:\; -1- 5_y = 2 4x -j- Hj; ~ 2 = 0 

3jc + 4y = 1 3:r + 43 ; — 1 = 0 
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5 — 2 


4 - 2 

4 - 1 


3 -1 

4 0 

5 — 3 ; = 

4 5 

3 4 


3 4 


5(- 1) - 4(- 2) 
-5 8 


. = 3 


and 


~-y = 

- 


4(- 1) - 3(~- 2 ) 
4(4) - 3(5) 
-4 + 0 


16 - 15 ■ 


We can make the rule of solution more explicit, if we set out our 
standard double subscript pattern as a 3 X 2 matrix: 


— IVi • • • Oify . . • 




Cx 

U21 

U22 

Q 


From this matrix we can make 3 determinants of 2 rows and 2 columns, 
viz. 

[ary . . . O] D(a:) 

[arx . . . Q] ^ D( 3 j) 

[arx . • . a,ry\ ^ f^(C) 

In this notation: 

.X = D(x) + D(C) and - >• = 0 ( 3 ;) + D(C) 

We may write this as : 



D(x)-D( 3 -) D(C) • • • • 

Practise the use of this formula by making up equations the solutions 
of which you can check. You may then ask what, if any, benefit we 
derive from a compact rule such as this for an operation so elementary 
as tile solution of simultaneous equations involving only two unknown 
quantities. The answer is none, except in so far as we have found a 
clue to the construction of a code for simplifying the laborious solution 
of simultaneous equations from which it would otherwise be necessary 
to eliminate successively many variables. To follow up our clue, we 
first note the alteration of signs in (iii), and proceed to write in the 
same form as (iii) the rule for the solution of a set of linear equa;;ions 
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involving 3 variables, set out in accordance with our standard pattern 
as follows: 

ax by cz d~Q 

ex-\-fy + 

Jx ky -{■ Iz m—O 

The 3x4 matrix of the set is: 
abed 

e f g /i! = l^drx • • ■ ^ry . • • 

j k I m 

In the notation of (iii) we have 

D(jc) = [a,y . . . . . . 0 ] 

Without prejudging how we are to interpret the meaning of this 3x3 
determinant, we merely recall at this stage the form it will have, if 
we can find a consistent code for equations involving any number of 
variables, i.e.: 
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We now write out the rule of solution we anticipate in accordance 
with (iii)j viz.'. 

X __ — y __ ■3' __ —1 

W)~Wy)~W)^ D(C) • 

Accordingly, we have : 


(iv) 



a b 

d\ 

, 

ja 

b c 


e / 

h' 

q. 

e 

f g 


j k 

m 


j 

k 1 


4 (v) 


This pattern, which expresses each variable as a quotient of third 
order (3 x 3) determinants, is useless until we can give the latter a 
meaning. To do so we must examine the solution of our 3 equations 
by the rule of thumb method. To eliminate x in (i) and (ii), we put 
aex + bey -\- cex -{■ de = 0 
aex + a/y + agz ah — 0 
{be — af)y + {ce — ag)z -f- {de — ah) —0 
In the same way, we can get from (ii) and (iii) : 

{fj - ek)y 4- (gj — eT)z + {hj - em) = 0 . 

We now eliminate y from our three standard pattern equations in the 
usual way obtaining: 

{be — of) {hj — em) — {fj — ek) {de — ah) 

^ ” {fj - ek) {ce - ag) - {be - af) {gj - el) 
bhj — bem + of^ — dfj edk — ahk 


(Vi) 


(vii) 


(viii) 


(ix) 


cfj — eck + agk -* bgj -h bel — afl 

a{fm — hk) — b{em — hj) + d{ek — fj) 

“ a{gk ~ fl) - b{gj - el) + c{fj - ek) 

It is now evident that the numerator of (ix) contains the same set of 
elements as the 3rd order determinant (v) in the numerator for z 
expressed above as the quotient of 3 x 3 determinants; and the 
denominator of (ix) contains the same set of elements as the 3rd order 
determinant (v) in the corresponding denominator. We shall now be 
in a position to interpret these two third order determinants, if we 
rewrite (ix) as follows; 

a{fm — hk) — b{em — hj) -f d{ek —fj) 

^ ”■ a{fl - gk) — b{el — gj) + c{ek - fj) 




Mathemnti/^s fnr fht. MHUn. 
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By comparing (x) with (v), we now see that our definition of a 3 x 3 
determinant must signify: 


a(fm — hk) — b(em — hj) d(ek — fj) 



/ h 


e 1i\ 

U f 

s= a 

~b 


+ d\ 


k m\ 


j w 

\j k 


= - gk) - bid - gj) + ciek - fj) 


1/ g 


e 

8 


e f 

- b 


+ c 


\k l\ 


j 

1 


j k 


(xi) 


(xii) 


Evidently, the two 3x3 determinants are each reducible to three 
2x2 determinants in conformity with one rule, which we may 
schematize thus : 

1^11 ^12 ^13 


^21 ^22 

^31 ^32 ^3 


= ^1] 


^22 ^23 1 


^21 ^23 


^21 ^22 


ki2 1 


+ ^13 


^32 ^33 


^31 ^33 


^3J ^32 


To carry out such an expansion of the third order determinant as the 
product of 3 coefficients and corresponding minors (lower order deter- 
mipants) with alternation of sign, we pick in turn each term of the top 
row and assign as the corresponding minor what is left after removal 
of both the row and column in which its coefficient occurs. Such 
will be our interpretation of the numerical value of a 3rd order deter- 
minant, e.g.. 


3 4 6 






6 1 


2 1 


2 5 

2 5 1 

= 3 


-4 


+ 6 




1 4 


0 4 


0 1 

0 1 4 





= 3(20 - 1) - 4(8 - 0) + 6(2 - 0) = 37 
The reader will find it a useful exercise to make up equations 
involving 3 variables in order to show that the values of x and y 
obtained by elimination are likewise consistent with (v) above, if we 
interpret the determinant, of the 3rd order in conformity with tlie 
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rule last stated. The following example illustrates the 
3 equations with numerical constants. 
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solution of 


2:)c -|- -h 9 ~ z 
— ly — 4.Z == Q 
Sx + 6y = _ (2z If. 4) 
When arranged in standard form the 4,x 3 matrix is 

2 3-19 

5-2-4 0 

3 6 2 4 


The solution for x is given by (iv) as - x = D(x) D(C), in which 


D(x) = 


3—1 9 
-2 -4 0 
6 2 4 


= 3 



-2 0 


-2 -4 



+ 9 



6 4| 


1 6 2 


0(0 = 


= 3(- 16) + ( - 8) + 9(20) = 124 



= 2(20) - 3(22) - 36 = - 62 

Thus X — 124 — ( 62)j so th^t x = 2, In the same way we get 

y=— 3 and 2 = 4. ^ 

DETERMINANTS IN GENERAL.—We define a 4th order determinant by 
analogy with that of the 3rd order, i.e. as the sum of four 3x3 deter- 
minants respectively weighted by the elements of the top row with 
alternation of signs. Thus the rale for evaluating the 4th order deter- 
minant is 

la b c d\ 


f g 

k 1 m[ — bi 

1 s g h 
\j lm\ 

l + c 

U f h 
\j k m 

~d 

^ f g 
j k 1 

P i A 1 

\n q r j 


\n p r\ 


71 p q 


n p q r 
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It is laborious, but none the less elementary, to show that the solution 
of a set of 4 equations involving 4 variables (Xj, Xo, X3, xj in the 
standard form: 

a^.ix^ + + ^^.3X3 -f ^,.,4X4 + C,. = 0 then conforms to a pattern 

essentially like (iii) above, viz. 

Xi — ^2 _ — ^4 _ I 

" dS) ^ ” D(%) ~ D(C) 

Each of the 4 minors in this expansion is amenable to resolution as 
3 determinants of the second order and hence, with due regard to 
sign, the sum of 24 ( — 4 !) product terms each consisting of 4 elements. 
More generally, a determinant of order n is amenable to resolution as 
(a) the sum of n determinants of order (n — 1) severally weighted by 
the top row elements; (b) the sum of nl products of n elements, half 
the products being negative and half positive. This statement applies 
equdly to the 2 x 2 determinant which is the sum of two (2 !) terms 
of opposite sign, each the product of 2 elements. A common law of 
formation of these n-fold products takes shape if we write the 2-fold 
and 3 -fold determinants as below; 



dt do 


. — 

«2 







= (a A - 




h h 

• 1 





aj 

^2 ^3 

ai 


. -^2 • 

• 

. . 84 

h 

bs 

~ . 

h h ( 

h . ^3 


1 ^1 ^2 




+ 


+ 


^1 

Cl C3 



Cl . C3 


Cl C2 


i>2 ^3 

-^2 

bi ^3 

+ «3 

h h 

^2 Cg 


Cl Cg 


Cl Cg 


= ~ hc^ — aaC&iCg— 63C1) + a^ihiC^—b^c^ 

d” 

The whole set of n l products each of n elements includes all possible 
combinations of n elements subject only to the restriction that elements 
of the same row or of the same column cannot contribute to one and 
the same term. The law of signs w.r.t, the ultimate products terms of 
a determinant breakdown becomes explicit by recourse to the double 
^ sub§^cript notation which keeps the distinction benveen row and column 
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order as clear-cut as possible. When the product elements are arranged 
as above in the correct row order {here a, b, c), the subscripts exhibit 
the column order. For 3-fold products it is noticeable that: 

(i) one inversion or 5 inversions are necessary to restore the 
sequence of the column subscripts of negative, terms, viz. 132 to 123, 
13 to 123 and 321 to 312 to 132 to 123; 

(ii) no inversion or 2 inversions are necessary to restore the 
sequence of the column subscripts of positive terms, viz. 231 to 213 
to 123 and 312 to 132 to 123. 

In general, the rule for determinants of any order is that negative 
products require an odd number of inversions, positive products an 
even number. 

NUMERICAL EVALUATION OF DETERMINANTS.— So far, OUr approach 
to the notation of determinants has advanced no claim other than it 
gives us a conveniently memorizable code for laying out the computations 
involved in the solution of sets of linear equations. Of itself, this is 
no mean advantage, when it is otherwise necessary to steer a course 
through the repetitive operations of successively eliminating one 
variable after another of a set of 4 or more of them. A still greater 
advantage arises from the possibility of utilizing numerical properties 
of determinants to speed up the task of computation. We can sum up 
what are essential properties from this point of view in the following 
rules, for which it is scarcely necessary to offer formal proof. Testing 
the rules w.r.t. determinants of order 2 and 3 should suffice to disclose 
why they are applicable to determinants of higher order, since -^e 
expansion of a 3 x 3 determinant as 3 minors of order 2 is on all fours 
with the expansion of any n X ft determinant as n minors of order 
(n — 1). To appreciate the utility of each rule pari passu will be more 
helpful for the novice than to set forth a formal demonstration 
of each. 

Rule I. — Rotation of the arrays through 90°, so that the ?tli row 
becomes the rth column and vice versa does not change the value of 
a determinant. 


a^ <22 


ax hx 


= (« 1&2 - a A) = 


h h 

1 . , 

CL'i b<i 


The operational value of this rule is evident if we examine the deter- 
minant ^ « 
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13 4 5 




2 1 


0 1 


0 2 

0 2 1 

= 3 


-4 


4' 5 




\& 4j 


8 4| 


6 6 


|6 6 41 

By applying the rule of inter-changeability, we can eliminate one minor 
at one step, since we can write4t as: 


3 0 6 





2 6 


4 2 

4 2 6 

= 3 


+ 6 




1 4 


5 1 

6 14 




The rearrangement is unnecessary since the rule implies that we can 
reduce a determinant in either of two ways: 


(h <h 




bz ^sj 


bi ^3 

l&i h 

bj b^ 63 


1 

— fZg 


+ az 



Cg Cg 1 



k ^2 


I Cl C2 Ci I 

s 0,^2^^ -f- u^bsCi -1- djpiCz 

% I ^2 ^3 I — I ^2 C ^3 I ”i~ Cl I ^z \ 

i Cg C 3 I I Cg Cg I 1 &3 ibg I 

Mule II . — Interchange of a single pair of rows or a single pair of 
columns reverses the sign of the numerical value of a determinant, e.g. 


«2 


<*2 <h 


bi bz 






b-i bz 


b, b. 


Oi ag 


The operational value of this rule is evident from the fact that it allows 
us to get an array containing one or more zero terms into the top row 
or first column, so that a corresponding number of minors drop out, e.g. 




i 

4 


2 

1 

3 

4 


1 

2 

3 

4 

4 

1 

0 

3 


4 

0 

1 

3 

> + 

0 

4 

1 

3 

3 

0 

0 

6 


3 

0 

0 

6 

0 

3 

0 

6 

1 

2 

2 

4 


1 

2 

2 

■41 


2 

1 

2 

4 
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4 

13-22 

3 4 -2 3 

0 

6 13 

0 

6 

= 3 

0 6 4 

13= 2 

3 

4-4 

1 

3 

1 

2 4 3 

0 6 4 

1 

3 (1 

2 

4 

- 

2(3) 13 4- 

2(6) 1 2 3 - 3 

!1 

3 -6 

4 

11 


il 31 

14 1 

I2 

4 

1 

21 


= _ 6(9 - 4) - 12(2 ~ 12) -3(4 - 6) - 6(8 - 1) = 54 


Ride III . — ^The numerical value of any determinant is zero if any 
two rows or any two columns are identical, i.e. 


a 

b 

c\ 

I 1 . j 

h 

d 

e 

/ 

111 

0 

111 

e 

a 

h 



h 


One value of this rule will be self-evident, when we have examined 
the meaning of the next one. 

Rule IV . — ^Multiplying every element of one row or column by the 
same factor k is equivalent to a ^-fold multiplication of the numerical 
value of the determinant, e.g. 


ak bk ck 


a b c 


a bk c 

d e f 

s/c 

d e f 


d ek f 

g h j 


8 h j 


Ig hk j 


One use of this rule is to reduce the arithmetical bulk of the elemehits 
before further expansion, e.g. 


25 

45 

15 

(52) 1 

9 

3 

1 1 

3 

1 

40 

24 

21 

= 8 

24 

21 

i = 8 

8 

7 

15 

9 

21 

3 

9 

21 

3 

3 

7 


Another use depends on Rule III, e.g. 


25 

45 

10 

(5)(2) 5 

45 

5 

40 

24 

16 

= 8 

24 

8 

15 

9 

6 

3 

9 

3 


Thus we can drop out any minors of an expansion, if corresponding 
elements of 2 rows or of 2 columns are in the same proportion. , 
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Rule V . — ^Addition or subtraction of corresponding elements of one 
row or column from those of any parallel row or column does not 
change the value of the determinant, i.e. 


a d g\ 


(a + d) d g 


(a~c) (d~f) (g~j) 

h e h\ 


(h -\- e) e h 

~ 

h e h 

c / y 


ic+f) i j 

\ 

c f j 


By use of the foregoing rules we can eliminate any minor by rearrange- 
ment of arrays to bring a zero element into the top row or first column. 
By use of the rule last stated we can (i) introduce new zero terms by 
malting corresponding terms of different parallel arrays Mentical; 
(ii) greatly reduce the arithmetical load we have to carry. The following 
illustration shows every step in a reduction which the practised hand 
would carry out witli much greater economy of space: 


42 4 39 


(42 - 39) 4 39 


3 4 39 

13 8 13 


(13 - 13) 8 13 

= 

0 8 13 

18 10 26 


(18- 26) 10 26 


-8 10 26 


2(13) 

3 2 3 

26 j 

(3 + 8) (2 - 5) (3 - 2) 


0 4 1 

= 

0 4 1 


-8 5 2 


- 8 5 2 


26 


11 

0 


26’ 

11 - 

3 1 

i 

26! 

11 - - 3 1 


0 

4 1 

= 

0 4 1 


-8 

1 1 j 


( ~ 8 - 0) (1 - 4) 0 


( _ 8 - 0) (5 - 4) (2 - 1) 


26 


11 -3 

i(0 - 11) (4 + 3) 
- 8 ^3 


(1 11 - 3 


11 7 

= 26 0- 11 7, 

= -26 

8-3 

10 -8 - 3 





= - 26( - 


• 33 - 56) = (26)(89) = 2314 
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Rule VI . — Addition or subtraction from elements of one array of 
a fixed multiple of corresponding elements of one (or more) parallel 
array(s) does not change the value of the determinant, e.g. 


a d 

g 


^-pd~ q^) 

d 

g 

h e 

h 


(b— pe - qh) 

' e 

h 

c f 

3 


(c - p/c- q;) 

f 

j 


This is an extension of the previous rule in the light of Rule IV. We 
may apply it to evaluate the foregoing; 


42 

4 

39 


42 - 2(18) 4 

- 2(10) 39 - 2(26) 


6 - 

16 - 

13 

13 

8 

13 

- 

13 

8 

13 

== 

13 

8 

13 

18 

10 

26 


18 

10 

26 


8 

10 

26 


2(13) 

6-8-1 

2(13) 

6-8-1 

2(13) 

6-8 — 1 

= 

13 4 1 


13 4 1 


8 3 0 


18 5 2 1 


5 11 


1 5 1 1 


6-8-1 


i 6-8 







8 3 

8 3 0 

= -26 

0 8 3 

= -26 






11-7 

11-7 0 


0 11-7 




- 26( - 56 - 33) = (26) (89) = 2314 


Rule VIL — The value of a determinant is zero if all the elements 
of any row or of any column are zero. 

The proof of this is evident, if we transfer the row of zeros to the 
uppermost tier or the row of columns to the extreme left hand with 
appropriate change of sign (Rule II). Each co-factor of the minors into 
which we can break up the determinant is then zero, and each term 
of its expansion as a sum of co-factor-mhaor products vanishes. 

Manipulating these rules to advantage depends on practice. Having 
attained proficiency, one can then proceed to reduce a determinant 
of any order to one in wliich all the elements except the left hand top 
corner (^n) in either the top row or the first column are zeros. Hence 
all the minors other than the minor whose co-factor is a^x drop out. 
This reduces the order from n to (n-~\). So successive application 
of the rules eventually reduces any determinant to one of the second 
order. The best way to get practice is to make up consistent equations 
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for solution by successive elimination and then by determinants. For 
instance j put « = 1, y === 2, 2 — 3, so that: 

2^!: 4 - 33 ; 4- 2=11 

5x4 33>-22= 5 

# 4 a: 4 23; — 32 = — 1 

In the early stages of carrying out the drill, it wiU be necessary to 
perform separately several operations which the more experienced 
player will take in one stride. Other ways of combining the rules may 
give equally good results, and the student who aims ai proficiency 
should consult Whittaker and Robinson’s Calculus of Observations. The 
foregoing account will suffice to show that the method of determinants 
immeasurably reduces both the labour of solving a large set of simul- 
taneous equations and the danger of making arithmetical slips in 
doing so. 

As intimated, the student can get exercise without limit by making 
up simultaneous equations, solving thereby determinants and checking 
whether the answers are consistent by substitution. 

GEOMETRICAL APPLICATIONS OF DETERMINANTS.— We have hitherto 
regarded the notation of determinants as an economical computing 
schema for the solution of a set of simultaneous linear equations. Its 
applications extend far beyond this eminently practical objective, 
including inter alia the definition of sundry general principles of 
co-ordinate geometry. Two examples will suffice to illustrate its 
geometrical use: (a) the condition of collinearity of 3 points in a plane ^ 
(&) the condition of concurrence of 3 or more lines in a plane. 

Collinearity of 3 points (pj, signifies that all three are in one 
and the same straight line. In other words, the line joining to 
and the line joining ^2 to Pz are inclined to the x-axis at the same angle a. 
The reader should sketch the appropriate figure in which we may 
denote the co-ordinates of the three points as yf), (x^, yf)i (x^iyf). 
In conformity with the sufficient relation that p^ has the same 
horizontal inclination aP as p^ p^, we may write: 

^2 -yt .... “3^2 

X 2 x^ 

(.X 3 - x^Xyz - 3'i) = (3'3 -ydixz - xf) 

x^^ ~ ^33-^ - ^23^2 + X 2 y-i = x^s - Xxy^ - x^y^^ 4 x^ys 

^ .'..^ 33'2 + ^ 23 '! - 1 - x^y^ - Xsy^ -x^s - 
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^1(^3 - y ^) - ^2(3^3 -^'i) + x ^{ y ^ -3;i) = 0 

/. ^ i ( 3’2 -3^3) - ^2(3’! -3^3) + ^3(3’! — 3 ' 2 ) == 0 
We may write {y^ — 3 ; 3 ) as a deterromant: 

3^2 1 
3^3 1 

Hence the last equation is equivalent to: 

% 1 3^2 1 1 - ^2 I 3^1 1 1 + ^3 1 3^1 1 

' l3'3 l| Us l| Us 1 

The three determinants and their co-factors on the left are equivalent 
to a single determinant of the 3rd order, so that: 

% 3^1 1 

% 3^2 1 == 0 

^3 3^3 1 

The zero value of the determinant on the left thus delines the condition 
tliat 3 points pi{x-^ 3 'i), pgfej yd and ^ 3 (^ 3 , 3 > 3 ) shall all lie in one 
straight line. 

Example. — One way to decide whether (1, 8 ), (3, 18) and ( 6 , 33) lie in 
a straight line is thus to evaluate: 

18 10 8 1 

1811 I 8 11 

3 18 1 == 2 18 1 =-- - 2 + 

33 11 18 1 

6 33 1 5 33 1 

1811 81 
= -2 +5 

|25 0| 10 0 

We might of course proceed by a more devious route by solving the 
equation y — (jnx -f b) for each pair of variables, thus : 

8 = 4- 6 

18 = 3m 4-^ 

10 = 2m or m = 5 and & = 3 
Thus the line on which the points ( 1 , 8 ) and ( 83 18) lie is 3 ? = (5jc 4 3) 


= ( 50 ,-. 60 ) = 0 
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CDJ-=7kCDJH -ACJH 

= (TtCE(f-^CDE+lDFJ+r(^jW-(Bg+7^BJH) 

“ y, fX2-X,)+i(y2-y,)(X2-X,>+i<y2-y3)(X3-X2>y3(X3-X2y 

-i^yry3>^W“y3<x3-x,) 

“ i <y.-^y25 ^x2-x,)4(y2--y3)(vxp4<y, +y3)^x3-x,) 

:.Z(CDJ) ^ y.X2~y,x,+y2X2-y2X,+y2X3-y2X2-y3X3-y3X2' 

-y,X 3 -*-y,xry 3 .X 3 +y 3 X, 


Cy2X3 -yaXa) - <y, 'X3-y3 x,) + (y, Xj -yz x,) 


yaXa 

ysXa 


Yi X, 
Yz X3 


yi X, 

y2 X2 


* Y^ X, 

* Y2^2 
J ys X3 


On inserting the jc value of the third point (6, 33 ), we have y = 5(6) + 3 
== 33 , so that the point whose co-ordinates are x = 6,3; = 33 also lies 
on the same straight line. 
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The concurrence of 3 straight lines in a plane signifies that they meet 
in a point. Let us write the three corresponding equations in the 
form: 

(i) y — m^x + fej or m^x — 3; fej = 0 

(ii) y == m^x + or —y\-b^ — 0 

(iii) y=msx + &3 hsX—y-\- &3 = 0 

In accordance with the graphical method of solving simultaneous 
equations involving two variables by finding the co-ordinates of the 
point where the two corresponding straight lines cross, the lines 
defined by (i) and (ii) intersect at the point whose co-ordinates (xp,yp) 
specify the solution of the two equations, viz. : 


1-1 


Wi 

h 

I - 1 

h\ 

1 

h 

1 mi 

~ri 

[ mx 

-1 

m2 

"li 

i ms 

~ 1 


If the line defined by the third equation also passes through the 
’ pbint 

ms Xp — yp -\r = 0 


m3 

j - 1 


bii 4- 1 mi 

bi 1 4- &3 1 mi 

- 1 


! - 1 


b ' 

U2 

bs 1 1 nis 

- 1 

m3 

j + l 



- Imi 

■’&i| -f &3 jmi 

4-1 


4-1 


hi 

i ms 

&2 j \ms 

4-1 


m3 

1 

h 


\mi — 1 

h 


nil 

1 

h 

= 0 

= I m2 — 1 

h 

i 

Ms 

1 

h\ 


1 m3 — 1 

h 


Example . — Let us ask whether the following 3 lines are concurrent 
yr== 5x -{- 3 
y==^x - 4-2 

3;= 4;c -j- 4 ^ 
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We have to evaluate: 


5-13 


5 1 3 


6 1 3 


10-1 

6 -1 2 

4-14 

j 

6 1 2 

4 14 


1 0 -1 
4 1 4 j 


1 0 -1 

4 1 4 


0 0 
1 0 
4 1 


Since the value of the appropriate determinant is zero, the lines meet 
at a point, which is in fact x = l,y — 9. 


The reader may extend this result to specify the condition of 
consistency w.r.t. 4 simultaneous equations involving 3 variables in the 
form a„, 3 c + h^y + — 0 , viz . : 


ax Oi 

0.% (^2 

Ug Cg 

I a^ bi C4 



Geometrically, this is the condition that 4 planes intersect at a single 
point V = {xpi ypi Zp). This is necessarily so if they all include the 
origin, in which case = 0 , so that the determinant is : 


0 % b\ Cj 0 

0,2 ^2 ^2 ® ! 

^3 ^3 ^3 ' 

^4 &4 C4 0 


The value of this determinant is necessarily zero in virtue of Rule VII. 
By recourse to Rule VII we may derive the condition of collinearity 
for any 3 points by a route other than the one given above and use 
the result to establish when 4 points are co-planar. In the most general 
form, the equation of the line is: Ax + B 3 ; = D. For one and the 
same straight line on which three points Pj = P 2 = (x 3 3 ^ 2)3 

P 3 = (jfg yg) aU lie, the constants A, B and C are the same though as 
«• yet to be determined, and we may write the 3 equations as we should 
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set them out with that end in view for solution by determimntSj in 
which case Xr and are the known quantities; 

jCa'A +3;2*B — D 
^3-A +:y3-B==D ^ 

The solution for A is : 


3^1 

— p 

0 

3^2 

-1 

0 

3^3 

- 1 

0 

% 

3^1 

-1 

X 2 

3'2 

- 1 

Xz 

3^3 

-1 


In abbreviated determinant notation, we therefore have: 

A X [Xr yr - 1 ] « [3;, - 1 0 ] 

Since neither A nor B is zero, and the determinant on the right is zero 
in virtue of Rule VII: 

[*, y , - 1] = 0 = [ji, 3-, 1] 

. The condition that two points (Pj and Pg) lie on a straight line which 
passes through the origin signifies that JC3== 0 —ys» so that; 


Xx 

3^1 

1 






— 0 — 1 

3' i | 

X2 

3'2 

1 






U2 

3 ^ 2 ! 

0 

0 

1 




%:y2 — = 0 

Xiy2=X2yj_ 

% yi 
X2~~yi 

This condition is at once deducible from the linear equations in the 
form yi — mx + b, since & = 0 and yx = mxi; y2= 

The Algebm of the Card Pack 
In Chapter 5 we have touched lightly on the role of the figurate 
numbers and the factorial numbers vis^-vis the classification of choice. 
In the next chapter we shall see how problems suggested by the way 
in which we pick cards from a pack contributed to the mathematical 
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theory of probability. When we speak of choosing a sample of, say, 3 
cards from a pack, it is always necessary to be clear about whether the 
choise is simultaneous or successive. If choice is simultaneous it cannot be 
repetitive in the sense that we can choose the same card more than 
once. If choice is successive, it may be repetitive in this sense. It will 
be so if we replace each card chosen before taking another., For a 
reason which is not relevant at, this stage, we shall speak of sampling 
with replacement when we also signify a reshuffle before the subsequent 
draw. 

Classification of choice may merely take into consideration the 
composition of the sample, when we speak of it as a particular com- 
bination. It may also take into account the arrangement of the con- 
stituents, when we speak of it as a particular permutation. In what 
follows we shall deal only with linear permutations, i.e. arrangements 
distinguishable by the straight-line order of the constituents, as when 
we pick 5 cards from a pack and lay them face upwards in a row. We 
shall start by recalling what we have already learnt in Chapter 5. Our 
first question is:. in how many ways can we arrange in a row all the 
cards of the full pack? 

To simplify the issue we shall start with a pack of only 3 cards, 
A, B and C. Let us first fix the position of A at the beginning of the 
row, and then see how many different arrangements there are for B and 
C. Clearly there can be only two: ABC and ACB. Now fix B in the 
first position and find the arrangements for A and C. Again, we have 
only two: BAC and BCA. Finally, we are left with only two others: 
CAB and CBA. From this we see that: 

2 different cards admit of 2 arraijgements 

3 different cards admit of 6 arrangements 

We next ask how many arrangements of all the cards in a row is 
possible, if the pack consists of 4 (A, B, C and D). We proceed as 
before, fixing each card in turn and finding the arrangements of the 
rest:' 


A first • : 

B first 

C first 

D first 

ABCD 

BACD 

CABD 

DABC 

ABDC 

BADC 

CADB 

DACB 

ACBD 

BCAD 

CBAD 

DBAC 

ACDB 

BCDA 

GBDA 

DBCA 

ADBC 

BDCA 

CDAB 

DCAB 

ADCB . 

BDAC 

CDBA 

DCBA 
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Having fixed A at the beginning of the row^ we need not count the 
arrangements of the other three. We already know there are 6, and 
similarly for B, C, D. For each of the 4 cards there are therefore 6 
arrangements of the other three, making 24 in all. If we have 5 cards to 
arrange, we can fix each of the 5 in turn at the beginning of the row 
and the number of different arrangements of thh remaining 4 will be 
24 for each, making 5.24 = 120 in ail. ^ We thus build up a table like 
this: 

2 things 2 arrangements, i.e. 2,1 = 2! 

3 things 6 arrangements, i.e, 3 , 2 . 1 = 3 ! 

4 things 24 arrangements, i.e. 4 , 3 . 2 . 1 = 4 ! 

5 things 120 arrangements, i.e. 5 . 4 , 3 . 2 . 1 = 6 ! 

These are numbers we have studied. They are the factorials. Pro- 
ceeding as before, we see that the number of arrangements of 6 things 
is 6 !, 7 things is 7 !, etc. Our symbol for the number of permutations 
of n things, all different, taken all together is: 

Here are a few problems to illustrate the use of the formula: 

In how many ways can we arrange the picture cards of a full 
, - pack in a row? (Ans. 479,001,600.) 

In how many different ways can we arrange seven different 
books on a shelf? {Ans. 5040.) 

In how many different ways can 10 boys sit on one side of a 
table? Ans. 3,628,800.) 

In how many different ways is it possible to ring a peal of eight 
bells? (Hw. 40,320.) 

What is the number of different linear arrangements of the 
spectral colours : red, orange, yellow, green, blue, molet'i {Ans, 720.) 

The symbol ~ 52 !) signifies the total number of ways of 
arranging all the cards of the pack in a row. We now ask: in how many 
zoays can we arrange in a row x-cards taken from a pack of n cards? We 
denote the number by the symbol ”Pj. when we choose the cards 
simultaneously or — ^what is equivalent — successively without replace- 
ment. There is no standard symbol for the number of permutations of 
r out of n things, when replacement is possible. We shall here label 
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it as The reasoning which led us to find a formula for will 
help us to find an answer to the question last stated, when no repetitive 
choice of cards is admissible. 

The foregoing argument amounts to this. We start with so many {n) 
empty places in a row and have n cards with which to fill them. We 
then have a choice of'K different cards to fill the first place. When we 
have filled it we have a choice of {n — 1 ) different things to fill the 
second place. After each of the’» different candidates for the first place, 
we can place any one of the (« — 1) residual candidates for the second 
places. So we can fill the first two places in; k.(k — 1) different ways. 
Thus "P 2 == n{n — 1). We now have {n — 2) cards left for the third 
place. So for the three together, the number of different pd^ssibilities 
is: n.(M — l).(n — 2). Thus "P 3 = w(w — 1) (;? — 2). So we may 
go on, till we have no more places to fiU, i.e. 

«Pg = n{n — 1 ) (« — 2 ) — n{n — 1) (« — 3 -}- 1) (3 factors) 

"P, = n{n - 1) (w - 2) {n - 3) = n{n - 1) - 2) (« - 4 + 1) 

(4 factors) 

”Ps = n{n - 1) (« - 2) {n - 3) (;? - 4) 

— n{n — 1) (« — 2) (n — 3) (« -- 5 4 - 1) (5 factors) 

Our formula is therefore: 

"P,. = -- 1 ) (« — 2 ) . . . (» — r 4 - 1) {r factors) 

It is economical to write this in a way which recalls the familiar symbol: 
tf = n.n.n . . - r factors. Thus: 

n{n ~~ l){n — 2) ... (n ~ r ■+■ 1) — — n{n — 1 ) (k — 2 ) . . . 

• r factors. 

In this shorthand ”P„ = = «!.«• Apart from its economy, this device 
recalls a parallelism between the answer already given to the question 
last stated on the assumption that there is no replacement and the 
correct answer when replacement does occur. There are then exactly 
the same number of ways of filling any place, i.e. of filling the 

first two, of filling the first 3 and so on. We may thus write; 

without replacement ”P^ = 

replacement "R^ = «'■ 

If no replacement occurs r cannot be greater than n; but replace- 
ment admits the possibility. Here we have a tie-up with another game 
of chance. If a pack contains only 6 different cards, I may ask: in how 
many ways can I arrange 12 cards taken with replacement from such a 
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pack? The answer is This is exactly on all fours with the 

question : in how many ways can I write in one line the individual scores 
of 12 tosses of a die or 1 toss of each of twelve dice? 

Here are a few conundrums for practice, if the reader needs it 
before going on. In each case, ask yourself whether the replacement 
issue is relevant, seeking both answers, if so. ' 

How many permutations each of 2 vowels can you make from 
a, e, i, o, u? {Ans. 20 or 25.) 

How many different sets of 4 initials can be made from the 
letters C, F, H, K, N, P? {Am. 360 or 1,296.) 

How many different arrangements of 5 letters can you make 
from the whole alphabet? {Am. 7,893,600.) 

How many different 5-figure telephone numbers (with all 5 
figures different) can you make from the figures 0-9 inclusive? 

{Am. 30,240.) 

Leaving out 11 and multiples of 11, such as 44, how many 
numbers are there between 10 and 100? {Check.) 

How many numbers are there between 100 and 1,000, none 
containing any figure more than once? {Check.) 

How many 4-figure numbers are there composed of odd digits 
only with all 4 figures different? {Am. 120.) 

How many different arrangements of 3 of the 4 top hearts (ace, 
king, queen, jack) can you make? Verify with a pack of cards. 

{Am. 24 or 64.) 

How many different arrangements of 5 diamonds can you make 
from tlie set of 13 diamonds in a pack of cards, if you use no 
cards more than once? {Am. 164,440.) 

Out of the 16 top cards, how many different arrangements of 4 
can you make? {Am. 43,680 without replacement.) 

A goose, a turkey, a porker and a rubber duck for booby are 
the prizes in a competition. Nobody can win more than one. 
There are 20 competitors. How many different results are possible? 

{Am. 116,280.) 

Twenty-five children all sit for a scholarship exam. There are 
three scholarships, worth £^0, £50 and £20 respectively. How 
many different results are possible? {Am. 13,800.) 
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Twelve children all ran in a hundred yards’ race. In how many 
different ways can awards be made for the first 4 places? 

iAns. 11,880.) 

So far we have assumed that our cards are distinguishable by colour, 
suit and pips or picture. We raise new problems if we classify them 
in some way, neglecting what distinguishes individual cards of the 
same class. For instance, we ^ay have a 9-card pack made up as 
follows: CAiibs A and 7; Hearts K, A and 3; Diamonds 8, 10, Q and J, 
We have now classified our individual cards by suit, and by so doing 
can put any two arrangements of all the cards into one and the same 
class, if the card which occupies the first place in one arrangement 
is of the same suit as the first one in the other, the two cards of the 
second place are of the same suit, the two cards of the third place are 
of the same suit, and so on. I may now ask; how many such classes of 
arrangements of all {n = a -\-h c) the cards in a row are possible if 
a belong to class A, b to class B and c to class C. 

When we can divide n cards in three classes, our symbol for the 
number of n-fold arrangements is = ''^a.b.n-a-b- To get the answer 

to our question, consider what happens if we disregard the fact that the 
cards of one suit belong to the same class. In the last example cited the 
required result is ^Pi!. 3 . 4 , the number of clubs being 2. In any one of 
the ®P 2 . 3.4 classes of arrangements there are 2 fixed places allocated 
to a club and we can put them in the order: A, 7 or 7, A. This class 
thus includes 2 (=2!) arrangements. Similarly, we can dissect the 
same class of permutations in virtue of the fixed place of the 3 hearts 
int5 3 ways of filling 3 places, i.e. 3! ways, each of which is consistent 
with 2 ! ways of filling the fixed place occupied by the clubs. Thus the 
same class of permutations is made up of 2 ! 3 ! sorts distinguishable 
by which clubs and which hearts occupy a particular position. We may 
still allocate 4 diamonds to the 4 fixed places left for them, and have 
now 2 ! 3 ! 4! ways of arranging all the cards of one and the same class 
of arrangements. Thus the total number of arrangements of all the 
9 cards is 2! 3! 4! Tg g ^, and we already know that the number of 
ways of arranging 9 cards without replacement is = 9 !. Thus we 
arrive at the result: 

2!3i4PP,,g.,= «Pg=..9! 

__ 

2.3.4 -grslTi 
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The general formula for ’'^a.b.c.d... is evident from this, viz.: 


.p 


n\ 

a\b\c\d\... 


With profit, the reader may notice a familiar shape this expression 
assumes (see p. 21 8) when there are only 2 classes, so that 




a\(n — u)! 


”C, 


This is worth noticing because is at the same time the number of 
combinations of a out of n cards, and is also the coefficient of the term 
of rank a in the binomial expansion to power n, when we label the 
rank of the initial term as zero. We shall later see that the terms of the 
binomial have a peculiar meaning in the theory of probability, but one 
which arises because the mathematical definition of probability depends 
on permutations. The customary appearance of in that context is 
therefore confusing to the beginner. You have been warned. 

At this stage a little practice may help the beginner. Here are some 
riddles. 


Find the number of permutations of the letters in the following 
words : 

(a) Peripatetic, (p) Opprobrious. 

{Ans. (a) 2,494,800, (6) 1,663,200.) 
Do the same with the following: 

(u) The chemical compound called: Dihydrocholesterol. ^ 

{b) The town in Anglesey called: 

Llanfairpwllgwyngyllgogerychioyrndrobwllllantysiliogogogoch. 

A hand of 13 cards has 1 club, 3 diamonds, 4 hearts and 5 spades. 
In how many ways can we classify their linear permutations by 
suit} (Ans. 360,360.) 

In how many different ways can one arrange in a row 6 pennies, 

7 sixpences and 8 shillings? (ylns, 349,188,840.) 

How many different numbers can one make from the ten 
figures 1, 2, 2, 3, 3, 3, 4, 4, 4, 4? (Ans. 12,600.) 

How many different linear arrangements can one make with 
4 oranges, 6 lemons, 8 apples, 10 pears? 

A bookshop shelf has 15 books on it. 4 are copies of Hamlet i 
2 are copies ot Science for the Citiseni 3 are copies of The Three " 
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Musketeer SI 6 are copies of the Bible. How many different arrange- 
ments are possible? (Am. 6,306,300.) 

In a garden there are 5 rows of peas, 4 rows of beans, 2 rows 
of lettuces and 2 rows of radishes. How many different arrange- 
ments of the row§ are possible? {Ans. 540,540.) 


It is possible to visualise (Figs .188 and 189) the build-up of the 
formulae and "R,. == by recourse to a chessboard lay-out 

♦ f ^ 



00 


♦♦ 

#4 


f# 


99 

94 

♦ 



00 


* 

4 # 

49 

44 



Fip;, 186 — CfP OppcnAunlb^ (Z~J^ld chcrice.) 

Linear arrangements from a set of 4: 

with repetition (all pairs) ....... 4.4 = 4^ 

without replacement (solid pairs only) . . . 4. 3 = 4®' 

which brings into focus the relevance of permutations to probability, 
as defined in the next chapter. These two figures refer to a universe 
of four items, viz.’, a pack consisting only of 4 cards: 1 spade, 1 heart, 
1 diamond and one club. If we replace each card before picking 
another, each of the (here 4^) ways of extracting a 2-fold sample 
corresponds to one of the pairs of an n.n — n® lattice. To each row of 
I" the lattice corresponds one item of the universe j and successive pigeon- 
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f the same row exhibit the result of picking any one of the u 
fter first drawing the one indicated in the left-hand vertical 
If choice is not repetitive, one such pair drops out of each row, 
{n — 1) pairs per row and a total of n{n — 1) = pairs. 

# ® f 4 

000 

000 ■ 

000 

00^ 

OoO 

OOQ 


4 f< 

. 000 


000 


000 

#49 

# 4 # 

0<S>< 

oOO 

0 

0 

0 





QOO 

QQQ 

OOO 

QQ( 


OOO 

000 


94# 

o< 0 o 

94^ 

0(0 

000 


000 

♦4 


OOO 

000 

❖9 

000 

000 

000 

00< 


♦ 4 ® 

00>0 

0<0' 

<000 

4 #f 


4^0' 


<000 

49# 

<00' 

4 ^^ 

4 #f 

<000 

0)0' 

(jxOO 

<?><2>o 

<0<?>0 

<0(0' 


Kg. I89 Oppcn'ixmiii£j^ 3 ~£old cli 

Linear arrangements of 3 objects from a set of 4: 

with repetition . . . . . . . . 4^.4 — 4' 

without replacement ..... , . . 2 = -i 
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In visualising 2-fold samples of either type by this devicCj the under- 
lying principle is that each card first taken has an equal opportunity to 
associate with each remaining card. We can extend the chessboard method 
to the representation of linear arrangements of 3-fold samples or to 
larger samples by successive application of the trick employed in 
Fig. 188. If choice is 'repetitive, there are ways of arranging the two 
items first taken to make up a 3-fold sample i and there are n ways of 
taking the third. Accordingly^ we lay out the ways of extracting a 
2 ~fold sample in the left-hand vertical margin and assign each such 
sample an equal opportunity to pair off with each of the n items in the 
universe reconstituted by replacement of cards extracted before with- 
drawal. The resulting lattice now has n^.n~ viP pigeon-holes. If there 
is no replacement the lattice will have only instead of n rowsj 
and two triplets will drop out of every row, leaving ipi — 2 ) pairs per 
row or (« — 2) ~ n^'^- in all. 

The question to which the formula for "P^ is an answer excludes 
replacement; but the replacement condition is relevant if we ask a 
question such as the following: in how many ways can I choose from 
a full pack a sample of 10 cards of which 4 are hearts, 3 are diamonds, 

2 are spades and 1 a club? In more general terms we may formulate 
the question in this way: from a collection of n things of which a 
belong to class A, b to class B, c to class C and so on, in how many ways 
can I choose r of which u belong to class A, v to class B, w to class C 
and so on? 

In the next chapter we shall see that the answer to this question is a 
nv.ster key to the door which separates choice from chance. With the 
help of a picture (Figs. 190-191) it is not difficult to find it. A pattern 
emerges from the 3-class case, i.'e. when there are only 3 classes, e.g. 
aces, picture cards and others. In a full pack there are 4 of the first, 
12 of the second and 36 of the otlier. Let us suppose that we want to 
know how many row-face-upward arrangements there are of a sample 
of 9 consisting of 4 aces, 3 picture cards and 2 others. Now the number 
of classes of permutations of our 9 cards so specified is 3 g, and we 
can dissect each of these classes into its ultimate constituents, if we 
are clear about whether we are or are not free to replace each of the 
8 cards first chosen before choosing another. 

If replacement is permissible, each of our a a different classes 
has 4 fixed places allocated to aces, hence ^R 4 = 4^ ways of filling 
them, any one of which is consistent with =. 123 ^^ys of filling 

3 remaining places allocated to picture cards or 4:'^. 12^ ways of filling 
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reph^mneztt 

Different ways of taking from a full pack a sample of four cards of which two 
are spades, one is a heart and one a diamond, when the player replaces each 

card taken before picking another. - 13M3^. 13^ 
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the places allocated to aces and picture cards, each way consistent with 
filling the remaining two places for a card which is neither an ace nor 
a picture in ways- Thus the total number of ways of taking 

a 9-foid sample of 4 aces, 3 picture cards and 2 others is: 
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no vephLc^ttzenb' 

Different ways or simultaneously taking from a full pack a sample of five cards 

5 ! 

^ of which three are spades and two are hearts. . IS*'-*' 
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The reader will now be able to retrace the steps of the argument, 
if there is no replacement, so that there are = 4^^* ways of filling 
the places filled by the aces in any one class of permutations. That is 
to say, the total number of permutations is 


Well, the pattern which answers our question stated in its most 
general terms now comes to life, viz . : 

n\ 


with replacement 
without replacement 


u\ vlwl . . . 
nl 

ulvlwl . . . 


(f If (f . 

(u) Jjiv) ^{w) 


The two last formulae are going to steer us through a maze of mis- 
understandings about what the mathematician, in contradistinction to 
the plain man, means by probability. Often our concern will then be 
with systems of 2 classes, in which case we can speak of the choice 
of a card of one class (e.g. picture cards) as a success in contradistinction 
to the choice of any other card as a failure. Our pack of n cards thus 
consists of s cards of the first class and f~ {n — s) of the other. The 
master key formulae for taking x out of r cards of the class scored as 
success and hence r — of the class scored as failures are then: 

r\ _ 

with replacement ^ 

T ! 

without -7- — ^ 

x](r — ::e)! 

There is one tricky point to notite. The master key formula depends 
on the assumption that our classification of the pack is exhaustive, as 
is true of a 2 -fold classification such as picture cards and others or 
aces and others. If we are speaking of 2-foid samples containing an 
ace and a picture card taken from a full pack, our classification of the 
pack itself is exhaustive only if we recognise a third class for 36 cards 
which are neither aces nor pictures. In this case, the use of our master 
key formula requires clarification, as is evident by writing it down; 

2 ! 

wzY/z replacement ^ 41 121 36^ 

replacement jy j j-— ^ 4^^^ 12 ^^ 36^°^ 
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We have found a meaning for a®, but so far no meaning for or 
for 0!. What the mathematician calls the correct meaning of one or the 
other is what is consistent with the general application of our rules. 
Now we can test out the meaning of 0! in two ways. First we know 
(Chapter 5) that the number of combinations of r out of n things is 

The number of combinations of n things, if we take all of them is 

therefore , , 

nl n\ 1 

^ "" 0 ! 

Now there is only one combination of n things taken all at a time, 
i.e. ”C„= 1, so that , 

-- = 1 and 0! = 1 
0! 

Our master key formula demands the same meanmg of 0!. If we take 
1 picture card from a pack, we can do so in 12 ways, and our implicit 
classification of the pack is 2-fold, viz.: picture cards and others. 
Since replacement is irrelevant to a single choice, the master-key 
formula of either sort should give the same result, i.e. 

12 * 40 "= 12 = ^, 12 ») 40 »> 

From the left-hand side of this double equation, we see again that 
0! == 1 . The right hand makes sense only if 40^®^ = 1 == 40®. 

IJere are some puzzles involving the master-key formula for solution 
on the assumption of choice (a) with replacement, (6) without replace- 
ment: How many arrangements m a row face upwards are consistent 
with the composition of tlie following classes of samples taken from a 
full pack: 

A 2-fold sample containing 2 aces. {Ans. 16 and 12.) 

A 3-fold sample containing 1 ace and 2 picture cards. 

{Am. 1,728 and 1,584.) 
A 4-fold sample containing 1 red ace and 3 black picture cards. 

{Ans. 1,728 and 960.) 
A 4-fold sample containing 1 heart, 2 diamonds and 1 club. 

(.dtw. 342,732 316.368.) 

A 4-fold sample contaming 3 red cards and 1 black ace. 

- , 140,608 124,800.) 



CHAPTER Xm 


STATISTICS 

or 

The Arithmetic of% Populations 


Till the sixteenth century the more primitive use of numbers to 
enumerate separate objects had played a quite subordinate part in 
shaping ftie progress of mathematics. In the ancient world the social 
statistics of wealth and of human populations for war and taxation 
involved little beyond simple enumerations and made no demands on 
the mathematician except in so far as the need for simple and ready 
methods of calculation was stimulated by the use of money and the 
growth of credit. During the past century the need for mathematical 
devices for dealing with numbers that represent separate objects has 
acquired a new importance, especially because of increasing attention 
to statistics of populations in psychology, sociology, and economics, 
as a basis for laws about man’s social behaviour. Many of the numerical 
devices used in connection with such problems have been suggested by 
the mathematical theory of probability, the elements of which are the 
topic in this chapter. There is still much controversy about the relevance 
of mathematical probability to the circumstances of everyday life, 
and different views reflect individual beliefs about the nature of 
knowledge, inductive reasoning and other questions which concern 
the reader as much as the professional mathematician. Necessarily the 
attitude of a mathematician whose philosophical inclinations are 
sympathetic to an idealistic world picture will not be the same as those 
of the writer, whose outlook is behaviouristic. 

Two seemingly independent preoccupations, one arising from the 
world’s work and one from play, have contributed to the modern theory 
of probability. From the former emerged a gradual recognition that it 
is safe to risk money on the understanding that certain events beyond 
our control are less capricious on a long-term than on a close-up view. 
In popular parlance, it is common to speak of this belief as the law of 
averages, meaning, for instance, that the mean annual rainfall over 
ten periods of ten years is more often than not subject to less erratic 
fluctuations than the separate figures for ten consecutive years. JThis « 
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constancy of great numbers gains credibility from experience of dice, 
card games and lotteries ; but such experience also contributed to a new 
interest in and understanding of the laws of choice. The mathematical 
treatment of chance owes its rationale to the recognition of circum- 
stances in which we are entitled to assume the relevance of the laws of 
choice to the world’s work. 

The first serious contributiotj to the mathematical theory of proba- 
bility is contained in a correspondence between two French mathe- 
maticians, Fermat and Pascal, about wagers in a game of chance. 
Pascal’s posthumous Treatise on Figurate Numbers was published in 
1665. Within a few years the mathematical treatment of risks crops up 
in a different setting. In 1693 the Philosophical Transactions of tlhe Royal 
Society of London published a Life Table, based on the births and 
deaths of the city of Breslau. The object of Halley’s Life Table was 
“an attempt to ascertain the price of annuities upon lives.” Thus 
we may trace the beginnings of mathematical probability to the cult 
of games of chance and the rise of insurance. Like the figurate numbers, 
playing cards are of Chinese origin. Card games became a fashion in 
European courts in the fourteenth century a.d.; and the manufacture 
of cards was probably one of the first commercial uses found for 
printing from wood blocks, also a Chinese invention, before books 
were produced from movable type. 

By that time life insurance was becoming a big business. That of 
ships had become an important form of financial speculation during 
the period when ocean trade was expanding in medieval Europe. In 
the .history of Flemish shipping we can trace it to the beginning of 
the fourteenth century. By the sixteenth, it was a well-established 
financial transaction 5 and Sir Nicliolas Bacon, addressing Elizabeth’s 
first Parliament, asked; “Does not the wise merchant in every adven- 
ture give part to have the rest assured?” Earlier writers are by no 
means so unanimous in associating insurance with the virtue of moral 
prudence. In its initial stages it was a pure gamble which went hand 
in hand with less reputable forms of speculation. With these less 
reputable practices the origins of life insurance are closely associated. 
Money-lending at high rates of interest to princes, with a serious 
prospect of repudiation after a term of years, and credit transactions 
for business in the medieval fairs were not the only basis for the power 
which finance began to wield in the fourteenth and fifteenth centuries. 
Side by side witli business loans at die fairs flourished the practice 
''of makmg wagers on the life of an individual or the birth of a child. 
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and a variety of fantastic speculations. There was frequent legislation 
during the sixteenth century to restrict the activities of the continental 
bourses and exchanges to credit operations, while prohibiting various 
kinds of wager insurance on which the ecclesiastical authorities 
frowned. 

A sixteenth-century writer complains that “a ^art of the nobles and 
merchants . . . employ all their available capital in dealing in money 
... the soil remains untilled, trade in commodities is neglected, there 
is often increase in prices.” The astrologer Kurz, who used the horo- 
scope to prophesy the prices of pepper, ginger, and saffron a fortnight 
in advance, was “surrounded with work as a man in the ocean with 
water.” With no surer basis than astrology the financial transactions 
which enriched the merchant princes of the medieval centres were, 
to a large extent, gambling in the most literal sense. At the medieval 
fairs merchants with capital would lay wagers on the sex of the unborn 
child, or on the time of a person’s death. Examples of these wager 
insurances, which were the precursors of life insurance, are given by 
Goris in his study on the southern merchants’ colonies. Thus there 
is an extant contract between Domingo Symon Maiar and his brother 
Bernardo with two women to whom they agree to pay 30 livres if 
the offspring is a girl on the undertaking that they receive 48 livres 
in* gratitude for the birth of a son. In 1542 Villalon wrote; “Of late 
in Flanders a horrible thing has arisen, a kind of cruel tyranny which 
the merchants there have invented among themselves. They wager 
on the rate of exchange in the Spanish fairs at Antwerp. They call 
these wagers parturas according to the former manner of winning 
money at a birth when a man wagers the child shall be a boy. . . . 
One wagers that the exchange rate Shall be at 2 per cent premium or 
discount, another at 3 per cent, etc. They promise each other to pay 
the difference in accordance with the result. This sort of wager seems 
to me like marine insurance business. . . , For dealing of this kind is 
only common among merchants who Ao/c? much capital. ... By their 
great capital and their tricks they can arrange that in any case they 
have profit.” The last sentence anticipates the practical link between 
a mathematical theory of probability and success in speculation. 
Numerical devices which had served a long apprenticeship in the 
practice of magic provided the basis for a theory of mathematical 
probability when financiers who were gambling in the exchanges 
required a more certain g idance than the astrologer could giva 
them. s 
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PROPORTIONATE CHOICE 

Such was the background of Pascal’s treatise on the Figurate numbers, 
whose relevance to the problem of choice (pp. 207-219) has been the 
topic of brief comment in an earlier chapter. In the last one, we have 
seen that the mathematical treatment of choice concerns itself with the 
number of ways in which we can classify different objects, when we 
select a sample j and that w^-may distinguish samples in two ways. 
If we deem two samples to be different unless each constituent of one 
corresponds to an identical constituent of the other, we speak of a class 
of samples as a combination. Thus we may classify the different ways 
of picking up two letters from the sequence ABCD as 6 distinct com- ’ 
binations: AB or BA; AC or CA; BC or CB; BD or DB; CD or DC. 
If we distinguish samples in virtue of both the order and the identity 
of the constituents, we speak of a class of samples as a permutation. 
Evidently there are 12 permutations of 2-fold samples from the above 
4-fold collection (so-called universe) of items. The implications of such 
classification of samples in virtue of both arrangement and composition 
constitute the new notion Pascal contributed to the development of 
a calculus of chance. ' 

In what follows how many ways of choosing a sample will always 
signify how many permutations are consistent with its prescribed com- 
position. To get to grips with Pascal’s attack on the assessment of risk, 
we must look at the problem of choosing a sample with a particular 
specification in relation to all different ways of choosing a sample of 
the same size from the same universe. If the specification of a 3-fold 
sample from the 4-fold universe whose items we label as above is that 
it shall contain the letters A CD, we proceed as on pp. 592-594. 
There are ^Pg = 4.3.2 = 24 ways of choosing any 3 out of 4 items, 
if we distinguish different permutations as different acts of choice. 
Of these one class of combinations contain the three items A C D 
and we can arrange these in ^Pg = 3! = 6 ways. Thus the permutations 
which conform to the specification contribute to all possible ways of 
choosing the 3-fold sample in the ratio 6 : 24 = as set out below: 


ABC 

ABD 

ACD 

BCD 

ACB 

ADB 

ADC 

BDC 

BAG 

BAD 

CAD 

GBD 

EGA 

EDA 

CDA 

CDB 

GAB 

DAB 

DAC 

DBG 

CBA 

DBA 

DCA 

DCB 
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This ratio, which we might call the proportionate choosability of the 
three letters A, C, D, has at first sight no very obvious connection 
with how often we do pick out letters in this way. What Pascal grasped 
is the implications of Figs. 188-189 in Chapter XII. By defining 
different ways of choosing a sample of particular composition in terms 
of the number of different permutations consistent with its structure, 
we have brought into the picture the notion of equality of opportunity 
for any item first chosen to associate with any item remaining, and 
so on. We can recapture Pascal’s attack on the problem, if we reason 
as follows. If I continue to shuffle a pack of cards, I give each card a 
better opportunity to pair off with any other; and if I go on picking 
samples (e.g. of 3 as above) from the pack, the long-rmi record of 
my experiment will tally with the consequences of equalizing the 
opportunity of the cards to do so. Experience of card games gives 
credibility to this assumption; but it is possible to test its truth. We 
shall cite the result of an experiment of this sort below. 

We have assumed that the act of choice in picking 3 out of 4 letters 
or 2 out of 52 cards excludes the possibility of picking the same one 
more than once. Of course we might also do so, if allowed to replace 
each item chosen from the so-called universe before picking another. 
There would then be 52 ^ different ways of picking any 2 cards with 
due regard to order, and 12^ ways of picking 2 picture cards. The 
proportionate choosability, or as we shall now say, the mathematical 

9 

probability or chance of the act specified, is then 12 ^ : 52^ = 

We have inferred the two results last cited from first principles ;3.but 
we derive them with profit by recourse to the master key formulae at 
the end of Chapter XII, and by so doing obtain further confirmation 
of the paradox 0 ! = 1 — : 


Proportionate choosability with replacement: 


2 ! 

2rm 


122 40“ ^ 522 = 


122 _ 9 


Ditto^ without replacement: 


2 ! 12^2) ] I 


Mathematics for the Million 
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The distinction between the enumeration of permutations with and 
without replacement is important when we extend our definition of 
sampling to recording the result of tossing a die or coin. A 5-fold 
sample of the behaviour of a coiUj i.e. the result of 5 tosses, necessarily 
admits of repetition. Let us put down all different permutations of 
2 tosses; 2 heads-, head followed by tail; tail followed by head-, 2 tails. 
Of these 4 different permutations only one conforms to the prescription 
that both are heads. We thus fay that the mathematical probability of 
getting two heads in a 2-fold toss is -J. In saying this we must remember 


^vrsir' coin 



'Rcsuhts' of* ios'siriQ iwo Coins' 


Fig. 192 

Result of tossing 2 coins on the assumption that either possible result at the 
first toss has an equal opportunity to pair off with either at the second 

that the practical value of any conclusion derived from such an assess- 
ment presupposes knowledge outside the domain of mathematics, 
namely that the construction of the coin is consistent with equality 
of opportunity for heads and tails (Fig. 192) to pair off in successive 
tosses. 

The distinction between sampling with and without replacement is 
sometimes negligible. If we mixed 10 card packs, the proportion of 
picture cards in the composite pack would still be 12: 52 or 8 in 
f. 13; but the mathematical probability of choosing 2 picture cards with- 
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out replacement would be . 52op^ ^ (120)(119) : (520)(519) == 
0-0529; and this ratio dilfers very little from 12^ ; 522= 0-0533. 
If we take a sample from a very large universe, it is therefore immaterial 
whether we replace or do not. This makes sense, because the removal 
of the sample does not appreciably change the composition of the 
universe, if the latter is very big. In practical statistics this is commonly 
so, and fortunately, because the mathematics of sampling with replace- 
ment is somewhat simpler than otherwise. That is why text-books of 
statistics commonly cite the behaviour of coins or dice as model 
situations for sampling which does not actually involve replacement. 

- Possibly we might begin to discuss eugenics with profit if we had 
establishe'd equality of educational opportunity. Certainly, we can 
sidestep an otherwise circuitous route to the basic laws of mathematical 
probability if we take advantage of the chessboard device to exhibit the 
consequences of equality of opportunity in a game of chance, and so — 
at a later stage — of assessing what risks a government incurs in acting 
on certain assumptions about the risks it can hopefully take. For the 
reason stated in the last paragraph, we shall first do so within the frame- 
work of the assumption that our card pack of possibilities is big, or, 
what comes to the same thing, that the sort of risks involved are 
comparable to risks involved in tossing a coin. 

' To stiffen our morale before going further, let us be clear about the 
implications of one sort of conclusion statistics attempts to throw 
light on. Many judgments we make in life depend on evidence which is 
not clear-cut. We may want to know whether some sort of inoculation 
is effective or whether there are rational grounds for a popular illu- 
sionist’s claim to possess so-called extra-sensory perception — ^telepathy 
when we were young. Either way, so many successes may be a 
fiuke. The concern of modern statistics is especially to decide: what is a 
fluke? 

Now there is no final answer to this; but we cannot do better than 
to quote a parable of a contemporary, R. A. Fisher, if we want to 
appreciate the possibility of giving an answer which is definite, albeit 
not final. A lady claims — some do — ^that she can tell by sipping a cup 
of tea whether her hostess added the milk before or after pouring out 
the tea itself. To show off her confidence, she agrees to submit to a test 
in which she has to identify 8 cups, 4, of which received milk first, the 
other 4 tea first, but otherwise like the rest. She can taste them in any 
order and receives no information other than the fact that 4 cups are 
of one sort and 4 of the other. We shall suppose that she identifies 
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every one correctly. We then have to decide whether she justified her 
claim. In common parlance, is the result of the test z fluke} 

A card model for the test is the assignment of 4 red and 4 black 
cards of a pack of 8 in a certain order w.r.t. the colour of the items 
alone. In all, the number of distinguishable arrangements of 8 cards 
of 2 colours (p. 596) is; 



The correct arrangement is thus one of 70, and the chance we assign 
to the result is therefore 7 - 0 . In the long run an individual would 
therefore pick out the correct arrangement once in 70 trials from a 
repeatedly and well-shufiied pack. Accordingly, we say that the odds 
are 69 : 1 against selecting the prescribed order at any one trial, if 
there were no grounds for the claim. Whether we accept this as a reason 
for entertaining much confidence in it is not a mathematical issue; 
but most of us would agree that the result at least offers sufficient 
grounds for further consideration. 

Fisher’s example thus illustrates how we can legitimately invoke 
the behaviour of a suitable model as a yardstick — or null hypothesis — 
for testing the connectedness of two sets of phenomena, here a person’s 
judgment about a situation and the situation itself. It also draws 
attention to the necessity of choosing the right model. By informing 
the subject that there are 4 cups of each sort, we have in fact restricted 
her choice. Another problem arises if we withhold the knowledge that 
half the set are of one sort, half of the other. We could then regard the 
identification of each cup as a l-fold sample judgment exclusively 
involving the alternatives of succes and failure, as in 8 successive tosses 
of an unbiased coin. This admits of 2^ possible arrangements. So the 
chance of a run of 8 successes calculated on this basis would be 
Thus the odds would be 255 ; 1 against a correct result, if the subject 
did not know how many of each class of cups she had to identify. 

At tliis point the reader who is new to the topic of the foregoing 
paragraphs may profitably pause to specify the mathematical probability 
of the following selections at a single draw from a complete pack: 

An ace of spades. (Ans. -h.) 

A ten of any suit. (Ans.-i^,) 

A red queen. (Ans. it.) 
p Any black card. (Ans. k) 
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A royal card (i.e. either a king or a queen, {Ans. 5^3.) 

An ace, king, queen or knave. {Ans. rs.) 

A black ace or any royal card. {Ans. 2%.) 

An ace of hearts or a black royal card. {Ans. -/a ,) 

A red card with one of the numbers 2-9 inclusive. {Ans. -/j. 

A red ten or a black knave. {Ans. it-) * 


V 

THE THREE BASIC LAWS OF PROBABILITY. — ^Three simple rules sidestep 
many complications, when we set out to assign the chance of getting 
a particular result in a game of chance. We shall establish them first 
on the assumption that choice admits repetition, i.e. on the replacement 
principle if the model is a card pack or an urn. The behaviour of dice 
or coins necessarily comes within the framework of this assmnption. 

The Addition Rule . — The foregoing examples illustrate a rule which 
applies to all problems of choice and chance when the prescribed 
selection involves the condition either ... or. The rule is this : if two 
or more selections are mutually exclusive the probability of making one 
or other of them is the sum of their separate probabilities. 

Suppose a 2 -fold sample consists of a red ace and a king. The number 
of possibilities is then limited to 2 aces and 4 kings. If we replace the 
first card taken and reshuffle before taking another, the chance of 
getting such a sample is -^2 — -is. The chance of selecting a red ace 
is g%. That of selecting a king is /j, and our rule states that the chance 
of selecting either a red ace or a king of any suit is: 

^ 4 _ 6 _ 3 

52"^ 52"^ 

The rule of mutually exclusive choice applies to any number of them. 
For instance, we might thus specify all the choices of the preceding 
example with their respective proportionate possibilities thus: 


1 ace of hearts 

1 

52 

1 king of diamonds 

1 

52 

1 ace of diamonds 

i 

1 king of spades 

1 

52 

1 king of hearts 

1 

¥2 

1 king of clubs 

1 

¥ 
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By the addition rule the chances of getting a single draw composed of 
either a red ace or a king is therefore: 

1 1 1 1 11 6 3 

52^ 52^ 62^52 52^52 52 26 

Here are a few simple examples, with which the reader may test 
the rule: ^ 

(а) A bag contains 3 blue, 5 red, 4 green and 2 black balls. Find the 
chance of drawing one ball which is: 

1. Either a blue or a red ball. {Ans. f.) ^ 

2. Either a blue or a green ball. (Ans. 

3. A coloured ball. {Ans. f .) 

4. Either a black or a blue ball. {Ans. A.) 

(б) I throw a 6-face die once. What is the chance that the number 
of pips on the uppermost face is : 

5. Either a one or a six. {Ans. |.) 

6. An even number, {Ans. |.) 

7. Less than 3. {Ans. |.) 

8. Less than 5, {Ans. |,) 


The Product Rule . — ^We can visualize the possibilities of a simul- 
taneous draw with the right and left hand from two identical packs, 
or (What comes to the same thing) a double draw from one pack with 
replacement of the first card takep before removal of the second, by 
recourse to the chessboard device for exhibiting the implications of 
equality of opportunity. In the same way, we may exhibit the result 
of simultaneously drawing one card from each of two packs of dijf event 
composition as in Fig, 193. The composition of the packs in Fig. 193 
is as follows: 

Left-hand Pack (4) 

Ace of spades 

2 of spades 

3 of spades 
Ace of clubs 


Right-hand Pack (5) 
Ace o£ u'pades 
2 of spades 
Ace of clubs 

2 of clubs 

3 of clubs 
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There are 4,5 (= 20) 2-fold permutations, i.e. 20 possibil ties 
consistent with equality of opportunity: 


Ace of spades twice 1 

Ace of spades and 2 of spades 2 
Ace of spades and ace of clubs 2 
Ace of spades and 2 of clubs 1 
Ace of spades and 3 of clubs 1 
2 of spades twice * 1 

2 of spades and ace of clubs 2 
2 of spades and 2 of clubs 1 


2 of spades and 3 of clubs .1 

3 of spades and ace of spades 1 

3 of spades and 2 of spades 1 
3 of spades and ace of clubs 1 
3 of spades and 2 of clubs 1 

3 of spades and 3 of clubs 1 

Ace of clubs twice 1 

Ace of clubs and 2 of clubs 1 

Ace of clubs and 3 of clubs 1 


Total 11 9 

From this table we may extract the following data w.r.t. pairs of like 
suit: 

(a) Two Spades (b) Two Clubs 

Ace of spades twice 1 Ace of clubs twice 1 

Ace of spades and 2 of spades 2 Ace of clubs and 2 of clubs 1 

2 of spades twice 1 Ace of clubs and 3 of clubs 1 

3 of spades and ace of spades 1 

3 of spades and 2 of spades 1 


Total 6 Total 3 

Thus 6 -f 3 = 9 possibilities involve a draw of either 2 clubs or 
2 spades, and the remaining 20 — 9 = 11 involve a draw of one club 
and one spade. The mathematical^probability we assign to choice of 
samples of these three classes are therefore: 


2 spades 


6 _ 3 _ 3 2 

20 “ 10 “ 4^5 


2 clubs 


3 __ 1 3 

20 “ 4^5 


a club and a spade 


11 



If our concern is only whether we draw one or other of these com- 
binations, we can represent any club by the ace of clubs or any spade 
-by the ace of spades as in Fig. 194, the contents of which reduce to the 
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result shown in Fig. 195 in agreement with the above. Let us now 
assign to the suits of each pack the chance of turning up at a single 

draw; 

Left-hand Pack 

Right-hand Pack 


Spades * - 

2 

Spades - 


/ 

Clubs - 

4 

3 

Clubs -y 

5 


Thus the chance of getting 2 spades (j^o) is iht product of the chance (|) 
of getting a spade from the left-hand and the chance (f) of getting a 


#54 


4^ 


Fig. 195 — product' rule- iHustraJcd hyfidio 
loAhixtce shejet o-f 1Q4' 

spade from the right-hand pack. Similarly the chance of getting 2 clubs 
(2^0) is the product of the chance (J) of getting a club from the left- 
hand and the chance (f) of getting one from the right-hand pack. 
A double draw of unlike cards also brings in the either ... or {addition) 
rule. We then have \vi<o exclusive possibilities, left spade-right club 
or right spade-left club. By the product rule these are respectively 
(I x^t)= and (I X 1) = #0- The sum is H as shown above. 


# 4 


Vs % 


# # 

# 4 

3/4 X % 

% X % : 

— %o 


# # 

4 4 

!4 X % 

'A 

= %o 

= ^/2o 
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The reader may here find it helpful to construct tables similar to the 
above for the following (1-10) pairs of incomplete packs of cards all 
of the same suit. Such tables provide all the data for testing out the 
product and addition rules, by assigning the chance of getting a 2-fold 
sample of one or other sort {a-d) below: 

(a) Double aces. 

Q}) Doubles other than aces, \ 

(c) Mixed pairs. 

{d) Double even numbers. 


1. L 

A 

2 

3 

4 


6. L: 

A 

2 






A 

2 

3 

4 


R: 

A 

2 

3 

4 



2. L 

A 

2 




7. L: 

A 

2 

3 

4 

5 

6 

R 

A 

2 

3 

4 

5 

R: 

A 

2 

3 

4 



3. L 

A 

2 

3 

4 


8. L: 

A 

2 

3 

4 

5 


R 

A 

2 

3 



R: 

A 

2 

3 

4 

5 


4. L 

A 

2 

3 



9. L: 

A 

2 

3 

4 



R 

A 

2 

3 



R: 

A 

2 

3 

4 

5 

6 

5. L 

A 

2 

3 

4 

5 

10. L: 

A 

2 

3 

4 

5 

6 

R 

A 

2 

3 

4 


R: 

A 

2 

3 

4 

5 

6 


Jdhe Subtraction Rule . — If our classification of proportionate 
possibilities, i.e. chances, is exhaustive, the total must equal unity, as 
in our last example, viz . ; 

2 spades 2 clubs Both suits Total 

_6 £ n _ 1 ' 

20 20 , 20 20 “ 

If we classify our selections in 2 ways according as they have or have 
not a particular characteristic, the probability p of having the charac- 
teristic and q, that of not having it, therefore add up to 1, i.e. 
(p + ^) — 1. Hence 

p—\—q and q=^\—p 

For example, the respective chances of getting and not getting a red 
royal (K or Q) card at a single draw from a full pack are and 
(1 _ -gi ) = ff or ^3 and if. It is often possible to short-circuit 
work involved in solving problems of sampling by using this subtraction 
rule, more especially if they call for a determination of the chance of 
getting at least one combination of a particular category, as whey we 
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ask: what is the chance getting at least one red card in a single draw 
from each of two full packs? 

Here, the important point to grasp is that we must either get no 
red card in the combined draw or at least one. In other words, this 
two-fold classification is exhaustive, i.e. complete in itself. Hence the 
chances we assign to the two classes of combinations so defined must 
add up to unity. Now the chance that a card will be black in a single 
draw from one pack is |, whi^ is of course the chance that it will not 
be red. The chance (p) that both cards of a simultaneous draw from 
two full packs will be black is (by the product rule): 

I X 1 = i 

Hence the proportionate possibility {q) that both cards will not be 
black is : 

I- 

Since the condition that both cards will not be black is another way 
of stating that at least one will be red, this is the required answer. 

It is just as simple to answer the question what is the chance of 
getting at least one heart in eight successive draws with replacement. 
By the product rule, the chance of getting 8 cards which are not hearts 
is (I)®. Thus the chance of getting at least one heart is 

65536 65536 

The respective probabilities of getting at least one heart and of getting 
none at all are thus 58975 : 6561 or roughly 9:1. We customarily 
express this saying the odds are roughly 9 : 1 in favour of getting at 
least one heart in the 8-fold draw.* 

The occasion which prompted the celebrated controversy between 
Pascal and Fermat furnishes a neat illustration of our negation rule 
for the at least one type of problem. The Chevalier de Mere had made 
a fortune by betting small favourable odds on getting at least one six 
in a 4 tosses of a die, and lost it by betting small favourable odds on 
getting a double six in 24 double tosses. The subtraction rule gives 
the explanation. 

Chance of getting at least one six in 4 tosses: 

1 — (f)'^ — 0.517 {more likely than not). 

Chance of getting a double in 24 double tosses : 

’ »• 1 ~ = 0.491 (te likely than not). 
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The following riddles involve the subtraction rule: 

1. In a simultaneous draw from the two packs of Fig, 193 what 
is the chance of getting at least one club? {Ans. ys-) 

2. Ditto at least one ace? (Ans. Yoi) 

3. Ditto at least one card whose value is J^ss than 6? (Ans. f.) 

4. Ditto at least one black card? (Ans. 1.) 

5. In a simultaneous toss of two ^ice what is the chance that at 
least one face upturned has at least 3 dots? (Ans. “.) 

6. Ditto at least 4 dots? (Ans. |.) 

7. Two bags each contain 3 yellow, 4 blue, 5 red, 6 green, and 
2 black balls. In a simultaneous draw what is the chance of 
getting at least 1 black ball? (Ans. tVe-*) 

8. Ditto at least 1 green ball? (Ans. jn^o-) 

9. Ditto at least 1 red or 1 green ball? (Ans. .) 

10. Ditto at least 1 blue or 1 black ball? (Ans. i%^.) 

THE MEANING OF INDEPENDENCE.— It is common to State the product 
rule as follows: the probability of a combination of two or more 
independent events is the product of their individual probabilities. 
The key-word in this statement is independent. A simultaneous draw 
from two card packs or a simultaneous toss of two dice are independent 
events ; and the same is true of successive tosses of one and the same 
die. It is not necessarily true of successive draws from the same card 
pack. The result of tossing a die a second time is not dependent on 
what happened the first time, because the number of faces reniains 
the samej but a similar statement applies to a card pack only if we 
replace the card previously drawn before picking on another. It cannot 
be true of a simultaneous 2-fold draw. 

Let us now therefore see how we can apply our three fundamental 
rules to sampling without replacement. We shall suppose that cur 
pack consists of 8 different cards, classified by suit as follows: 

Cluhs 1 ; Hearts 3 ; Diamonds 4 

Let us call this pack, as initially constituted, A. If we draw a 
card from it, it must be a club, a heart or a diamond. We are thus left 
with one of 3 residual 7-card packs respectively composed of; 

Clubs Hearts Diamonds 
B 0 3 4 

' C 'v 1 ■ ' '2 ■■ T,-. ;4\ :■ 

■ ■ .■.'■D , i ^ ^ ■■ 
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Thus the chances of drawing a club, heart or diamond from the original 
(A) and the residual (B-D) packs are: 

Hearts Diamonds 
3 i 

8 2 

3 4 

7 7 

2 4 

7 7 

3 3 

7 7 

We can now regard the problem of drawing two cards without replace- 
ment in a new way, viz. as that of choosing a card from pack (A) with 
the left hand and choosing a card from another pack (B, C or D) with 
the right hand. We can regard the card we draw from A as a lottery 
ticket which entitles us to draw from one or other of the packs B, C, D, 
the composition of each of which is fixed. Drawing from one and the 
same pack A first a club and then^ without replacing it, a heart is thus 
equivalent to two acts of choice which are truly independent'. 

(i) Choosing a club from pack A. 

(ii) Choosing a heart from pack B. 

We*may therefore apply the product rule for independent events. 
The chances of (i) and (ii) are, respectively, J and f . Hence that of 
the combined choice is X — -rG. In this way we can make a com- 
plete balance sheet of probabilities for the combined acts of choice: 

Club-c/wfe 0 Club-tor^ 6% Club-d/amowd 5 % 
llQWi~club 5 % }rltm.~heaYt Yltzxt-diamond if 

Diamond-cfe6 Diamond-Zzeart H Diamond-diamond 1|- 

We can also classify the final result in various ways by applying the 
addition rule for alternative choice and the subtraction rule for the 
at least one condition, e.g.: 

Two cards of the same suit 0 + /f + == 

Cards of different suits 1 — rs" == if 


A 

B 

C 

D 


Clubs 

1 

8 

0 / 

1 

7 

1 

7 
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SECOND CHOICE 


<5> Q 0 



COMBINED CHOICE 


^(5) 40 fQ ^PO ♦<) 

f<S> ♦O 

ft ^ ft It' ft 

= O A 7* 4 7 * 

SECOND CHOICE 

0 0 

ft^ft-^ft ft+ft“^ft 

as ! 3 4 

T . ¥ . . ¥ 

'Uq, I96 Staircase mcdd ^r Z~£ld clvatce. 

ve^lajcem , 
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Alternatively we may classify the results by the nature of the second 
choiccj as indicated above in italics: 

Club = 5^6 = h 

Heart + Te + M = M = I 

By using such a mod*el as Fig. 196, one can never go wrong when 
working out chances of successive acts of choice without replacement; 
but we can arrive at the same results by recourse to our master-key 
formula. All permutations of the 8 different cards taken 2 at a time are: 

spg = 8^2) ^ 8.7 = 56 

To apply the master-key formulae, we have to remember that = 0 
when n is greater x. For instance, 3^^^= 3(.3 — 1)(3 — 2)(3 — 3)== 0. 
We then derive the following: 

2 clubs 
2 hearts 
2 diamonds 

Heart-club or vice versa 

The*reader may complete the balance sheet for practice, and then try 
by master-key formula and staircase model to check the chance for a 
double draw from the same pad without replacement as specified 
below: 

1. Double spade from pack composed of 1 heart, 3 spades. 

{Ans. I .) 

2. Spade and diamond from pack composed of 2 hearts, 3 spades, 

1 diamond. {Ans, -|.) 

3. Double diamond from pack composed of 3 hearts, 4 spades, 

2 diamonds, 1 club. {Ans. -ig.) 

4. Heart and spade from pack composed of 1 heart, 2 spades, 

3 clubs. {Ans. i%-.) 

5. Double club from pack composed of 2 spades, 3 diamonds, 

r ^ 4 clubs. {Ans. i.) 



2! 

p2) 

.3("> 

.4(0) ^ 

■56 = 

0 

V. 

0!0! 






2! 

pO) 

312; 

po) 

•56 = 

6 


Wo! 



56 


21 

0!0! 

po 

3(0) 


• 56 = 

12 





56 


2! 

pi) 

3(1 > 

^ 66 


6 

IT 

1!0! 


56 
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6 . A red and a black card from pack composed of 2 hearts, 

3 spades. {Ans. f .) 

1. Two red cards from pack composed of 4 clubs, 3 hearts, 
1 diamond. {Ans. ^.) 

8 . Two black cards from pack composed of 2 spades, 3 clubs, 

4 hearts. {Ans. 3 ^.) 

9. A red and black card from pack composed of 1 spade, 1 club, 
3 diamonds. {Ans. f.) 

10. A red and black card from pack composed of 2 clubs, 5 diamonds, 
1 heart. {Ans. |.) 


THE BINOMIAL DISTRIBUTION.— If I toss a penny twice I may classify 
the 4-fold outcome (Fig. 192) as follows : 

Result 2 tails Unlike faces 2 heads 
Chance i *5 i 

If I score a head as 1 and a tail as 0, the scoreboard is 

Score 0 12 

Chance III 

This is deducible from the chessboard lay-out of Fig. 192 if the penny 
is unbiased in the sense that it obeys the law of equal opportunity, and 
it accords with the 3 basic rules: 

TT TH or HT HH 

(l)(l) (DCD + CDCI) (i-)(l) 

In tliis set-up we see that the three probabilities are successive terms 
of the binomial (| -f- -|)^ — (-|)^ -f 2(|)2 -f (|) 2 . For the 3-fold toss, 
application of the same rules leads to the following balance sheet: 

Score 0 1 2 3 

Result TTT TTH,THT,HTT THH,HTH,HHT HHH 

Chance {^ 3(|)3 3(J)« (1)^ 

Again, we get successive terms of a binomial: (| 4- |-)^ j and successive 
application of the chessboard method of applying the product rule as 
in Fig. 197 discloses a quite general law when we sample without 
replacement. If we score our results as 0, 1, 2 . . r successes m an 
r-fcld trial denoting tlie probability of success in a single trial by 
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total: 
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and that of fahure by ^ = (1 - p\ the probabilities of getting scores 
of O 5 1, 2 . . . r are successive terms of the binomial {q i.e. 

Score 0 1 2 etc. 

Chance q^' rq''~^.p r{r—\)<f~^p^ etc. 

Now we could get to this result right away by using our master-key 
formula. Let us suppose that there ^re n cards in a pack of which 
5 (successes) are of one sort and /= (s — n) are of another, our 
classification is then exhaustive. If we replace, the number of all possible 
arrangements of r cards is "R,. == The number of r-fold samples 
which contain jc successes and (r — x) failures is 
r\ 

The proportionate contribution of samples so specified to all possible 
r-fold samples is therefore 

jc!(r -- jc)! n'' x\ (r — jc)! w \n/ 

In this expression (s -f- n) is the proportion (p) of cards classified as 
successes, and (/ -f- n) is the proportion (q) of cards classified as failures, 
since the probability of success at a single trial is simply (s -r- n). Thus 
the chance of getting x successes is 

We have already learned (Chapter VII) that this is the term of rank x 
in the expansion of {q -h p)\ when we label the initial term as the term 
of rank 0. Fig. 198 shows that an analogous law governs sampling with 
replacement and incidentally illustrates a rule known as Vandermonde^ 
Theorem^ i.e. the expansion of the binomial in factorial indices:, e.g. 

= /(/•“ 1 ) + 2 ^ + 5 ( 5 - 1 ) 

+ 4 - 

For non-replacement the 2-class law of distribution is summarized in 
the expansion (/ -f- -f- n^’’^ so that the probability of x successes 

(Fig. 198) is 

y\ pr-x)^x) 

x!Cr - :r)! 
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For practice, the reader may here try out the following: What are the 
chances of the following with (if possible) and without replacement? 

1 . Getting 0, 3 or 5 red cards in a simultaneous single draw from 

each of 7 full packs? {Ans. rig ; .) 

2. Getting 1, 2 or 4 picture cards in a shnultaneous draw from 

each of 5 full packs? {Am. Tiiih) 

3. Getting 8, 10 or 12 picture cards in a simultaneous draw from 
each of 12 full packs? 

4. Getting an odd number of royal cards in a simultaneous draw 
-from each of 6 full packs? {Am. Iff lilt .) 

5. Getting an even number of aces in a simultaneous draw from 
each of 6 full packs? {Am. 

6. Getting a heart, 2 spades, 1 club and 3 diamonds in a 7-fold 
draw from a full pack, the condition being that each card 
drawn is replaced before the next draw? {Am. rt'llir)- 

7. Getting 2 red and 4 black balls in a simultaneous single draw 

from 6 bags each containing 1 red, 2 yellow, 3 green, 4 blue 
and 5 black balls? {Am. tA “5 0 ' 

8 . Getting 2 yellow, 1 blue and 1 black in a 4-fold draw from 
one of the same bags as in 7, on condition that each ball drawn 
is replaced before the next draw? {Am. 5 II 5 .) 

9. Getting 3 red, 4 green, 1 blue in an 8-fold c|j:aw? 
{Am. 

10. Getting 2 red, 3 green, 5 blue in a 10-fold draw? 


probability: practical and mathematical. — ^Mathematical proba- 
bility, with which we have so far concerned ourselves, is proportionate 
possibility. The mathematician’s definition of what is probable is con- 
cerned with what may happen, and is relevant to calculations of practical 
value only in so far as circumstances warrant the belief that events occur 
with corresponding frequency in real life. In experiments with well- 
shujSied packs of playing cards, the relative frequencies with which we 
draw particular combinations of cards when we cut a pack without 
knowledge of how the cards lie agree closely^ though not absolutely,!^ 
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with the mathematical chances of such combinations when the number 
of trials is very large. Here is the record of a class experiment in which 
each of ten pupils in turn recorded separately the results of drawing 
a card 10 times from a pack, replacing each card picked before a 
subsequent draw. The table shows cumulative totals for scores of the 
first 10-fold trial, first fwo, first three, etc., pupils; 


No. of trials 

Red t 

Black 

Percentage 

10 

4 

6 

40 

20 

9 

11 

45 

30 

14 

16 

46-7 

40 

19 

21 

47-5 

50 

27 

23 

64 -0 

60 

32 

28 

53-3 

70 

37 

33 

62-9 

80 

43 

37 

63 -75 

90 

48 

42 

63-3 

100 

61 

49 

61-0 


The proportionate frequency of red cards chosen clusters around 
60 per cent or being sometimes a little more, sometimes a little 
less, and nearer the mark at the foot of the table, i.e. for the largest 
sample, than at the top where the sample is smallest. For a large 
sample, i.e. in a large number of trials, the proportionate frequency of 
picking a red card thus approaches the proportionate possibility (|-). 
When such correspondence exists we say that our choice is randomy 
meaning that it conforms to the law of equal opportunity for associa- 
tion, but any calculations we make about actual events by invoking the 
law of equal opportunity are at best valid only in the long run. 

Here is a simple example of the tie-up between theory and practice. 
The proportions of boys and girls born are approximately equal, 
i.e. the long-term proportionate frequency of a boy-birth is almost 
exactly |, and experience shows that the frequency with which boy- 
birtlis occur is not appreciably affected by the circumstance that the 
previous birth was of one sex or the other. In other words, boys and 
girls come into the world rather like red and black cards from well- 
shuffled packs when we draw one card from each pack in succession. 
If the analogy is valid, asking how often 3 boys will turn up in a family 
of 5 children is equivalent to asking; what is the mathematical probability 
pi getting 3 red cards in a 5-fold draw on condition that we replace each 
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card picked out before a subsequent draw? Our binomial law of 
distribution gives the answer as : 

.Al ( 1)3 (1)2 _ -1. i: _ 

3! 2! ^ 2 ; 3!2I*32“16 

By the subtraction rule, the probability of not *getting 3 red cards in 
such a trial is 1 — = ^. Thus the odds in favour of getting exactly 

3 boys in a family of 5 brothers and sisters are 5 : 11. If the ratio of 
boy to girl births were not 1 : 1, we should not be justified in using 
the full pack as our model. Suppose that it were in fact 3 : 4. An 
appropriate model situation would then be sampling from a pack of 
3 hearts "hud 4 spades, and tlie probability of finding 3 boys in a family 
of 5 children would be : 

5! /3\s/4Y__ 4320 

\V ~ 16 ^ 

We can now see how the proprietor of a gaming saloon can adjust 
his staites so that a large proportion of his clients get satisfaction, while 
he makes a steady profit. If he bets that he will get at least three heads 
in a trial of six tosses, the odds are 21 to 11 that he will. With sufficient 
capital to go on long enough, this means that he will succeed in about 
two-thirds of his wagers and his customers will succeed in about 
one-third. A man who sets out to earn a livelihood by wagers, like the 
wager insurances of the Antwerp financiers in the sixteenth century, 
can do so if he has enough capital at the beginning and assesses the 
long-run risk correctly. If the proportion of boy and girl births is 
exactly equal, we see that a very large number of wagers like that of 
Bernardo and Domingo mean 4S liVres return for every 30 paid out, 
or a net gain of 60 per cent. If the distribution calculated on the 
assumption that the probability of a male bkth is | correctly describes 
how families grow, it is also clear that a man with a capital of 60 livres 
has a much greater chance of losing it than a man with a capital of 
300 livres. For with 60 only at his disposal he can make only two bets. 
The probability that both births will be female is i-. Of a very large 
number of persons with only 30 livres with which to wager one in 
four will therefore lose all their capital. With a capital of 300 livres 
ten wagers are possible. The odds in favour of ten successive births 
being female are I to 1,023. Of a very large number of people with 
300 livres, less than one in a thousand will lose it all before winning a 
wager. With a large capital the speculator can safely give undertakings ’ 
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in excess of his capital resources to pay on the Bernardo and Domingo 
principle without much risk of being bankrupt. So his capital steadily 
grows while his poorer brethren are ruined, or, if they are not ruined, 
get a foot on Jacob’s ladder themselves. Once he has got together 
sufficient capital to safeguard himself against any serious likelihood of 
bankruptcy he can drive his small competitors out of the market by 
offering more favourable terms. 

The actual frequency of mal^ births is a little more than half of all. 
So it is represented by a theoretical probability corresponding with 
that of drawing balls from a bag in which rather more than half are red. 
Suppose that the observed frequency of male birtlis in the entire 
population is 0-51. The speculator can then offer to return the’premium 
with a 100 per cent bonus if the bet goes against him, and still make 
a 2 per cent profit in the long run. Whether he succeeds depends on 
how long he can go on putting up the capital required. Successful 
speculation therefore depends on the principle: to him that hath shall 
be given^ and from him that hath not shall he taken away even that which 
he hath. The great fortunes of finance capitalism have been built up 
on this basis. While the nobility were gambling away their fortunes 
by failure to understand the connection between probability and 
frequency their more astute contemporaries realized that there is a 
surer road to wealth than mere luck or sheer merit. In a period wheh 
the wealthier merchants were exploring fresh avenues of enrichment, 
it is easy to see why the correspondence between Pascal and Fermat 
should awaken interest which extended far afield from the card table. 

ODDS AND AREA. — The last few paragraphs, though they scarcely do 
justice to what the mathematician‘'has to contribute to the solution of 
pressing contemporary problems, may at least suggest to the readers 
of Mathematics for the Million that the mathematician’s definition of 
probability has some relevance to what we mean by probability in the 
workaday life of the world. So we may here pause to simplify the task 
of getting the usefulness of mathematical probability by introducing 
a device which is en rapport with the ancient tradition of picture 
language^ 

We represent the growth of something measurable by a graph on the 
assumption that it grows smoothly without jumps. Statistics deal 
largely v;ith whole numbers, and whole numbers do not grow larger 
in this way. For a reason which we shall soon see more clearly, it is 
^ conv/?,nient to represent a function of whole numbers by a device 
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called a histogram. A histogram is a vv&vtzl fiction, which hardly needs 
e}£planation with pictures such as Figs. 199-203 before us. This shows 
how the chance of getting a score of 0, 1, 2, etc., depends on x the 
score itself. We represent a particular value of y corresponding to 
a particular value of x' by the height of a column whose mid-point on 
the base line is x. This is a fiction in the sensie that y^ has no value 
between x, (e.g. 3 tosses), and (a' + 1), e.g. 4 tosses, or (x — 1), 
e.g. 2 tosses ; but the fiction has a use, we shall now see. 


Two Tbs'^es 

VktHcaL unit vepresetxts 
a prohaJydUyr of 



Tkrcc Toss-es '' — ^ 

VorfcaL imit represents 
a pToh^kiClily of 




Fig. 199.— Histogram of the Spinning of a Coin 
In each figure one horizontal unit compares with a success (i.e. a hea^i). 
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Fig. 200 

Number of red balls drawn in a trial of four represented along the horizontal 
aKis. The vertical axis measures relative frequency of each class selected, the 
unit being (^)®. The assumption is that the player replaces each ball drawn 
before taking another from the bag. 



The horizontal units represent the number of girls in a family of S. The vertical 
unit represents a probability of Q)®. 
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Since the mid-point of each column is x, the width of each column 
is jc H- Is and since successive values of x differ by unity, the width 
Ax of the column is also unity. That is to say y^.IS.x~ y^. Now the 
chance of getting one or other of any possible value of x is itself unity 
in accordance with the addition and subtraction rules . When the sample 
is r-fold we may therefore write the sum of "all score values which 
increase from 0 to r in unit steps in the form 

A,. 

2 y^ — 1 = Tt y^.Ax 

When a sample is fairly large, the smooth curve drawn through the 
mid-points at the top of each column of the histogram of tlie binomial 
distribution, as in Fig. 203, has a characteristic shape. We call it the 
normal curve when r is indefinitely large. Evidently, the area under the 
whole curve then differs insensibly from that of the histogram, because 
tlie nearly triangular areas chopped off or included by it are almost 
equal. 



0 1 2 3 4 5 6 7 G 


. Fig. 202 

The units are the same as in the preceding figure. The shaded area in this case 
stands for the probability that a family of B children will have at least 3 and not 
more than ~> girls 

At first sight there is no dividend in this; but the addition rule gives 
a new clue to follow up. The chance of getting a score x is and*"* 
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— y^/\Xy since A;c = 1. Thus the chance E(x + 1) of getting a 
scores +1 is: 

y!c-i+yx-^yx + i=yx-v Ax Ax 

r=a: + l 

£(jc+l)= S yrAx 

* r=x-l 

More economically we can write the chance of getting a score (x + a) 
in the form E(a)y so that 

E(d)~ S y^-Ax 

a 

If r is very big, we can now make an approximation: « 



If Y is not quite so big we have to remember that the curve goes through 
the mid-points — and the student may check tliis by making a diagram 
like Fig. 203. We shall not be far out if we write: 



^ I'lG. 203 . — The Normal Curve of Error as an Approximation to the 
** Binomial Distribution 
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Now probability in the mathematical sense is relevant to the real 
world only in the long run, and leads us to conclusions of more or less 
value only in so far as the samples we are discussing are more or less 
large. It is very laborious to calculate odds from the biaomial distribu- 
tion — or other exact statements of the sort — ^when the numbers involved 
are large; but it is often easy to make tables of fhe values of an integral 
between specified limits such as x ± if we can express the chance 
of getting a score x in a form which is Wegrable, or if we can find an 
integrable expression in approximately equal to y. For the binomial 
replacement distribution of a score which increases by unit steps, the 
exact expression for the r-fold sample we have seen to be: 


jc!(r — x)! 




The corresponding normal curve which describes this set-up with 
remarkable precision if p = | and r = 16 and in general if rp is greater 
than 8 is 

1 ix - rpY 

y — — e ' 2 m 
\'27rrpq 


How to find such fitting curve for a histogram is one of the themes 
which statistical theory deals with; and we cannot do justice to it in 
the space we have. All that is possible in this chapter is to whet the 
appetite of the reader for further study and to indicate what sort of 
problems mathematical statistics deals with. 

iviENDELiSM MADE EASY. — ^The reader, like the author, may hav§ had 
a puritan upbringing. If so he (or she) may well say: all we have learned 
about mathematical probabihty is How to gamble; but we do not want 
to gamble. That is fair comment. We will also suppose that the reader 
has read, or will buy, the author’s Science for the Citizen ; and therefore 
knows how genetics has increased the world’s corn (Anglice maize), 
wheat, tobacco and sugar production. If so, the reader will know that 
genetics pays dividends in terms of rationally planning the world’s 
resources for the satisfaction of common human needs, and will not be 
bulldozed into believing that Mendel’s theory of the gene provides a 
reason for not enjoying Paul Robeson in the Ballad of America, 

The beginning of Mendel’s theory of the gene was the discovery that 
hybrids of pure-bred parents belonging to different strains have off- 
spring in definite numerical proportions. This led to the conception 
that the hereditary constitution of an individual depends on discrete^ 
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particles (genes) like the molecules of a gas. In the kinetic theory we 
assume that the speed of different molecules varies in the same way 
as a binomial distribution. In the theory of the gene, we assume that 
whether a particular egg-cell of the mother is fertilized by a particular 
sperm-cell of the father happens with -the same frequency as it would 
happen if they were colbured balls drawn from a bag. 

One of Mendel’s original experiments will illustrate the use of prob- 
ability in establishing the theofy of the gene. Mendel crossed pure- 
bred varieties of the sweet pea, one with yellow seeds, the other with 
green seeds. The hybrids had yellow seeds. When these hybrids were 
fertilized with their own pollen, one-quarter of their offspring had 
green seeds and bred true when self-fertilized. The remainder were 
yellow. One-third of them, that is to say one-quarter of all the off- 
spring, bred true like their yellow grandparents. The other yellow- 
seeded offspring, when self-fertilized, had yellow and green offspring 
in the same proportion as their parents (3 : 1). Thus a cross between 
pure stocks resembles a chemical reaction in the two essential features 
which led to the atomic theory of chemical combination. The first is 
that the characteristics of the original parents of the hybrids can be 
recovered in their original purity. The second is that the various com- 
binations of hereditary characteristics occur in constant numerical 
proportions. The following table shows the results of scientists who 
have carried out the same experiments with the same varieties of the 
pea in different countries and on different occasions. 


Investigator 

ib) Date 

(c) Offspring of Yellow Hybrids 
when Seif-fertilized 

Yellow, 
Per cent 

Green, 
Per cent 

Total 

Numbers 

Mendel . . . 

1865 

75-05 

24-95 

8,023 

Correns . . , 

1900 

75-47 

24-53 

1,847 

Tschermak . . 

1900 

75.05 

24-95 

4,770 

Hurst . . . 

1904 

74.64 

25-36 

1,755 

Bateson . . , ' 

1905 

75-30 

24-70 

15,806 

Lock ' . . ■ , . 1 

1905 

73-67 

26-33 

1,952 

Darbishire . . | 

1909 

75-09 ' 

24-91 

145,246 


The experimental results of such a cross lead to two conclusions. 
"The /colour of the seed depends on simetUng -which, the individual 
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receives from eacli of its parents. Green-seeded peas liave either two 
parents which had green seeds, or two parents each of which had 
green-seeded ancestors. So this something which the hybrid gets from 
its green parent will only make the seeds green if the individual 
receives it from both parents. We call this something a gene. If we 
suppose that there are particles on which the niunerical proportions of 



Seed Colour in the Pea 

hybrid crosses depend, just as there are particles on which tlie laws of 
chemical combinations depend, two simple assumptions suffice to 
explain the manifold results of innumerable experiments in heredity. 
One is that whether an ovule (egg-cell) has one gene or another does 
not affect the chance of its getting fertilized by a pollen grain having 
one gene or another. The second assumption is tliat when an individual 
forms pollen grains or egg-cells, each pollen grain or egg-cell gets one 
gene, but not the other. The yellow hybrids of this experiment get one 
gene, we call it the yellow gene, from their yellow parent. The other 
gene, the green gene, comes from their green parent. Half the pollen 
grains and half the ovules have the gene contributed by one parent 
in the original cross and half have the other. The application of^these ^ 
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two assumptions is exhibited in a diagrammatic form in Figs. 204 and 
205. 

The hereditary make-up of an individual, according to Mendel’s 
hypothesis, consists of pairs of genes derived from each parent. Each 
pollen grain or egg-cell only gets one of the genes of each pair. Pollen 
grains or egg-cells with one gene or the other of the same pair, such 
as the green-yellow pair which we are considering, are manufactured 
with equal frequency. If whiclf. sort of pollen fertilizes which sort of 



Fig. 205.— The 3 : 1 Ratio of Mendel’s Hybrid Progeny 


egg depends on the frequency with which the different sorts occur, the 
proportion of yellows and greens k the offspring will be 3 : 1. This is 
equivalent to saying that the results obtained are like those we get 
when we spin a coin twice, or take one ball from each of two bags 
containing red and black balls in equal numbers. From the table 
showing the results of other investigators who have repeated the 
particular cross which has been used to illustrate the elementary 
theory of the gene, you will see that the numerical proportions of the 
various kinds of offspring are not absolutely constant. They are con- 
stant only in a statistical sense. 

This saving clause needs very careful scrutiny. In constructing a 
hypothesis to explain the results, we have chosen a statistical model to 
which the mathematical theory applies. This means that the numbers 
^'Observed in samples of the same size should differ from the mean of a 
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very large set of observations on similar samples according to the 
binomial rule. Fig. 206 shows us that in a cross between the impure 
yellow and the green variety the expectation of either green or impure 
yellows is |. Suppose only twelve plants of such a cross are reared in 
an actual experiment. We should not expect to find exactly six plants 
with green seeds and six with yellow. To get Exactly equal numbers 
would be obviously impossible if the size of the sample were an odd 
number. In any particular experiment involving only twelve ojSfspring 


(D 

PoUfim, 


Fig. 20Ci. — ^Mendel’s Hybrids 
Cross between hybrid yellow and green parent. 

die number of green plants might 'be anything from 0 to 12. If the 
kind of physical model we have selected properly describes the results, 
these numbers will occur with the relative frequency of the binomial 
terms : 

n\ n\ n\ 

If q{~ I) is the probability that a plant will be green, the mean 
number of green plants in all samples of twelve should be 

n.g—Q 

If a single experiment yields 5 green and 7 yellow, the obs^ved 
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result differs from tlie mean by 1. The probability that the number 
will be in the range M. ± 1 is 

12* 12! 12! 

792 + 924 + 792 
"" ^ 4096 

___.2508 

Thus the odds are 2,508 to 1,588, or roughly 5 to 3, that the number 
of green plants obtained will be not greater than 7 and not less than 5. 
The probability that it will be exactly 6 is 


12 ! 


924 

40 ^ 


231 

10 ^ 


The odds are tlierefore 793 to 231, or roughly 3| to 1 against getting 
exactly a half. To ask for a perfect agreement between the observed 
results and the mean of a much larger sample is therefore asking too 
much. So we ought not to be disappointed if the observed value is a 
little greater or a little less than the mean. On the other hand, the odds 
are higher against than in favour' of getting a departure greater than 
one on either side of tlie mean. So we ought not to rest content with a 
result which differs from the mean by more than one. Deciding whether 
theory and practice agree in the statistical sense thus involves finding 
a range of values which neither puts theory to too great a strain nor 
makes too small a demand upon it. 

The last example involves smaller numbers than would satisfy the 
working scientist, and are an exhibit only because we can work out 
the result without too much effort. In real life, we should not bother 
about getting an exact result. We should work with larger samples and 
use the integral of the normal curve, as surveyors use a table of sines 
or tangents instead of working out a result from Euclid’s geometry 
from first principles. That, merely shows how mathematicians earn 
^ their pay-check even if they do get fun out of what they do. 
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DETECTING A REAL DIFFERENCE. — K common type of question to which 
tfie theory of probability is relevant is one such as this : is vaccination 
effective against smallpox? It would be unnecessary to appeal to mathe- 
matics if it were true both that no vaccinated person ever gets smallpox 
and that a high proportion of unvaccinated people do. As things are, 
neither onfe nor the other is true. We have to' base a verdict on the 
possibility of answering the following question: is the incidence of 
smallpox significantly higher among persons who have not been than 
among persons who have been vaccinated? The key-word here is 
significantly. 

We cannot here attempt to give an exhaustive answer to a question 
of this sort. All that is possible is to give a lead. The way the statistician 
tackles the problem is to ask first: is the result of an experiment on a 
vaccine a fluke? In other words, is it the sort of result we should not 
regard as very odd in a game of chance? So we make a model. To 
make our model as elementary as possible we shall assume that we 
can observe what happens when we do or do not vaccinate the same 
number of people. Of course, this is a simplification of the problem; 
but it is not difficult to adjust our procedure for solving it with a view 
to comparison of vaccination statistics of populations which are not of 
equal size. Within the framework of this limitation, it is easier to get 
tlie task of detecting a real difference into focus. 

We have found, we suppose, that less people get smallpox if vacci- 
nated; and we ask: is tlie difference a fluke, i.e. what would not un- 
commonly occur in a game of chance, if we took samples of such and 
such a size from two identical packs. Well, the number of peoplo who 
do and do not get vacemated is very large, and we have seen that 
replacement is then irrelevant to fhe calculation of risks. So we set 
up a model game of chance regardless of the replacement condition. 
Our two card packs stand for the populations we compare. The 
number of hearts in the sample stand for the number of smallpox cases. 
We seek to find how often the difference between our heart-scores 
would be so much. Figs. 207-208 show how it is possible to find an 
answer by combining what we have learnt about tlie binomial replace- 
ment distribution and the use of the chessboard trick. What we can 
do with samples of 4, we can extend to the treatment of larger samples. 

If we set up a null hypothesis, i.e. a h 3 ?pothesis to knock down in a 
situation such as this, we ask ourselves: is the score difference we 
record in our model situation an occurrence so rare as to make us 
doubt that the two card packs are in fact indentical? We thus aissume’ 
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as the hypothesis we seek to nullify that people in general do not benefit 
from vaccination. If we know the probability that a person would then 
get smallpox, the method of Figs. 207-208 shows how to calculate 
how often the difference between the number of smallpox cases in 
equal samples of a given size will exceed a fall short of any possible 
value it may have. Hefe we have a new hurdle to jump. Fbr we have 
no firm figure for the proportion who then get smallpox. If our null 
hypothesis is right each of ouf- samples — ^vaccinated or not vaccinated 
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Fold. sanipUs : 

Differences of heart-scores of 4-fold replacement samples from identical full 
packs on the principle of equal opportunity. 

—is like one of two identical card packs. By pooling them we get a 
larger sample from the same universe and hence a more precise figure 
for the probability of getting smallpox from the ratio of the sum of 
smallpox cases in both samples to the total size of the combined 
sample. This is the p we use to get the marginal distribution {p + q)r 
for 2 r-fold samples (r vaccinated and r unvaccinated persons) in 
applying the chessboard procedure of Fig. 207. Part of statistics called 
the theory of confidence^ 20xm at defining how often we may be wrong 
'by acting too literally on this assumption. 
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20B> —'Heart' sesare (Tfferenazs'^ pairs' of -4—-^ 
tbld samples: (p=>4:c|=^} 

Histogram exhibiting results of applying the product rrile as in Fig. 207 to assign the distribution 
of the heart-score differences w.r.t. 4-foM samples from 2 full packs. 
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CORRELATION. — Mathematics for the Million is not a textbook of 
statistics, and the object of this chapter is merely to give the reader a 
little insight into the sort of problems that arise on the interface between 
choice and chance. It would be incomplete if we did not touch on one 
theme with which statistical theory deals without getting out of our 
depth. 

In the study of human characteristics and social affairs the most 
straightforward application of fhe kind of matliematics included under 
the term probability arises in connexion with the search for connected 
quantities, as, for instance, if we were to ask: is ability to do mental 
arithmetic associated with parental income? If we arrange a class of 
boys and girls first in the order of the marks obtained in an arithmetical 
test and find the same or reverse order w^hen we again arrange them 
according to the annual income of their parents, we should conclude 
that aritlimctical facility and economic prosperity are connected in 
some way. Such complete correspondence would only occur if the 
effect of all contributory factors were perfectly standardized or negli- 
gible, and in practice we should not be discouraged from drawing a 
positive conclusion if a few names appeared out of place. Drawing a 
conclusion that a correspondence exists thus depends on adopting 
some standard for the amount of displacement which can occur when 
two such “arrays’’ are compared. 

A fundamental measure of displacement when we compare two 
arrays in this way is called rank gain or loss. Suppose the arithmetic 
marks of three boys A, B, C are 75, 52 and 39. Then A, B, C respec- 
tively have the ranks 1, 2, 3 in descending order of proficiency. If their 
parents’ incomes are ffyQQ, and £450 their ranks are 1, 3, 2, the 
rank of A is the same (1) in each array. The rank of B has decreased 
by 1 and that of C has increased by 1. The total rank gains and losses 
must always be the same, and the total number of either can be used 
as a criterion of correspondence. 

To explore such a criterion, let us set out the number of all possible 
ways of arranging three tilings, i.e. 3 ! = 6, viz . : 

A A B B G C 

B C A G A B 

G B G A B A 

M we take any one of these as the standard order there will be a net 
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loss (or gain) of rank when any of the other five are compared with it. 
If we take the first as the standard the orders of rank are : 


1 1 

2 

2 

3 

3 

2 3 

1 

3 

1 

2 

3 2 

3 

1 

2, 

1 

The rank gains (positive sign) and 

losseg (negative) 

are: 

0 

-1 

-1 

-2 

-2 

.. -1 

+1 

-„1 

+1 

0 

+ 1 

0 

+2 

+1 

+2 


This makes the total gains S and the losses 8. So when a group of 
3 objects are successively arranged in all the 6 possible ways in which 
they can be arranged, the total rank loss is 8 and the mean for all 
possible ways is If / is the loss (negative sign) of rank in any 
compartment of the last table, the mean rank loss for a rearrangement 
of w objects when equal value is given to every possible order is therefore 


s/ 

n\ 


S 


If the total rank loss (T) when we compare two arrays does not differ 
greatly from the mean rank loss when all possible arrangements are 
given the same value, we have no reason to suspect that there exists 
any connexion between the marking or measurements on which the 
order of the arrays depends. An index which indicates the correspon- 
dence in the following way is called'* Spearman’s rank coejEficient: 


R = 


T 
’ S 


If the total rank loss is equivalent to the mean rank loss R = 0, and 
if the total rank loss is zero R — 1. So values of R between 1 and 0 
indicate greater or less correspondence. To use this formula we only 
need to know how to find S for an array composed of a fairly large 
number of items. The expression is, 

. «^-l 


6 
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* 9 — 1 8 

Thus when there are 3 objects, S == — - — = as we have already 

found. We can build up the formula for S from the structure of the 
table: 

1 1 ». 2 2 . 3. 3 

2 3 .13.12 

3 2 .• |8 1 . 2 1 

As indicated before there are n\ possible arrangements of n items, and 
the number of rank gains is the same as the number of rank losses. 
Looking at the top row you will see that the number of time^ each of 
the n numbers occurs is the number of arrangements of the remaining 
(n — 1) numbers, i.e. each number occurs {n — 1)! times. The highest 
number {n) can lose rank by 0, 1, 2 on to {n — 1) and each loss occurs 
{n— 1)! times. The next highest {n — 1) can lose rank 0, 1, 2 on to 
(n ~ 2) and each loss occurs (« — 1)! times. So all rank losses can be 
tabulated thus: 

nth number (n — 1)! [0 4- 1 + 2 

(n — l)th number (n — 1)! [0 + 1 + 2 

lowest number but two (w — 1)! [0 + 1 + 2] 

lowest number but one (n — 1)1 [0 -f 1] 

lowest number (n — 1)![0] 

The pum of all the items of this table when the addition is rearranged 
according to the vertical columns is 

(n - 1)! [nCO) + (n - 1) (1) + (n - 2) (2) + (n - 3) (3) . . .] 

= (n - 1)! [(0 + n + 2n + 3n . . .) - (0 + 1“ + 2^ + 32 .. .] 

In each of the two series in this expression there are n terms beginning 
with 0, hence ending with n — 1 and (n — l)^. So we may rewrite it: 

(n - 1)! [n(l 4- 2 + 3 . . . n - 1) - (P 4- 2^ 4- 3^ . . . 4- n - l^)] 

We have met the summation of the first n whole numbers and their 
squares on pp. 322-3. By substituting (n — 1) for n in these expressions 
we find that the sum of the first (w — 1) numbers and of their squares 


..-^(n-1)] 
.. + («- 2 )] 
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n{n — l) n(n — 1) (2w — 1) „ 
ase respectively — and . So we may rewrite 

the total as 


(« - 1 ) 


! 


n(n — 1) n(n — 1) (2n — 1) 


6 


“’’’(--ir) 


This is the total rank loss. To get the mean we have to divide by 7i\. 
So the mean rank loss is, as stated: 

7Z“ — 1 


6 

As an illustration of the use of the Spearman coefficient we will suppose 
that the marks for scripture (i) and parents’ income (ii) of 8 boys are 
as follows: 



(i) 

(ii) 


(i) 

(ii) 

A 

70 

£120 

E 

60 

£250 

B 

80 

£S00 

F 

55 

£500 

C 

21 

£150 

G 

24 

mo 

D 

42 

£450 

H 

30 

£200 

The ordinal position of the boys on^the two scales is 


(i) (ii) Rank difference 

(i) 

(ii) 

Ramie difference 

A 2 3 


-1 

' E 3 

7 

-4 

B 1 1 


0 

F 4 

4 

0 

C 8 , 2 


+0 

G 7 

6 

+ 1 

D 5 5 


0 

H 6 

8 

—2 


The total rank gains (or losses) are ±7. The mean rank loss is 
Substituting in the formula 


R = 


= 1 _ = 


Thus the ordinal correspondence is 33 per cent as measured by this 
index. 
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APPENDIX 1 

SINE FORMULA FOR SPHERICAL TRIANGLES (p. 376) 

We can adapt Fig. l24 to demonstrate the sine formula^ directly as 
follows. As we unfold the model in Fig. 123 the moving point Aj revolves 
about the line OQ describing I circular arc in a plane at right angles 
to this line OQ and to the plane OQP rill it comes to the position A. 



Similarly it describes a circular arc about the line OP till it comes to 
the position Ag. So 

AiUO=90°=A.,VO 

Wlien the figure is folded back into its original position A is directly 
above a point W in the plane OQP and W is the point where the 
generating radii A^U and AgY meet. From the first figure we see 
that: 

/A ■ . A.,V . , 

( 1 ) = = 

r / . AjU s= AO sine;, and AgV = AO sin B. 
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The angle AUW is the angle between the planes which include the 
arcs AB and BC respectively. Hence AUW is equivalent to /.B of the 
spherical triangle. From the second figure we see that: 

(a) = sm B; and similarly ~ sm C. 

AW = AjU sin B; and AW = A^V sin C. 


A(=Ai=A2),. 



B 

Combining (i) and (ii) ^ i. 

AO sin c sin B = AW ~ AO sin b sin G. 
sine sin b 
sin C *” sin B 

In the same way each is equal to sin a/sin A. 

APPENDIX 2 

THE EQUATION OF THE ELLIPSE (p. 423 ) 

When he is faced with a problem like this the mathematical detective 
has two kinds of clue to help him. He asks himself whether the figure 
for which he wants a formula is like any figure for which he already 
has one, and then recalls how someone else the latter. The ellipse is 
related to two figures for which we hold the formuls. If its eccentricity 
Is indefinitely near unityj it becomes a straight line. If its eccentricity is 
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indefinitely small it becomes a circle. So the formula for which we are 
booking must boil down to a formula of the line or circle according 
as we make one quantity in it indefinitely near unity or zero. We can 
therefore say in advance what sort of formula it wiU be. If we make s 
very small, the equation of tiie circle is the same as 

1 —■ e 

i 

This equation is the same as the equation 

( 1 (1 _e):c 2 +/ 

and when e is very near unity, or 1 — « is nearly zero, this bells down 
to 3 ;® = 0, or, what is the same thing, y ~0. This is a straight Hne, 

the a:-axis. If we like to start with the equation R® — + y% we 

shall find that this boils down to the same circle if 5 — 0, but gives 
the 37 -axis if we put e = 1. The same remarks would be equally true 
if we put 1 — for 1 — « in the formula suggested. So we should 
not be surprised to find that the formula of the ellipse had some such 
form as 

R® ^ R2(l - ««) 

When we have made up our minds about the kind of formula for 
which we are looking, it is much easier to set about our job. This is 
a very important thing to realise. At school we are often warned 
against the wickedness of cooldng a result. Cooking a result is reaUy 
the way in which higher mathematics is often carried on. What we 
now have to do is to recall anything we know about getting a formula 
of this sort. The clue has been given to us by the circle. So we proceed 
to try out where we get by using Pythagoras' theorem. Remember, 
of course, that an ellipse has two separate foci in place of the single 
fused focus of the circle. Remember too that we want to get e into 
the result along with some quantity like R in the equation of the circle. 

APPENDIX 3 

BINOMAL DEMONSTRATION OF THE EXPONENTIAL PROPERTY (p. 483) 
There is another way of demonstrating the rule that 
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It is suggested originally by a study of compound interest tables. From 
such tables let us make a list of the amounts to which £l has grown 


years at a 

rate of interest — y. 

n 

). Here are a few values for 

Number of 

Rate of 

Amount to which 

Years, n 
20 

Interest 

Capital has grown 

6% 

£2-653 

25 

4 N 

2-666 

40 

2| 

2-685 

60 

2 

2-692 

100 

1 

2-705 


We notice that the amounts in the last column are nearly equal, and 
that they are bigger for larger values of n. What happens if n is made 

indefinitely large? That is, what is the value of when n is 

made indefinitely large? The answer is e = 2-718, and we write this 
answer mathematically in the form 


Limit 

00 




= e. 


Try this out for other values of a:; if you take « = 1/2 you will find 
the capital has grown to about after \n years at ^ %. 

/ l\n* 

We are thus tempted to examine the value of + - j when n 

becomes indefinitely large, or - becomes indefinitely small. As a final 
1 ” 

step we shall put " = 0. ^ 

Using the binomial series 


nx{nx — l)(nx — 2) /I 
__ 

In . 1 .J i 


of- 


So if = i, we see that 

(1 + 1)”=! + 1 + ^1) + ^l(l _i)(l _ 
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But we can write ~ k) } * 

[‘ + -+fi'(‘';)+n“(*-;)('-S+ ■■■] 


Now put - = O 5 and we find | 

i+*+|i+^+..-=[i + i + |j+li+---] 


APPENDIX 4 

TO SHOW THAT IF « IS VERY LARGE 
y = nQ^pmg^i~m Lg^DS TO JJ? = (p. 603) 

If we toss a penny n times, we get a distribution represented by 
rectangles as in Fig. 196, giving the chance of having 0, 1, 2, . w 
heads. Now suppose each head counts a small amount ~ and 
each tail + so that the rectangle of height 
which is the chance of getting exactly m heads, corresponds to an 
amount, or “error” 

x= — |c . »J + |-c . (« — m) =s |c(« ■“ 2m) 

In thS: same way the rectangle of height ”Cot-i(|)” corresponds to an 
error 

x = — \c{m — 1) + ic(n — wj + 1 ) ~ ^c(n ~ 2m) + c 
But we are making the rectangles narrow, of width c (small), so wc 
must increase their heights to make sure that the total area of ail the 
rectangles is still 1 , corresponding to certaintyr— the error is certain 
to have some value, which may, of course, be zero. Suppose each is 
multiplied by k in height. 

Then the height j/, which depends on jc, is such that w^hen 
k 

a; = Jfg = |c(k™- y 

and when 

■* = *» = «« - 2<«) + c. y - ^"C^ ^Z-Z+i 
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SO that 


hy _ 


Je ^ A 

X;j_ Xq 2” 




Ax X;^ —- Xq 2” — m + ] 

Now if we take c small and n large, this can be taken to be the value 
of ^ at the point half way between (x^, y^) and (x^, y^). At this point 


X ^ |(Xf, 4- Xi) = — 2m + 1) 




C-M+i+ 


0+1 


dy _ 
dx 




??{-}- i ‘ V ^2^ n — m \ 
2.m — n — 1 

3 — m -i' I ' 

yz + 1 , — ■ir(?-2 —• 2m -h 1) . 2 

n ■— m 4-1 (a 4- 


^(« 4- 1)^ 


Now we can make c small and « 4- 1 large hi such a way that 
|-(m 4- l)c^ is constant, say Ijh. For example, if & — 20; take c — rlof 
and n — 999, or take c — 10-®, and « 4- 1 == and so on. Then 


or log,j» = - bx^ 4- B 

or y — ^if A == e® 

Ai^PElMDIX 5 

ON POSITION FINDING BY MEANS OF SUB-CELESTIAL POINTS 

In these times many readers will be more interested in the technique 
of position linduig in air than at sea or on land. The ensuing notes 
are for those who have grasped the principles of navigation and carto- 
graphy set forth in Chapter VIII; and would like to understand the 
underlying principles involved in their application to the peculiar 
difficulties of navigating at a speed which precludes protracted com- 
putations or delayed observation. By means of the spherical triangle 
formulae on pp. 374-375, we can get our latitude and longitude on land 
from simultaneous measurements (p. 54) of the altitude and azimuth 
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of a single ceMstial body at any moment referable to Greenwich time. 
For various reasons, it is not practicable to determine the azimuth of 
a celestial body accurately in a ship or other vehicle. As far as possible, 
the ship’s navigator therefore makes use of meridian altitudes (pp. 352- 
357). At night the officer can use any star not concealed by clouds at 
the time when it crosses the meridian, but we can rely op. only one 
celestial body— the sun — ^during the da5rtime. If clouds conceal the sun 
at local noon, the usual method of observing the value of the sun’s 
maximum altitude and the Greenwich time at which it is at its highest 
point in the heavens fails us. To get his latitude and longitude the 
mariner has to fall back on Sumner’s method. The principle of Sumner’s 
method is as follows; 

Any star of declination D is a zenith star of any place at latitude 
L == D. On the latitude circle L there is therefore some spot at any 
given moment, where a star of declination D = L is at the zenith. 
This spot whose latitude is L is called the suhstellar point of the star 
at this moment j and it lies on the meridian of longitude in the same 
plane as the Star’s R.A. circle at that moment. What is true of a star 
is also true of any celestial body, e.g. the sim. At any given moment 
there is a subsolar point where the sun is directly overhead. Its latitude 
is the sun’s decimation and since the sim is on the meridian its local 
time is noon. If the chronometer gives Greenwich time as x hours 
(after noon) its local time is x hours behind, and its longitude is 15X® 
west of, Greenwich (p. 354). Let us suppose that Greenwich time is 
lo.o a.m., and that our nautical almanack gives the sun’s declination as 
+ 18°. The subsolar point is then (15 X 22)° = 330° West, i.e. 30° 
East of Greenwich. Hence the subsolar point at that moment is at 
Lat. 18° N. Long. 30° E. , 

Since the line which joins the zenith to the observer also goes through 
the earth’s centre (p. 162), the subsolar point has a simple geometrical 
relation to our position on the earth’s surface. The sun’s rays lie in the 
direction of the line joining the subsolar point to the centre of the 
earth, and the angle between this line and that which goes through the 
observer and the earth’s centre is the angle it makes with the observer’s 
plumbline, i.e. the local zenith distance of the sun (Fig. i). In other 
words, the sun’s z.d. = Zj” is the angular distance between the observer 
and the subsolar point. One degree at the earth’s centre subtends an arc 
of approximately 69 land nules (p. 372) along any great circle. In what 
follows we shall take this value as correct for illustrative purposes. We 
pn therefore say that the observer’s position is 69 land miles by 
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great circle sailing from the subsolar point. Any point ’on a circle of 
radius 69 ,2^ miles with the subsolar point as centre fiiljfils this condi- 
tion. From one observation of the sun*s z.d. all we can therefore tell is 



The sim’s R.A. circle is directly over the meridian of longitude 1^ on which the 
stibsolar point lies at latitude L = D (sun’s declination). P is the position of a 
ship on another meridian Ip. The hour angle H between P and S is the angular 
difference between the sun’s R,A. circle and the circle passing through the 
zenith (Z) of P, and is therefore also the difference of longitude between P and S. 
The Mne joining S to the eartli’s centre gives the direction of the sun’s rays, 
since the sun is at the zenith above S, and the inclination of tlte sunbeams to 
the line tlirough P, its zenith (Z) and the earth’s centre is the z.d. of the sun at 
P. This is tlierefore the angular measure of the arc of the great circle passing 
through P and S. 

that we are somewhere on a particular circle which we can trace out on 
the globe. 

Having traced out this circle 69 miles by great circle sailing from. 



658 Mathematics for the Million 

a point 18° N! 30° E., we can take a second reading when the sun’s 
z.d. is Z^. Let us suppose that the chronometer then gives Greenwich 
time as 4 p.m. and tables gives the sun’s declination as 18-95°. Our 
position is somewhere on a circle whose radius is a great circle arc of 
with its centre at the subsolar point, now 18 - 05 N. 60 W. If we trace 


'I^.Vobs 



^ Fig. 2. — ^Position Finding from Two Suesolar Points 
Sj and Sg are successive subsplar points at times and respectively. The radii 
of the two position circles and Zg being respectively "the sun’s z.d. at time 
and u, at the ship’s position. The ship is somewhere on both these circles and 
must therefore be either at P or p. If we have a rough idea from knowledge of 
the sliip’s course, we know that it cannot be at one of them (say p) and must 
therefore be at the other. Anyw^ay, a rough estimate of the sun’s azimuth at S’ 
settles the question. 

this second circle on the globe it must cut the first one at two points; 
and if we have kept at the same position during the time between the 
two observations, our position must be somewhere on both of these 
circles. Therefore it must be at one of these two points (Fig, 2). We 
could decide in favour of the correct one by s. rough estimate of the 
sun’s azimuth at any one reading which gives us an estimate of our 
Jatitude and longitude; but this is rarely necessary. We know which to 
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choose from what we know about the ship’s course by dead reckoning, 
since the last previous fix on a previous day with propitious weather. 

In real life a ship does not stick to the same spot P between successive 
observations at times and /g. It moves from Pj^ where the sun’s z.d. is 
Zi to Pg vdiere the sun’s z.d. is Z^; but it is a simple matter to recon- 
stract what would have happened, if the ship had kept its station at 
either its initial or its final position. All we need is a correction for its 
z.d. at 4 on the assumption that the^ship was then at Pg. On that 
assumption its z.d. would have been the z.d. of all places on a great 
circle with its centre at tiie subsolar point and with Pg somewhere on 
its circumference. Notv the arc of a great circle joining the subsolar 
point to Pj is tlie meridian bearing of the subsolar point with reference 
to Pi. and this is also the sun’s azimuth at Pj when the time is If Pg 
is 3? miles beyond on the same arc, (y -f- 69)° is the required correc- 
tion; and 3; is tlie number of miles through which the ship has to sail to 
get from Pj to Pg if its track coincides with the meridiem bearing of the 
subsolar point at time If the ship’s course sticks to this great circle 
we can therefore put in the circle which connects all points where the 
sun’s z.d. would have been die same as at Pg at time Since Pg is on 
tliis circle and also on the position circle of radius Zg from the substellar 
point at 1^2, our final position Pg is one of the points of intersection of 
the two circles. Now we know how far it is from P^ to Pg by dead 
reckoning, if we Imow the ship’s speed. If we also know its direction 
by compass bearing, we know the incimation of its track to the bearing 
of the subsolar point at P^ at time and if it has moved m miles at an 
inclination of = m . cos . a. 

We might use a star in exactly the’ same way. If we know the R.A. of 
a star we know (p. 355) how many hours elapse between its transit and 
local noon at any given spot. Thus we can find (pp. 352 and 355) the 
latitude and longitude of the substellar point of any star at a particular 
moment of Greenwich time, as given by the chronometer. On a ship 
there is little to gain from tracing two position circles based on suc- 
cessive z.d. measurements of a single star. If tliere are not too many 
clouds to prevent two such observations, there will not be too many 
clouds to prevent a single determination of the transit of one of the 
many easily recognisable stars which south in the hours of darkness. 
Still, we can — if need arises — adapt the principle of Sumner’s method 
to take advantage of a short period of doudlessness in a night otherwise 
overcast. ■ 

This adaptation is the basis of podtioa findmg on a night flight^;. 
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when no beam control is available. A ship does not move veiy far 
during the intervals between occasions when some recognisable star is 
in transit; but an aeroplane can do so. Consequently, it is advantageous 
for the air pilot to have a means of location which does not involve 
waiting for the transit of some star which he can recognise for reference 
in tables of declinatioh and R. A. If we take simultaneous observations 
of the z.d. of two stars we can trace a position circle around the sub- 
stellar point of each, and we fan choose the two stars to give circles 
whose points of intersection are a thousand or more miles apart. We 
have therefore no doubt about which of the two points of intersection 
of the two position circles is the one which specifies the observer’s 
position. 

To trace out a position circle of radius from a subsolar or sub- 
stellar point on the globe, it is merely necessary to lay oif a circle with 
the same radius as a parallel of latitude (90 ~ xj. We can do this 
roughly by means of a pin, a thread and a pencil, or with compass 
constructed to draw circles on a spherical surface; but to get our 
position correct within a mile, we should need a very large globe, much 
too large for a ship and a fortiori much too large for a plane. To deter- 
mine the appropriate point of intersection of two position circles in real 
life, the sea or sky pilot has to work with a chart. In the neighbourhood 
of the dead reckoning position on a large scale chart, the arc of an 
actual position circle about a given sub-celestial point does not appre- 
ciably differ from its own tangent, i.e. from a straight line. All position 
circles about a given point on the globe are concentric, and if the 
angular radius of the position circle is large, i.e. if the z.d. of the star 
is over 15°, all corresponding arcs on a large-scale chart appear to be 
parallel straight lines. 

Since the radius of the position circle around the sub-celestial point is 
also the z.d. of the celestid body at the same moment, a difference of 1° 
between the radii of two position circles corresponds to a z.d. difference 
of 1° between places situated on one or the other. This means' that 
places on parallel position lines drawn 69 land miles apart on our chart 
are places where the z.d. difference is 1°. Conversely, if the difference 
between the z.d. of a star in two places on our chart is the two places 
He on two parallel fines 69 x miles apart. If we know the bearing of one 
of them, we can tlierefore draw the other with the same bearing at the 
appropriate distance from it. To draw our actual position line with as 
Htde delay as possible, we therefore need z reference line joining places 
'"Of thqsame z.d. at the moment when we determine the actual 
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z.d. of Ae ^ar. Thus our problem is how to put on the chart such a 
reference line— or ratlier two such reference lines, one for each of the 
two starts we use to get the point of intersection of two actual position 
lines. 

On the surface of the globe an arc joining a reference point of known 
z.d. to the’substellar point cuts the meridian oh which the reference 
point itself lies at an angle which is the azimuth, or meridian bearing, 
of the sub-stellar point with reference the observer’s position. On 
our large-scale chart the arc is a straight line which cuts the meridian 
on which the reference point lies at the same angle. This line represents 
the radius of the position circle through the reference point. The posi- 
tion line heing tangent to the position circle at this point, is at right 
angles to it. We can therefore draw our reference line if we have two 
data: (i) the location of any point of known z.d. at the moment when 
we make our observation of tlie actual z.d. of the appropriate star; (2) 
the meridian bearing or azimuth of the substeUar point at the same place. 

Suppose we chose any point of specified latitude and longitude near 
our dead reckoning position at a given moment when we propose to 
find the actual z.d. of a star. Such a point is one apex of a spherical 
triangle (Fig. 3) of which two sides are its co-latitude and the co- 
declination of the star chosen. The included polar angle is the hour 
angle or difference of longitude between the substeUar point and the* 
reference point. We can therefore solve for the remaining side and 
remaining angles by use of the spherical triangle solution formulae on 
pp. 370 and 376; or by recourse to tables based on them. Now the third 
side which joins the reference point to the substeUar point (Fig.^i) is 
the z.d. of the star at tlie reference point at the moment specified, and 
the angle between this side and the side which joins the reference point 
to the pole along the meridian of the latter is the azimuth, i.e. meridian 
bearing, of the substeUar point, and of the star itself, at the reference 
point. For any point of assumed latitude and longitude near our dead 
reckoning position at any assumed time we can therefore specify the 
z.d. of a star and its meridian bearing. To do so, we merely reverse the 
procedure for getting latitude and longitude from direa observation of 
the azimuth of a star, its z.d. and standard time. 

For instance, we may reckon that we are going to be somewhere near 
54l-°N. io.i° E. at 8.45 p.m, clironometer time, ten minutes later, when 
we propose to check up our position accurately by making simultaneous 
sextant measurements of the z.d. of Aldebaran and z.d. of Altair. To do 
this we can lay off position lines for the substeUar points of these two 
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stars at 8.45 p.m, chronometer time passing through a point 54° N. and 
10“ E. To get these lines we merely need the meridian bearing of their 
substellar points at 54° K and 10® E. and 8.45 p.m. chronometer time. 
Having got the two angles from the solution of the corresponding 
triangles we put tlie bearings on the chart and draw the position lines 
at right angles to tlierh. Our solution also gives us the z.d.'^of the two 
stars on the position line at the moment of observation and our obser- 



Fig. 3.— Spherical Triangle of Reference Point (R) of known latitude 

AND LONGITUDE 

A = azimuth, of subsolar point (S) with reference to R. 

H — hour angle of S with reference to R ( = difference of longitude between 
R and S), 

vations (at 8.45 p.m.) show us by how much and the z.d. of each 
star at our actual position, differs from the z.d. of the corresponding 
stars at our reference point or “assumed position.” All that remains is 
to lay off lines parallel to our two reference lines 69 and 69 miles 
apart from them, and to read off the latitude and longitude of the paint 
at which they intersect. This is our real position. 

To plot our actual position line correctly we have to take a more 
accurate value than 69 miles for die length of a circular arc which 
subtends 1° at the cartffs centre. Needless to say, our chronometer 
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reading gives us Greenwich mean timej and we have to use Greenwich 
local time, to get the hour angle of the celestial body at our assumed 
position,at the appropriate moment. We do this as explained in Science 
for the Citizen (p. 63) by reference to tables of the “equation of time.” 
To take ad vantage of tabulated solutions of spherical triangles^ when 
making neoessary computations for laying off reference lines we have 
to choose the latitude of our assumed position as a whole number of 
degrees and a longitude so as to make'jintegral the hour angle of the 
substeliar point w.r.t. the reference point. 

To simplify the preceding explanation, we have considered our two 
observations on the z.d. of the two stars as simultaneous. In practice, 
accuracy "denumds the mean of several values of each. The interval 
between completing the two sets is of no significance, if the vehicle is a 
ship; and two officers can co-operate on a large ship to make truly 
simultaneous observations, if the need for such arises. For air transport, 
the interval is sufficient to permit a displacement of say 15 miles. So the 
air pilot’s problem at night is on aU fours with the mariner’s problem 
by day. To get the reqisired point of intersection he does not use his 
actual position line at q. He shifts the first position line in the direction 
of the plane’s flight. The amount depends on the inclination a of the 
plane’s course to the meridian bearing of the substeUar point of the 
first star. If s is the ground speed, the distance traversed in the plane’^ 
track during tiie interval is s . — tf) — m miles, and tlie required 

shift is 7 n . cos a° along the meridian bearing. 


TABLES 

Notes on Using the Tables 


I, In Table i are given some of the more useful relations connealng 
weights and measures. In the jgaetric system the units of lengthy weights 
and capacity are the metre, ^amme, and litre. Each of these is sub- 
divided in the same way. A hundredth part has the prefix cent!-, a 
thousandth part has the prefix milli-, and a thousand times has the 
prefix kiio-. 

III. The use of the difference column has already been explained. 
Values between those shovra in the difference column can be found 
by proportional parts. For example, we may want the square of 
28-756. The table gives the square of 28-75 as 826-5. In this part 
of the difference column a difference of 1 in the number to be squared 
corresponds to a difference of 7 in the square. Therefore a difference 
of 0-6 will correspond approximately to a difference of 7 x 0-6, 
i.e., about 4. The square required is thus 826-9. Table iii can also be 
used to find square roots. For example, we may want to find the square 
root of 123-2, By inspection we can see that the square root of this 
number lies between 11 and 12. In the tables we see that 1232 occurs 
twice, first corresponding to the digits 111, and then corresponding 
to the digits 351. The square root of 123-2 is thus 11-1. If we had 
wanted the square root of 12-32 it* would clearly have been 3-51. 

IV. In most tables of sines, etc., the parts of a degree are given in 
minutes, so that the steps are 6', 12', etc. The custom of expressing 
the steps as dechnal fractions of a degree isy however, gradually being 
introduced. 

The table of sines can also be used to find cosines by using the 
formula cos A — sin (90° — A), e.g. to find cos 31 - 5°, look up sin 58 - 5°. 

VI. A table of antilogarithms has been omitted for reasons .of 
economy. Table vi can be used for finding numbers from their 
logarithms by simply reversing the process of finding the logarithm 
of a number. For directions for using the table see p. 602 and the 
.note on Table ni- 
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I 


ENGLISH WEIGHTS AND MEASURES 


I 576 O yards 
4,840 square yards 
640 acres 
112 lbs. 

20 cwts. 

8 pints 
1 gallon 
i cubic foot 


= 1 mile 
— 1 acre 
= 1 square mile 
= 1 cwt, 

= 1 ton 
= 1 gallon 
= 277 cubic inches 
= 6*23 gallons 


METRIC WEIGHTS AND MEASURES 
10 millimetres = 1 centimetre 
100 centimetres = 1 metre 
1,000 metres = 1 kilometre 
1,000 grammes = 1 kilogramme 
100 centilitres == 1 litre 
1 litre == 1,000 cubic centimetres 


METRIC AND ENGLISH EQUIVALENTS 


1 inch 
lib. 

1 metre 
1 kilometre 
1 idlogramme 
1 litre 


= 2*54 centimetres 
= 464 grammes 
— 1*09 yards 
= 0*621 mile 
== 2 -20 pounds 
= 0-’22 gallon 


II 

CONSTANTS 

3-1416 logic ^==0-4971 

1 radian = 67-296 degrees 
^ = 2-7183 logic e = 0-4343 

log, N = 2-3026 logic N 
logic N = 0-4343 log, N 

Earth’s mean radius = 3,960 miles — 6-371 x 10® centimetres 
^ — 32-2 feet per second per second, or 981 centimetres p® 
second per second. 

1 cubic centimetre of water at 4® C. weighs 1 gramme 



SQUAEES 
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ANSWERS TO SOME OF THE EXERCISES 

Remember that some of the numerical answers are only approximate^ 
so that you need not agree with them exactly^ but^ of course, you should 
not he far out. 

Chapter 3 (page 108), ■ 

Exercise 

No. f’' 

6. (a) X® + 3xy y% (h) 6x -r @3^ + 

(c) + i2a + 12 = 3(a + 2f, (d) 2x - 

(i) — 2ah ~ h\ (f) x^yz + xy^s + xyz^ = xyz(x + 3? + 

(g) Qi) 2x% (t) -a^- 4x% (;■) ixy+ (k) 3ab, (!) lad. 

8. (a) 12, (b) 12, (c) 14, (d) 5, (e) 2, (/) 6, (g) 3, (li) h (1) 3, (j) 18, 

(k) 1, (0 5, (m) 2, (n) 6a, (0) 2fl + b,(p) a- b. 

9. £286, £255. 10. £342, £171, £114. 

11. 1|- hours from the time Tom starts. 12, 12. 

13. For 6000 miles A requires 212 gallons and B 165 gallons. 

14, Is. 6d. per peck. 

Chapter 4 (page 181). 

7. 3a: + 7y, 2a — 5b, 4a — 9b, a + 3, etc. 

^9. {x ~ 1) (a; + 1), (a + h — c)(a -f & + c), (a + & — c)(a — b + e), 
(a — h){a + h){a^ + (9 — ac)(9 + a:), (a — & — c){a + & + c), 

(a: -f j - l)(a: + 3 ^ + 1 ), (a: - y){x + y){x^ + 3 ; 2 )(a :4 + y% 

(a + b-lXa + b + 1), (x+y- 2)(x+y + 2), 3(2;c + 1). 

10. (^ 90°, (ii) 60°, (iii) 50°, (iv) 10°, (v) 78°. 12, 60°, 49°, 38|°. 

13. 46-1°, 43|°; 67-|°, 32-|°; 68°, 22«. 15. 3 V3 == 6 • 2 feet, 6 feet. 

16, 68-2°. 17. 3V3 = 5-2 feet. , 18. 45-14°. 20. 42 yards. 

Chapter 5 (page 225). 

I. 6'196, 4-243, 3-464, 4-899, 3-162, 5-477. 2, | y 7, I V 5^ f. 

6. |=/-f (»~l)d,etc. 7. (i)2M~l,«%(ii)3«-2, 
ln(3n — 1), (iii) 5n, 5n(n + l)/2, (iv) |w, ln(n + 1), 

(v) 4n — 10, 2??^ — 8n, (vi) — (n — 2)a, |■a(3« — n% 

(vi) l(U ~ 5k), (23k ™ 6n2)/6j 3, 2. 8. ^-k(k + 1). 

9. 10.11,2.24. • 

11. The difference between successive terms is (/ —f)l(n -f* 1). 

14. (i) 2"' - 1, (u) (0*9)”, 10{0*9 - (0-9)’'+4, 

(iii) 3/2"y f(l~l/2»), 

' (iy) a’-~ V a”)/(^~a), (y) 3"~\ i-(3”— i) . 15. 25. 1 25. 
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Esercise '' 

No. 


16. 2/9, 1/27 8/81. 17. The ratio of successive terms is 
20. 2/3; 25/99, 791/999. 21. 2, IJ. 


y/\l/Cn+l) 

V// 


22 . (a) n'^ ~ (n — 1)^ = + 1, n{2n — i), {b) n{^n — 2). 

23. 4 ! = ,24, 8 ! = 40320, 12 ! = 479001600, 16,1. 


24.66,495,4368. 25.720. 26.16,26. 


27. 5040, 720, 48, 24. 28. 15, 3. 


Chapter 6 (page 277). 

11. T 57 miles. 12. About 5,110 yards. 13. 60-9 feet. 

14. 13 -iSS miles. 15. 9 miles. 

16, sin 2A — 2 sin A cos il, 

sin 3A = 3 sin A cos’^ A •— sin® A — 3 sin A — 4 sin® A, 
cos 2A = cos® A — sin® A, 

cos 3A — cos® A •— 3 cos A sin® A = 4 cos® A — 3 cos A. 

22. QK == 7,813 miles, KP = 5,117 miles, PQ == 11,962 miles. 

23. AM = 2,996 miles, AZ = 4,863 miles, MZ = 1,890 miles. 


25. 4,133 miles. 

30. {a) - (- 

W !{!-(- 


26. 42-4 miles. 27. 33° 53|' or 28° 6|'. 


s)"}, {h) “ (- 

•i)«>. 31. - 




Chapter 7 (page 333). 

2. {a) {a -f 4)(a + G), (&) (P + 2)0 -f 3), (c) {x ~ l)(x ~ 2), 

{d) (tn 4- IXm + 3), (e) (x - 2)(x ~ 8), (/) ,(/+ 5)(/^ 4),^ 

(g) (t -f G)(i — 8), and so on. ■' 

3. (a) (x + 6)(x - 6 ), (b) ($x + 5)(Zx - 5), (c) 4(x + 5)(x - 5), 

(a) 25 ( 23 ; + - 1), etc. 

(0 (163f + 13s)(16i! - 135), . . (d) (VS + X)( VS “ x), 

(P) ( V2 + V3^)( V2 ~ \m, etc. 

4. (a) (x + 3)(3x -I- 1), {b) i2x + 5)(3.t + 2), (c) (2^ + i)(3A + 1), 
(d) (^ + 5)(S^ + 7), . . ., (/) (2g - l)(3g - 2), . . 

(h) (4jr® 4- lX5x^ ~ 1)5 (i) (3 + 2^)(5 ~ 2;c), 

(i) (2«~~-3)(3« + 4},etc. 

5. (d) (2a + 3^t3(3a -- x), {h) (3a — SbcX^a + 35c), 

(c) (a —■ 75)(6a + (d) (a -f bX^a — 95), etc. 

6. (a) and (5) l/Or -f- v), (c), (^0 and («) l/(* ”’3'), (/) 3x/45, 

(^) (x + l)l(x + 3), (5) (X + l)/(x 4- 2), (z) (X + l)/(2x + 5), 

(j) (3x + 7)/(x -f 7), (4r) 5 (a + h)la, (I) (4a® -f 2a + l)/(2a - 1 , 
(«)(2x~-3)/Cx~2). 



6j 2 Mathematics for the Million 

Exercise 

No. 

7. (a) a{h + c)lbc> (b) ab, (c) - 2x + Zy, (d) dl(a - 2b% . 

(e) 5al4(x + 1), (/) (a + 17&)/12> (g) ^/4(x + 2y), 
ih)yXy-x)l(y + x). 

8. (a) 2xl(x^ - 1 ), (b) - 2/(^2 1)^ 2bl(a^ - b% 

(d) (a" -{-2ab- b^)l(a^ - P), etc., (h) 2l(y - 4)(j; - 6)3 

(0 2xl(x + (k) 12l(t - l)(t + m - 5), etc. 

10. {a) 19, {h) a + 2b, (c) 12/1.^ (d) 2|, {e) ~ 4/3, (/) 10/7. 

11. (a) 4|^ miles, (&) 30 miles, (c) 3*59 %. 

12. (a) 10, - 21, (&) 11, - 8, (c) 11 - Ih (d) 2/3, - 3/8, 

(e) 8, - 17/3, (/)!,- i, (^) 6 ~ a, (A) 2^ 4. 

13. (a) 5, 6, 7, or ~ 7, - 6, - 5, (b) |(3 + V2O8I) feet, " 

(c) 83^, 2 JJ feet, 

14. (a) :c == 10,3; = 2, (b) 3, 4, (c) 6, 2, (i) 9, 15, (e) 11, 12, 13, 
(/)3,6,1. 

15. (a) 20f, (6) - 17/64, (c) / = 18, & = 12 feet, (i) 25, (e) 30. 

16. (i) n(2n ~ 1), (ii) + i), (iii) „(3«2 _ 2), (iv) 3«2 ~ 3« + 1, 
(v) |(3»2 - 3» + 2), (vi) 2»2 - 2« + 1. 

18. (i) M249, (ii) 0*9039, (iu) 1-6735, (iv) 128-7876. 

Chapter 8 (page 386). 

3. Lat. 50® N., Long. 5f® W. approximately. 

4. 20 h. 28 m., 8.1 p.m., 48f W. 5. 46® N. 

7. September 23rd. 8. Thin waning crescent, 5.8 a.m., 11.8 a.m. 

10. About 7,900. 11. North Devon. 12. About September 24th. 

18. 67-7°, 7.33 p.m. 

19. About 6.40 a.m., 5.20 p.m., at Gizeh, 7 a.m., 5 p.m. at New York, 
7.28 a.m., 4.32 p.m. at London. 

Chapter 9 (page 452). 

2. (a) x^+y^==m,(b)x^+y^-4x^6y=^B. 

8. (a) 45°, (b) 60°. 9. Parallel and equally spaced. 11. 3; = G. 

17. / = lOOi®. 19. (a) X — 0,3> = 3 or jc == 4, 3? = 0, 

(h) X = 3, 3; = 4, or a: = 4, 3; = 3, (c) x = 2, 3; = 1, or x 3, 

3? = 2 or 3,3? == ~ 2 or jc — — 2,3? == -■ 1. 

26. (i) 1 or 1-4, (ii) I or — I, (iii) 1-2 or — 1. 

Chapter 10 (page 504). 

- 1. (i),4118, (ii) 30288, (iii) 1992, (iv) 99-1^ 
o «W7 1-009. 0-4181. 3. 2, 3, 3/2, 
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Eserdae 

No. 

5, (i) 125,930, (ii) 0-968, (iii) 1-111. 

6. (i) £266, (ii) between 7 and 8 years, (iii) £84. 

7, 0-0010,0-3466, 8-240. 

Chapter 11 (page 564). o 

1. Hint:-“Ioga (1 + ^o) == ^ loge 3 — 4 log^ 2 — xog^ 5, 

loge (1 — 2^) = 3 loge 2 + log^ 3 — 2 log^ 5, and so on. 

6. 1 - lix\ 7. d-Qx^'% 5/2Vjc, -li-x-2i, 

8. — 15x^ + lOx — 4. 10. x == — 1,3; = 2, and jc = 1, 3? = — 2, 
11 . S/tt cubic feet. 12. iOjs: — 3y = |-c. 

14. (i) ^ G, (ii) 3 log, x+C, (iii) {lx^+^l(n + 1)} + C, 

(iv) + C, (v) + C. 

15. (i) ix^ 4 - Ajc + B, (ii) ix^ + Ax + B, (ui) ^x^^^ + A:« + B. 

16. p = 11-41 + 500ZJ-14 

17. (i) — sin a\ (ii) 12 cos 3x, (iii) na cos nx — nb sin nx. 

20. A = 2^2 + 3x + C; (i) 108, (ii) 216, (iii) 25. 21. 380. 

22. (i) 223-J-, (ii) fa + 2c, (iii) 4-|, (iv) 56, (v) 2. 

23. (i) 20266|, (ii) 19994f, (iii) 19993-6 exactly. 

24. 14. 26. 1,1900 ft. lb. wt. 27. IOOtt cu. in. 28. 3697r cu. in. 

30. (i) 1, (ii) 0, (iii) [sin x — x cos = w. 

31* (i) a; cos :r + sin x, (ii) cos x sec^ jc + sin x tan a: = cos x, 

(iii) 6:^2 _j_ 4, 

32. (i) — l/(x 4- l)^j (ii) (x cos x — sin x)lx^, (iii) — sin xjcos^ x, 

(iv) sec® X. 

33. (i) I cos :c/V sin x^ (ii) na{ax 4- (iii) a cos (ax H- 6), 

(iv) (2ajc -f- b)((ax^ 4 bx 4- c), 

35. (i) y = A cos 2x 4 B sin 23c, (ii) j/ — Ac^® 4 
Second part : (i) y — 5 cos 2:x: 4 2 sin 2Xf 
(ii)y = |(7 c2*4 3c-2^. 
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A 

Abacus, 17j 45, 122, 134, 139, 285, 
292, 434 
illustration, 46 
use of, 45, 46, 47 
Abdera, 113 

Abstract numbers {see Numbers, 
abstract) 

Acceleration, 508 
cannon''ball, 524 
graph of, 510-520 
meaning of, 525 
measure of, 519 
negative, 520 
Achilles, 16, 18 
race with tortoise, 16, 18, 308 
Addition, 79-81 
(see Arithmetic) 

(see Mathematics) 
rule for fractions, 298 
table for, 291, 292 
vecter (see Vecter addition) 

Adelard of Bath, translations of, 2SS 
Aden time, 358 

Aeroplane, map geometry for, 443 
Age of plenty, 189 
Agricola, mining technology, 24, 25 
Ahmes, 14 
papyrus, 58, 60, 254 
Alexander, the Great, 230 
mechanical devices, 391 
Alexandria, 33 
founding of, 230 
libraries, 112, 114 
burning of, 230, 231 
map construction, 169 
mathematics in, 75 
star measurement, 33 
statical mechanics, 507 
Alexandrian arithmetic (see Arith- 
metic, Alexandrian) 
astronomical achievement, 114 
astronomy (see Astronomy, Alexan- 
drian) 

culture, 262,^270, 459 
second phisc, 233 
dictionary of Sines, 172 
mathematics, 232 


Alexandrian — continued 
multiplication table, 273 
science, 230 
decay, 277 
star maps, 346 
s^magogue, 222 
Algebra, 13, 33, 34 
Arabs, 286 

beginning of, 283-342 
of card pack, 591-004 
of chessboard, 571-591 
Diophantus, 277, 563 
and geometry, union, 503 
Greek, 286 
growth, 319 
Hindu, 286, 302 
language of, 304 
(see Mathematics) 
meaning, 302, 314 
modern, 269 
transition, 302, 303 
multiplication in, 376 
rhetorical, 302 
rules of, 131 
symbolic, 206, 302 
syncopated, 302 
of Theon, 563 
Algebraic equation, 405 
manipulation, 108-110 
Algebraical symbolism, idioms., 304, 
" 305 

‘'Algorithm,” 34, 65, 286, 289, 293- 
302, 459, 671 
A1 Karki, 287 
Alkarismi, 287 
Reformation geometry, 318 
rules, 313-315 

quadratic equation, 320, 321 
diagram, 314 
Al Kashi, 201, 299 
A1 Kayami, 287 
Almagest, 

Al-muqahalah, 314 
Alphabet, 78 
Attic, 270 
sound, 112 

Alphabetic writing, 69 

Alternating currents, 433 

Altitude circles, 359-361 ’ 
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America, position of, 359 
Anaxagoras, 33, 113, 179 
Anatomy, study of, 116 
Ancient number lore, 327 
Angles, 59, 365, 384 
between circles, 364 
dissection of, 128 ^ 

equivalent, 119 
figures, 123, 124, 129 
measurement of, 258, 363, 364 / 
ratio of, 251 • 

table of, 431, 490 
rules for, 124, 143, 144 
Sine of Difference, 461 
of spherical triangle, 369 
table of, 156, 233, 250 
tangent of, 123 

trigonometrical ratios, 383-385 
Angular measurement, machine unit, 
258, 259 
Animism, 22 

“Antilog,” meaning of, 464 
Antilogarithms, 93, 269, 464 
table of, 87, 471, 472, 489 
Antiquity, classical, world of, 507 
Apollonius of Perga, 265, 284, 393 
curves, 276, 277, 443, 459 
Arabs, the, 21, 117 
• algebra of, 286 

astrological calculation, 357 
astrology, 359 
astronomers, 236 
astronomy, 267 
culture, 231 

equations, use of, 302 » 

limitation in mathematics, 317 
map-making, progress of, 345 • 

nomads, 287 
77, value of, 261 
sun-dial, 378 
Arabic algebra, 509 
Hindu algorithms, 294, 295, 571 
mathematicians, 33, 34, 287, 288 
multiplication, 295 
writers, 287 

Archimedes, 111, 117, 179, 231, 232, 
252, 284, 385 
fractional quantities, 297 
Sand Reckoner, 269 
logarithms, 269, 459 
mechanics, 391 
mensuration of circle, 450 
nunjbers, 267, 209 


Archimedes — continued 
TT, value for, 234, 254, 26,1, 554, 5155 
principle of, 464-467 
rule of, 473 " 

application, 531 
statical mechanics, 507 
Architects, temple, 58 
Architectural mechanics (see Statics) 
Archytas, 179 
Arctic Circle, 160 
Area of circle, 254, 257, 550 
measurement of, 61, 64, 115, 116 
of sphere, 555 
table for, 549 

Aries, first point of, 355, 34 ? 
Aristarchus, 33, 179, 231, 262-266, 
375 

doctrine of, 236 
Aristotle, 140, 141 
doctrine of, 420 
Platonic logic, 222 
science of, 114 
works of, 287 

Arithmetic, Alexandrian, 267-277 
beginnings of, 189-229 
celestial, 402 

collectivization of, 459-502 
commercial, 111, 402, 463 
Greek, 114, 116 

of growth and shape (see Calculus) 
logistic, 267 
(see Mathematics) 
mean, 139 
modern, 302 
of populations, 605-649 
Reformation, mercantile 
(see Reformation arithmetic) 
scope of, 293 

series, 215, 216, 219, 220, 463, 474, 
475 

socialization of, 459 
Arithmetical progression (sec Arith- 
metic, series) 

Artillery, introduction ol) 391 
progress in use of, 507 
Aryabhata, 261, 286 
rules, 321 

Aryan invaders, 112 
Asia Minor, 112, 113 
civilization of, 65 
trading in, 64 
Asiatic trade routes, 113 
Aspasia, 113 



Index 


Astrolabe^ 32, 54, 55 
Astrological superstitions, 607 
writings, 194 

Astrology, 158, 159, 267 ’ 

Arab, 359 

Astronomer, Jewish, 236 
mathematical, 284 

Astronomical achievements, Alexan- 
drian, 114 
measurement, 205 
problems, mathematics of, 345 
tables, 287 

Astronomy, 159, 232, 233, 299, 367, 
451 

Alexandrian, 262-267 
Arab, 267 

Aristarchus’ method, 263-265 
early, 343 
geometry and, 234 
method, 364 
modern, 124, 125 
rules of, 345 
problems, 26 
Ptolemaic, 236 
sliip’s position at sea, 463 
Athenians, mathematics of, 36 
philosophy, 113 
Atom, the, lls 
’ study of, 34 

Atomic theory of chemical combina- 
tion, 638 
Attic alphabet, 270 
Greek numeral system, 268 
Averages, law of, 605 
Axis, earth’s, 364 
Azimuth, 56, 373, 374 
measuring, 362 


B 

Babylonians, angles of 57 
arithmetic, 65, 66 
astronomers, 359 
mathematicians, 36 
measure of time, 168, 169 
TT, value of, 2tj! 

’ pottery, 62 
year, 55 

Bacon, Francis, 78, 103, 571 
Bacon, Sir Nicholas, 606 
Bacon, Roger, 78 
Baghdad, centre of learning, 280 
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Bantu, the, 140 
Barrow, Isaac, 520, 542 
differential triangle, 542 
metlrod, 528, 532 
Basic English, 83 
Betelgeuse, 357 
Bibles, manufacture of, 21 
Binomial coefficients, 478 
distribution, 625-9, 636, 637 
curve of error, 630 
toeorem, 325, 330, 478, 483, 491 
series for {see Series, binomial 
theorem) 
use of, 551 

series, 478, 481, 484, 551, 552 
Biologists, 31 
Biology, 558 
Bion, 160 
Bhaskara, 287 

Book of Chou Pei Suan King, 63 
Book of Daniel, 194 
Book of the Permutations, 192, 194 
Book of Revelation, 1 94 
Boyle, Robert, 562 
law of, 641 

Brahe, Tycho, 393, 460, 462, 477, 508 
Brahmagupta, 286 
Bridge of Asses, 189, 390, 554 
{see Pythagoras) 

Briggs, 471, 474, 475, 476, 483 " 

logarithm tables, 460 
Bronze Age, system of measuring, 62 
Biirgi, Jobst, 468 
tables of, 471, 474 
Burke, 15 

Bury, Professor, 476, 477 
Bungus, Peter, 194 
Byzantine culture, 287 


C 

Cabalistic cross, lfi3 

Caesar, calendar reformation, 267 

Calandri, 295 

Calculation, Alexandrian rules, 179 
geometrical diagrams, 33 
instrument of, 509 
laws of, 296 
rules, 79 
Arabs, 179 
simplification of 477 
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Index 


Calculus, 34, o(?7-5()4 
differential {see Differential cal- 
culus) 

infinitesimal {see Infinitesimal cal- 
culus) 

integral (icc Integral calculus) 
problems of motion, 510 
Calendar, making, 287 • 

Calendars, 112 

Calvin, 301 ^ 

Cancellation, 100 * 

Cannon-ball, path of, 395, 409, 621 
height of, 526, 527 
speed of, 521 
Cardan, problem of, 319 
Cardinal numbers, 47 
Cards, Chinese origin, 606 
manufacture, 606 
permutations, 591-604 
Cartesian equation of circle, 403, 405 
of ellipse, 422 
of parabola, 411, 412 
of straight line, 405 
Cartesian geometry, 393, 395, 397, 
404, 429, 459 

method for solid figures, 443 
Carthage, 64 

Cartography of Ptolemy, 459 
Catapults, 231 
Catholic theology, 222 
Celestial Pole, 64, 166, 167, 347, 350, 
373 

sphere, rotation, 232, 349, 355 
Central America, calendar makers, 

• 331 

Centrifugal motion, principle of, 608 ' 
Ceulen, 262 
Chaldea, priests of, 42 
Characteristic, 503 

Chemical combination, atomic theory 
of, 638 
Chemistry, 558 
of energetics, 558 

Cheops, Great Pyramid {sea Great 
Pyramid of Cheops) 

China, block printing, 62 
civilization of, 112 
number script used, 283 
trade routes, 32 

Chinese Book of the Penitutations, 44 
Chinese, the, 31, 111, 112 
abacus, 45 

„ calendar-makers, 112, 254, 201 


Chinese— “cawti/ZMed 
cards, origin, 606 
compass theorem, 402 ' 

influence, 113 
language, evolution, 69 
libraries, 112 
magic square, 201 
number lore, 192, 195 ^ 
revived of, 321 
TT, value of, 261 
theorem, Pythagorian, 62, 63 
right angles, 254, 256 
writing, 69 

Christian religion, influence of, 288 
Christianity, 230 
Chronometers, 169, 358 ” 

\ Chrystal, 35 
Chu Shi Kei, 323 
Church, power of, 21 
Cicero, 266 
Church, power of, 21 
Ciphers, laws of, 286 
Circles, 126, 127, 363-366 
anatomy of, 127 
area of, 254, 257, 550 
cartesian equation, 403, 405 
circumference, 58 
definition of, 120 
geometry, 158 
great, 371 

ratio to boundary, 251 
Circumference of earth, 233 
Cirencester, GIos., inscription, 195 
Civilization, stages of, 223, 224 
ClaviuSj 460 
Cleomedes, 266 
Clepsydras, 390 

Clocks, 34, 345, 390, 393, 425, 426 
construction, improvement, 507 
driven by weights, 507 
pendulum of, 508 
spring, 5G0 
Cobbett, 20, 28, 189 
Coefficient, 315, 320 
meaning of, 325 
ranks, 647, 649 
of series, 328, 329 
Collecting terms, 100 
Collision, laws of, 508 
Columbus, 22, 172, 20(1, 359 
voyages, 236 

Combustion engine, efliciency of, 56 
theory of, 562 
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Compass, the, 74 

Cone, cartesian method for, 444, 445, 
446 

Euclidean construction, 393 ^ 

Confidence, theory of, 644 
Conjunctions, 99 
Constant quantity, 527 
Convergentiseries, 484 
Cooling, law of, 418, 419, 420 
Copernicus, 236, 359, 375, 393 
De Revolutionihus^ 230 
Doctrine of Aristotle, 420 
Correlation, 646-649 
Cosine, 384 
(see Trigonometry) 

Counting ‘frame, 296 
(see Abacus) 

Craft of Nornbrynge, 293 
Credit, growth of, 57 
Crusades, the, 34 
Cube numbers, series, 323 
root, 474 

extracting, 489 
Curve-bounded figure, 510 
Curves, Apollonius, 276, 277, 443 
equations, 435, 438-440, 442, 532- 
536 

graph, 533, 537 
, rules, 526 


D 


Dantzig, 284, 297, 298 
Numbar, 283 
Darwin, 165 
De Revolutionihus. 420 
Dead language, , 2 1 
Decimal fractions, 77, 268, 482 
place, 47{')3 476 
point, placing of, 300 
recurring, 2u() 

Decimal — continued 
system, 300, 330 
, of fractions, 301 
Franklin, 300 

Stevinus advocated, 300, 301 
Declination, 347 
circles on celestial sphere, 350 
: meridian transit, 353 


Degrees (see Radians)- 
Democritus, 113, 114, 116, 127, 160, 
189, 190, 200 
volume of pyramid, 555 
Demonstrations, 127 
Density ratio, 231 

Descartes, Rene, 34, 393, 395, 408, 
409-, 490 

map geometry, 418 
mathematical shorthand, 303 
tvme in geometry, 450 
Determinants, 572-591 

numerical evaluation, 581-586 
geometrical applications, 586-591 
Dickens, Charles, 300 
Dictionary language, 70 
Diderot, 13-15, 27 
Digges, brothers, 392 
Differential calculus, 123, 277 
calculus, 509 
methods, 510 
uses, 525-627 
coefficient, 509, 524, 527 
second, 520, 525 
finding, 518 
value, 545 
equation, 538-542 
Differentiation, 520-527 
methods of, 627-542 
Diodon, 449 

Diophantus, 33, 270, 286, 491 
algebra, 277, 563 
law of signs, 270, 271 
number system, 302 
rule of, 404 ^ 

' solving equations, 314 
Dirac, 14 

’Displacement, measure of, 646 
Dissection of angle, 128 
rules, 129 

Distance, graph of, 514 
stretched, 539 
Division, 92 

fractions, rule for, 297, 298 
(see Mathematics) 

Dog star, 38, 53 
Draco, 61 

Draconis (see Pole star) 

Drake, 22 
Duplatiott, 295 
Diirer, Albrecht, ISO 
Dutch Republic, 301 
Dynamics, 507, 508 
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• E 

Earth, the, 343 
axis of, 364 
polar, 347 

centrifugal pull, 508 
circumference, 234-236, 367 372 
measuring, 165 , 

equator, plane of, 347 
maps, 344, 345 

measurement of, 344 / 

radius, 234, 307 
revolution, 166, 346, 375 
Eastern culture, IPascal Triangle, 323 
Eclipses, 358, 451 
Education acts, 18 
system of, 189 
Egypt, astrology, 343 
civilization of, 112 
priests of, 14 
priestly civilizations, 32 
surrender of, 230 
taxation, 61 
Egyptians, the, 38, 130 
abacus, 45 
area of sphere, 555 
duplation, 293 
mensuration, 555 
TT, value of, 261 
• pyramid measurement, 555 
Rhind papyrus, 297 
year, 360 
Einstein, 27, 114 
Elamites, 65 

Electrjcal phenomena, 499 
Electricity in gases, 433 < 

Ellipse, the, 420-422 
equation of, 423, 447 • 

Ellipsis, 101, 102 
Empedocles, 113 
Encyclopaedists, 15 
Energy, basis of measurement, 559 
meaning of, 558 
Engineering, 113 
England, grammar schools, 21 
English grammar, 91 
language, 70, 72 
Podsnap, 196 

schools, multiplication, 295 
system of measuring, 62, 64 
Epicurus, notion of sun, 266 
Equations, 82, 302-323 
Arabs used, 302 


I Equations — continued 
cartesian, 403, 405 
theory of, 393 « " 

simple, 109, 110 
solution of, 286, 303, 305-S24 
of straight line, cartesian, 405 
Equator, 364 

circumference of, 346 , 
earth’s, plane of, 347 
heavenly, 348 
location of, 346 
Equatorial circle, 364 
diagram, 348 
Equilateral triangle, 144 
Equilibrium, Alexandrian mechanics, 
391 

Equinoctial meridian, 52 
Equinoxes, fixing the, 51 
diagram, 39 
precession of, 359 
vernal, 355 
Erasmus, 301, 409 

Eratosthenes, 33, 179, 234, 235, 265, 
267 

earth measurement, 344 
world map, 232, 233 
Error, normal curve of, diagram, 636 
Etruscans, 42 
abacus, 45 

Euclid, 18, 22, 75, 111, 114, 130, 131, 
158, 177-179, 200 
book of, 189 
elements^ 27, 199 
figures, 118 

geometry, 76, 88, 114, 124, 276, 
361, 385, 395, 425-427 
limitation, 317, 318 
solid figures, 443 
space in, 418, 420 
time omission, 450 
use of, 498 

limitations of, 114r-123 
method of, 123-128 
prime numbers, 217 
Pythagorean dilemma, 200, 201 
solid figures, 44.0 
triangles, 118, 119, 364 
works of, 287 

Euclidean angle, 420, 427, 429 
geometry, application, 263, 204 
Newton on, 563 
hieroglyph, 398, 399 
straight line, 301 
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Eudoxus {see Euclid) 

Eugenistsj 190 
Euler, 13 

Europe^ 15, 16 ’ 

modern, poetry of, 287 
European language, grammar of, 90 
mathematics, foundation, 287 
77, value of, 262 
Evolution, 14 
of species, 449 
Exchange rates, wagers, 607 
Expansion, law of, 562 
Experiment, method of, 483 
Explosives, introduction of, 507 
Exponential series, 484, 488, 489, 
496 

Eye muscles, movement of, 117 


F 

Factorial number series, 217 
Falling bodies, 525 
Faraday, 31, 499 
Fermat, 606, 620, 632 
Fibonacci, Leonardo, 288, 289 
series, 288, 326 
, symbolic algebra, 302 
Figurate numbers, 606 
Fisher, R. A., 611, 612 
Fitzgerald, translation of Rubaiyat, 
287 

Flamsteed projection maps, 448, 449 
Flat figures, 116, 120 
triangles, formulae, 376 
Flecker, poem of, 332 
Flemish shipping, 606 
Florence bankers, 288 
Fractional power, binomial series, 
477-479 

Fraction, the, 76, 77, 89, 90 
addition, rule for, 298 
decimal (.fea Decimal fraction) 
division, rule for, 297, 298 
early, 286 

Greek treatment, 297 
Hindus, invented by, 297 
limiting, 211 
{see Mathematics) 
multiplication of, 297, 298 
subtraction, rule for, 298 
Franklin, Benjamin, decimal system 
advocated, 300 


Frederich II, 289 
French language, 70 
Revolution, 13, 18 
Frequency, relative, 629 
Friction, 560 

G 

Gain, rank, 646-649 
Galileo, 391, 393, 508, 525 
acceleration, 538 
tenestrial gravitation, 509 
Gas integral, the, 563 
Gases, elastic power, 562 
electricity in, 433 
expand and contract, 562 
kinetic theory of, 638 
“Gemmatria,” 42, 193 
Gender, grammatical, 1 90 
Genes, 037-640 
distribution of, diagram, 639 
Genetics, 637 

Geography, geometry and, 234 
method of, 364 
Geological epochs, 115 
Geometric mean, 155, 157, 398 
series, 267, 268, 463-467, 474, 475, 
481 

Geometrical demonstration, 109-172!, 
problems, 111 

Geometry, 21, 22, 34, 69, S3, 84, 111- 
189, 190 

algebra and, union, 563 
application of, 33 
astronomy and, 234 
cartesian, 395 
{see Cartesian geometry) 
classical, 391, 509 
Euclid, 114, 124, 276, 395 
(see Euclid, geometry) 
geography and, 234 
graphs, 390-458 
Greek, 113, 114 
(see Greek geometry) 

(see Infinitesimal calculus) 
map, 446 
method, 364 
of motion, 509 
Plato, 113, 114, 276 
problems, 26 

Reformation, 88, 256, 270, 277, 408 
map method, 89 
(see Reformation geometry) « 
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Geometry — continued 
solid {see Solid geometry) 
figures, Euclid, 443 
of the sphere, 23 
study of, 116 
time and, 411, 431 
{see Triangles) ^ 

Gerard of Cremona, translations, 288 
German language, 70 
Germany, schools, 21 / 

mathematical, 295 ^ 

Gerund, mathematical, 270 
{see Mathematical gerund) 
meaning of, 396, 398 
size, 99 

Gifford lectures, 14 
Gizeh, pyramids of, 56 
Globe, the, 446 
mapping of, 348 
Gobar numerals, 288, 289, 300 
God, existence of, 13 
Goris, 607 
Grammar, 28 
of language, rules, 304 
mathematical rules, 69 
of number, 331 
object, 29 
rules of, 30, 397 
tof size, 70, 332, 437 
sort, 70 

Graphs, 390-451 
cartesian, 412, 413 
equation of, 417, 435, 438-442 
geonjetrical figure, 451 
(sea Geometry) 
physical laws, 452 
planets, 393 

speed, 511, 512, 514, 517 
square roots, 415 
temperatures, 418, 419 
Gravitation, 27 
law of, 509 
Gravity, 538 
influence of, 117 
Great navigations, 359, 400, 496 
geometry used, 320 
maps of, 443 

star, 345 . 

Great pyramids of Cheops, 36, 56, 
111, 140, 343 

astronomical orientation, 43 
figure, 146 
** height* 113, 121 


Great Pyramids — continued 
illustration, 151 
measurement, 150, 151 
position of, 63 
Greece, 33, 112 
Greek anatomy, 120 
arithmetic, 65, 114, 116, j202 
civilization, 112 
fractions, 297 
geometers, 156, 157 
geometry, 88, 89, 178-180, 207, 
236, 290, 425, 450, 451, 496 
Euclid, 178, 179 
Laissez-faire method, 161 
map construction, 169 * 
rules of, 26, 27 
intellect, 33 
intellectualism, 114 
literature, 189 

mathematicians, 17, 117, 284 
matliematics, 74 
peculiarities, 30 
philosophers, 21 
science, 113 
superiority, 193 

Greeks, the, 17, 21, 33, 111, 112 
early mathematicians, 36 
figure language, 87 
numeration of, 283 
Greenwich, 401, 402 
celestial, astrological symbol, 356 
meridian, 372, 405 
noon, 354, 355 

time, 168, 169, 346, 355, 356, 358 
-Gregory, 262 
Growth and Form, 449 
Gunpowder, 391, 393 
plotting, 408, 411 


. H . 

Halley, 606 

Hansa, the, mercantile needs o-f, 
21 

Hardy, G. H., 88 
“Harmony of the Spheres,” 191 
Heat, producing, 559, 560 
unit of, 559 
Heavenly bodies, 234 
course, 395 

measurement of distance, 23-t 
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Heavenly equator^ 348 
HeavenS;) ^circumnavigating, 420 
study of, 48-55 

Hebre'W's, numeral system, 42,’ 192, 
283 

7T, value for, 261 
saga, 194 

Hecataeus, map of world, 232 
Hegel, 75, 221, 222 
doctrine of, 223 
Hegelian dialectic, 477 
Henry, the Navigator, 23G, 391 
observatory, 345 

Hereditary characteristics, 638, (340 
Hero, 231, 252, 507, 508 
Herodotus, 61 
Hertz, 31 

Hertzog, General, 381 
Hexagon, 57 
Hieratic scripts, 42 
Hieroglyphic language, 70 
method, 330 
multiplication, 84 
script, 112 

Hieroglyphics (see Picture writing) 
Hindus, the, 18, 33, 47 
achievement of, 283 
' algebra of, 286, 302 
arithmeticians, 285 
culture, symbol for nothing, 277 
dictionary lairguage, 87 
fractions, 297 

mathematics, 270, 287, 288 
mathematicians, sum of series, 321 ; 
323 

notation, 192 
number system, 192 
numerals, 290, 291, 293, 331 
TT, value for, 261 
problem, 310 
rhetorical algebra, 404 
triangular numbers, 206 
tlipparchus, 232, 233, 252, 202, 265, 
2()6 

astrological calculation, 357 
distance of moon, 247 
■ latitude and longitude, 277 
maps of, 345 
table of sines, 244 
Hippasus, 190 
liistogram, 633 
Plitler, German culture, 112 


Hittites, the, 75, 192 
triangular symbol, 222 
Holywood, Algorism, So 
Hooke, Robert, 537, 662 
law of, 538, 540, 560 
rule of, 417, 418 

Horizon line, tangent of, 163, 164 
Horoscope, the, 607 
Hour-glasses, 168, 169 
Huyghens, 508 
Hybrid crosses,- 638-641 
Hypatia, 276 

Hyperbola, graph for, 543, 544, 546 
Hypotenuse, the, 154, 155 
ratio, 200 


I 

Idiom, word order, 102 
Independence, meaning of, 621-625 
India, niunber method, 284 , 

Inertia, 525 

Infinitesimal calculus, 70, 459, 509, 
626, 542 

geometry of motion, 509 
graphs, 510-514 
Insurance, rise of, 606 
of ships, 606 , 

Integral calculus, 277, 509 
area and volume of solid figures, 
509, 555 

beginning of, 542 
importance of, 560 
methods, 509, 510, 554, 555 " 
modern form, 557 
volume of sphere, 556, 567 
usefulness, 550 
symbol, 545 
Integration, 542-557 
definition of, 543 
mathematical, 557-564 
method for, application, 550 
usefulness of, 650-557 
Interest, compound, 463 
reckoning of, 460 

Internal-combustion engine, efficiency 
501, 502 
Internal ear, 117 
International language, 32 
Ionian Greeks, 42, J13, 189 
geometers, 121 

script, 42 ^ ^ 
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Irrigation, inventions for, 231 
Isosceles right-angled triangle, 144 
Italian merchants, 288 
Italy, 113 


J 

Jacob, Simon, 468 
Jacome, Master, 345 • 

Japanese • • 

differential rectangle, finding area 
of, 543 

rr, finding, 255, 543 
value of, 262 

theorem, right angles, 254 
Jesperson, 91 
Jewish physicians, 289 
scholars, 34 
translation, 287 
Jews, debt to, 112 
Jordanus, symbolic algebra, 302 
Judaism, orthodox, 222 


K 

Kant, 27 

^principles of geometry, 27 
Kepler, 236, 359, 423, 462, 468, 
508 

laws of, 509 

Khayyam, Omar, 84, 49, 277, 287, 
^ 323, 582 

binomial theorem, 326 
cubic equations, 393 
triangle of, 325, 328 
Khwarismi, Al, 286, 287 
Kinetic energy, 559 
theory of gases, 638 
Knox, John, 21, 301 
Knowledge, nature of, 605 
Kurz, 607 


L 

Laissez-faire method (see Greek geo- 
metry) 

Laud, Archbishop, 28 
Language, 30, 31 
beginning, 111 
*■ of malJiematics, 633 


Index 

Language — continued 
number, translating, 69-110 » 

of size, 27, 28, 31, 69 
(he Size language) 
of sorts (see Sorts, language) 
Laplace, 284, 293 
Latin, 15, 21 
peculiarities, 30 
Latitude, 89, 234, 401, 402 
calculation, 366, 367 
cartesian, 405, 406 
circles of, 346, 360 
clocks affected by, 508 
co-ordinates, 407 
finding, 166-168, 352, 354* 
Hipparchus, 277 
maps, construction, 169 
of Marius, 393 
projection, 276 
star, 233, 346 

means of communication, 443, 444 
meridian transit, 353 
measure direction, 365, 366 
North Pole, 365 
parallels of, 347, 446, 447 
ships’ course, 371, 372 
departure, port of, 363 
of star, 374 
by sun, 375 

table, vector analysis, 499 
terrestrial sphere, 350 
Law of Signs, Diophantus, 270 
Leibniz, 481, 482, 542, 546 
differential equation, 542, 543 
motion, 546, 547 
Leo X, Pope, 195 
Leonardo of Pisa (see Fibbonacci) 
Lever, principle, 230, 418 
Leucippus, 200 
Liber Abaci, 288 
Libraries, Alexandrian, 112 
Chinese, 112 
Life table, 606 
Light, effect of, 40 
rays, 163 
refraction of, 266 

years, 114 ' 

Lilavati, 285, 286 
Line, the, 395 
gradient of, 407 
Linnaeus, 32 
Literature of size, 1 1 1 
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Liu Hsingj 261 
Lo Shu, 194 
“Log,” meaning of, 464 
Logariihmic series, 484, 553 » 

Logarithms, 34, 93, 464 
achievement of, 460 
Archimedes, 269, 459 
calculatmg, 463, 489 
discovery of, 204, 459-502 
fractional part of, 503 
invention of, 462, 477, 507 
Napier, 195 
natural, 469, 483 
of sines, 468 

table of, 85, 466, 467, 471-473 
Briggs, 460 
details, 502 
modern, 483 
tabulating, 490 
Logic, pyramid of. 111 
Longitude, 89, 234, 363, 364, 401, 402 
angles, difference between, 364, 365 
calculation, 366, 367 
cartesian, 405, 406 
chronometers, 391 
circles of, 346 

communication, means of, 443, 444 
co-ordinates, 407 
finding, 168, 169, 356 
by Greenwich time at sea, 417 
Hipparchus, 277 
lunar eclipse, 358 
maps, construction, 169 
of Marius, 393 
projection, 276 
star, 233 

measurement, 262, 365, 366 
meridian, 234, 346, 347, 350, 352, 
448, 449 

transit of star, 354, 355 
parallels, of, 446 
ship’s course, 372 

departure, port of, 363 
stars, position of, 346 
table, vector analysis, 499 
terrestrial, circles of, 355 
Loss, rank, 646-649 
Lucian’s dialogue, 192 
Lunar eclipse, 169, 358 
Luther, Martin, 15, 194, 301 
on mathematics, 21 
Lydia, 112 


M 

Mach, Ernst, 27, 114, 641 
Machine Age, 15 
men of, 16 
problem of, 560 
efficiency^ 558, 561 
Machinery, age of, 221 
Magellan, 359 

Magic square, cult of, 180, 193 
Mahavira, 297 * 

Maiar, Bernardo, 607, 631 
Domingo Symon, 607, 631 
Mantissa, 503 
Maps, 446 
drawing, 402 
earth, 344, 345 
flat projection, 443 
geometry, for aeroplane, 443-449 
ship’s speed, 510 
for submarine, 443-449 
making, 244, 345 
art of, 267 
mathematics of, 345 
triangulation, 247 
planets {see Graph) 
projection, 276, 401 
purpose, 409 

science of, 232, 233 ' 

sea routes, 371 
star, 344-363 
Marx, Karl, 113 
Marine insurance, business, 606 
Mariners’ arithmetic, 402 ' 

compass, 393, 425 
landmark, 345 
Marinus of Tyre, 233, 393 

longitude and latitude of maps, 
393 

Mariotte, 635 
Maritime commerce, 345 
“Matchstick,” 283 
Mathematical adjective, 208 
astronomer, Laplace, 284 
diction, 633 
geometry, 367 
gerunds, 317, 320, 491 
grammar, 30, 70, 71 
integpration, 557-564 
invention, 893 
language, 76 

limit, 75 ^ 
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Mathematical adfective — continued 
probability, 323, 605-632 
three basic laws of, 613-621 
practical, 629-632 
pronoun, 483, 489, 490 
possibility 

(see Mathematical probability) 
sentence, 82, 83 • 

syntax, 94, 95 
tables, 70 

textbooks, 112 ^ J. 

truths, 88 

Mathematicians, Newton’s time, 400 
Mathematics, Alexandrian, 232 
(see Algebra) 

(see Arithmetic) 
calculation, 231 
Chinese books on, 196 
democratizing, 639 
in everyday life, 24 
grammar of, 30 
science, 224 
history of, 32, 73 
collateral reading, 9 
interest of monks, 288 
international language of, 101 
invention of Hindus, 47 
language of (see Size language) 
♦literature of, 69 
military affairs, 392, 394 
mirror of civilization, 13-36 
new, 451 

of Newton, 563, 564 
Plato^on, 27 
pre-history of, 36-68 
pronouns, 77 
rules of, 30 
signs used, 303 
(see Size language) 
study of series, 192 
views, 27 

Matrix algebra, 70 
Matsunaga, 262 
IT, estimate of, 258 
Maya calendar, 37, 331 
civilization, 2S4 
culture, 52 
script, 192, 3S2 
Measurements, 73, 74 
angles, method, 364 
of areas, 89, 90 
motion, 546, 547 


Measuremeirts — continued 
grammar of, 26 ^ 

steps, 76 

technique of, 33 c 

tests on, 106 
tools^ 32 
Mechanics, 231 
of motion (see DynamiesY 
of rest, 507 
science of, 507 
study of, 562 
Median, the, 624 
Megalithic cultures, 45 
Mendel, discovery of, 637 
experiments of, 638-42 
heredity, laws of, 288 
hybrid progeny, ratio of, 039, 
640 

Mensuration, 111 
Mercantile culture, 451 
mathematicians, 2SS 
Mercator projection maps, 449 
Mere, Chevalier de, 620 
Meridian, celestial, 360 
of longitude, 346, 360, 352 
transit, 352 
star, 353 

Mesopotamia, civilization of, 65 
Metempsychosis, doctrine of, 192 
Mexicans, abacus, 45 
Microphone, 32 
Microscope, 637 
Miletus, 112, 113 
Military mathematics, 392, 394 
Mining problems, 562 
progress, 567 
Mode, the, 624 
Modem science, 16 
Moivre de, 490, 491 
physical measurement, 502 
theorem of, 491, 493, 494, 490 
exponential series, 496 
trigonometrical ratios, 494, 495 
Mollweide projection maps, 448 
Money, lending, 572 
Use of, 571 

Month, formation of the, 38 
Moon the, 38 
circumference, 248, 249 
distance of, 247-261 
from earth, 262-264 
eclipse of, 358, 359 
position of, 36S 
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M.oon— continued 
^ radius, 248, 249 
revolution of, 264 
Moorish, astronomers, 379, 380 
culture, new numerals, 289 
universities, 34, 2SS 
scientific treatises, 287 
Moschopculos, 180 
Moscow papyrus, 58 
Moslem civili 2 ation, 33 
world, 390 
Motion, 515, 516 
laws of, 417 
Leibniz, 546, 547 
measurement of, Newton, 408 
mechanics of, 508 
problem of, 508-510 
of weight, 539, 540 
Moving bodies, study of (see Dyna- 
mics) 

Movement, mechanics of, 39 
Multiplication, 82-87, 134 
algorithm, 293-296 
Diophantus, 270 
of fractions, 297, 298 
laws of, applied, 491-4,93 
logarithms in, 464, 465 
(see Mathematics) 

. table, 84, 85, 291, 292 
Alexandrian, 273 
individualistic, 85 
socialized, 85 


N 

Napier, 460, 462, 464, 468, 471, 476, 
477, 490 
logarithms, 195 

National Assembly of French Revo- 
lution, 77 

Nature, laws of, 640 
Nautical tilm.anacs, 350, 357 
Navigation, 22, 159, 361 
book on, 462 

trigonometrical tables, 460 
Navigations, great, 89 
Neolithic counting-frames, 300 
man, 40 

celestial phenomena, 48 
Nestorian heretics, 287 
Newton, 34, 194, 221, 542, 582 
contributions of, 5'42 


Newton — continued -> 
demonstration of, 509 
gravity, 538 
law of, 538, 640 
cooling, 418 
gravitation, 509 
measurement of motion, 408 
measuring forces, 538 
Principia, 563 

triangular numbers, use of, 326 
Newtonian age, mathematics, 563, 
564 • 

methods of mechanics, 564 
physics, 558 

Nicaea, arithmetical researches, 402 
Nicene Creed, 402 
Nichomachus, 191 
arithmetic of, 270 
Nicomachus, 139 
Nile, the, 14, 61, 111 
Nilometer, the, 25 
Nilotic civilization, 390 
Nippur, commercial arithmetic, 111 
library, 65 
tablets, 36, 184 
Nordic civilization, 223 
people, influences of, 287, 288 
North Pole, latitude, 365 
North-Western Europe, educational 
system, 21 > 

Norwegians, instruments, 391 
Nothing, Eastern use, 296 
Hindu word, 284 
S5nmbol for, 277 
Nouns, 70-82 , 

abstract, 78 
collective, 78 
Number, 283 
Numbers, 70, 71 
abstract, 205 
animism of, 196 
Chinese, 105 
combinations, 219 
common, 71 
field, 74 
figurate, 207 
flock, 74 

of good omen, 191 
hexagonal, 207, 208, 210 
imaginary, use of, 490-499 
instrumental use, 225 
language, 69-110 
natural history, 321 
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Numbers — continued 
lorCj Chinese, 192, 196 
magic {see “Gematria”) 
moral qualities, 191 
pentagonal, 207, 208 
perfect, 191 
phallicism, 192 
prime, 196, 197 

square root, 197, 198 
primitive use, 571 
problems with, 286 
proper, 71 
scripts, 38, 44, 269 
beginning, 42 
Hindus, 287 
“Matchstick,” 283 
series, 44, 202-225, 321-332 
arithmetic, 203 
geometric, 203-205 
sum of, 206 
sex, 191, 195 
{see Pythagorean) 
shorthand method, 302 
stellate, 207, 208 
symbols, 4, 296, 330-332 
Hindus, 293 
theory of, 88, 89 
triangular, 206 
whole, and statistics, 632 
Nwmerals, system of, 37 
Numerical values, 486, 487 
Nunes, Peter, 345 


O 

Obelisk {see Shadow clock) 
Obliquity of the ecliptic, 148 
Ogden, C. K., 83, 91 
Old Testament, 37 
Opinions of Philosophers, 266 
Ordinal numbers, 47 
Oresmus, 406 
rule of, 473 
Orion, 377 


P 

Paciulo, translations of, 288 
Padua, University of, 288 


Index 

Paleolithic culture, 37 
tally-sticks, 300 
Papyri, 111 
Parabpla, 410 

cartesian equation, 411, 412 
Paraguayan aborigines, 37 
Parallel lines, 234 
rules, 126 

Pascal, 221, 606, 608, 609, 620, 032 
triangles, 323 
Paul, the Apostle, 89 
Pelazzi, 300 
Pendulum, 161 

clock, 391, 397, 398 
curve of, 434 
movement, 395 
swing of, 450, 451, 508 
theory of, 391 
variation, 637 

Pentagonal numbers, rule for, 330 
Pericles, court of, 33, 113 
Permutations, simple, 217, 218 
as proportionate choice, 608-613 
linear, 692-604 
Book of, 192, 194 
Persia, pagan science, 287 
Peruvians, abacus, 45 
Petrie, 56 
Phallicism, 44 
Philo, 222 
Philolaus, 190 

Phoenicians, commercial script, 42 
culture, 190 
mariners, 343 
number systems, 45 
script, 42 
Semitic, 112 
traders, 64 

Physical science, measurements, 557 
77,172,173 
calculation of, 231 
estimate of, 258 
rule for finding, 257 
series for, 553, 554 
Wallis, 543 

value of, 198, 251-254, 299, 550- 
554 

BibHcal, 251 
table of, 261, 262 
Piazzi, 221 

Picture writing, 69, 90 
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Planetary motionj 236 
^ laws of, 608 
PlanetSj courses of, 359 

declination, 372-375 , 

discovery of, 221, 222 
eclipse of, 358 
graph, 393 
location uf, 359^ 

motion of, 265, 357, 413, 414, 
420 

orbits of, 393 
position of, 360, 373 
revolution, 375 
Planisphere {see Star map) 

Plato, 22, 78, 113, 190, 393 
diaiogties of, 26 
disciples, 200 
doctrine of, 425 
education, influence on, 22 
on geometry, 200, 276 
idealism, 267 

mathematical truths of, 27 
mathematics, views on, 179 
metaphysics of, 25 
planned society of, 25 
Timaeus, 222 
world of, 23 
Platonic doctrines, 222 
' geometry, 114 
Platonists, the, 194 
Plotting the curve, 413, 414 
Plutarch, work of, 266 
Poetry, European, 34 
Polar axis, 346, 362 
of earth, 347 
distance, 372 
equation of ellipse, 447 
Pole star, 51-53, 166, 167, 235, 347 
Polyhedra, 210 
Polygon, boundary, 252, 253 
Pompey, 266 
Pons Asinorum, 147 
{see Bridge of Asses) 

Pope, the, 21 

Population growth, meaurement, 
622 

, statistics of, 571 
Poseidonius, 33, 233, 266 
astronomy of, 236 
Potential energy, 560 
of stretched spring, 561 
Potter’s wheel, 173, 174 
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Power production, p&iod of, 557 
Predoiis Mirror of the Four Elements 
323, 328 
Priestly caste, 42 
Prime meridian, 50 
numbers, 196, 197 
square root, 197, 198 
Primitive man, 40 
priest craft, 40 
Pnncipia of Newton, 563 
Printing, invention of, 21 
Prisms, 210 

Problems, solving, 305-321 
Probability, theory of, 211, 212, 215 
606-629 

three basic laws of, 613-621 
practical, 629-632 
Progression {see Mathematics) 
Proportion, rules of, 122 
Protestant Reformation, 18, 408 
Protestants, the, 194 
Providential Plan, 192 
Prynne, William, 20, 28, 30 
Psychology, textbooks, 222 
Ptolemaic dynasty, 230 
Ptolemy, 230 
Almagest, 267 

astronomy, treatise on, 265, 266 ■* 
maps, 393 
of the world, 233 
works of, 287 
Pyramid of Sneferu, 56 
Pyramids, the, 36, 210 -i 

building of, 51 
Pythagoras, 159, 190-192 
{see Bridge of Asses) 
critics, 200 
{see Numbers) 
moral qualities, 191 
societies, secret, 190 
teacliings of, 113 
theorem of, 62, 63, 323 
Pythagorean Brotherhoods, 22, 25 
culture, 222 
dilemma, 200, 201 
doctrine, 224, 236 
geometric series, 205 
numbers, magical, 206 
series, 210 
sex of, 192, 199, 200 
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•Q 

Quadratic equationsj 314, 315, 318, 
319 

Alkarismi, rule of, 320, 321 
solution, 314 


R 

Radian, 258, 259, 425, *‘469 
measured by, 365, 366 
Radio, 31 

Radium, discovery of, 636 
Rank coefficient, 647, 649 
gain, 646-649 
loss, 646-649 
Ratios, 96 
Rays of light, 234 
Reckoning, history of, 283 
Record, arithmetic, commercial, 303 
Rectangles, anatomy of, 127 
area of, 136-138, 545 
demonstration, 132-139 
Reformation arithmetic, mercantile, 
402 

Reformation geometry, 276, 277, 317, 
403, 408, 412, 414, 418, 425- 
429, 434, 436, 443, 507, 509 
aeroplane application, 443 
Alkarismi, problem of, 318 
binomial theorem, use of, 326 
development of, 319, 320 
(see Geometry, Reformation) 
limitations of, 450, 451 
measurement in, 497 
submarine application, 443 
Reformed spelling, 18, 19 
Reichstag, burning of, 230 
Relativity, theory of, 27 
Reproduction, 40 
Rliind papyrus, 14 
(see Ahmes papyrus) 

Riese, Adam, 299, 300 
Right-angle triangles, 57, 59, 131 
demonstration, 153, 154 
equation, 406 
figures, 142, 143, 154, 155 
Right angles, 124 
Right ascension, 347 
Robeson, Paul, 637 
l^oman Empire, 33 


Roman Empire — -continued 
downfall, 277 
machinery used, 507 
woi^ld trade, 285 
Romans, abacus, 45 
num&ration of, 283 
rules of calculation, 45 
script, 195, 283 
storm troopers, 111 
Royal Society of London, philoso- 
' phical transactions, 606 
Rubaiyat, 287 
Ruler, the, 74 
Rumford, Count, 558 
Russia, 15 
Russian Court, 13 


S 

Said of Toledo, 141 
“Sailor’s Pillar,” 267 
St. Andrew’s chapter, rent roll, 288 
St. Augustine, 192 
St. Cyril, monks, 230, 276 
Salerno, University of, 289 
Sand diagrams, 115 
tracings, ill, 160 
Sand Reckoner, 269 
Science, grammar of, 224 
modern, 451 
use of, new, 232 
Scientists, table of results, 633 
Seafaring, 34 

Seamanship, school of, 345 
Seasons, the, 38 
Semitic culture, 222 
people, 33 

unit of measurement, 56 
Sense organs, 27 

Series, binomial theorem, 478-480 
of cubes, 323 

geometric (see Geometric series) 
infinite, 477 
logaritlimic, 479-48 1 
number, 321-332 
(see Number series) 
power, 572 
of squares, 322, 323 
study of, 286, 477-482 
sum of, 481, 482 
table making, 477 
triangle, vanishing, 327 
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Servetus, 301, 302 
Shadow dock, 60, 379 
pole, 145 
design, 147 

reckoning, 111, 139, 145 
Shakespearean catalogue, 223 
Shaw, Bernard, 112, 114 
Ship’s course, 363 

calculation, 371, 373 
movement of, 400 
position of, 395 
Sicilian trade, 288 
Sicily, 113 
Signs, law of, 491 
Sines, 384^ 
of angles, 490 
difference, 461 
Alexandrian dictionary, 172 
of half-angles, 241, 242 
(jce Logarithms) 
table of, 233, 236-243 
Sirius {see Dog star) 
rising of, 48 
Size, 117 

social use, relativity, 115, 116 
language, 13-17, 72, 78, 91, 192 
beginnings, 32, 33 
growth, 303 
’ measure motion, 34 
parts of speech, 95, 99 
social influence, 21 
symbolism, 102 
tools, 32 

translation, 95, 304 
Snyder, Carl, 265 
Social, culture, 16 

Socialized geometry of Alexandrians, 
151 

Socrates, 26 

Solid figures, equation for, 443, 444 
geometry of, 443 
measurement, 554, 555 
volume finding, 655 
Solid geometry, 443 
{sm Euclid) 

Solstices, 383 
Sorbonne, doctors of, 222 
Sort language, 14, 30 
Sosigenes, leap year, 267 
South Africans, 190 
Soviet Union, 40, 1 15 
Space, figure, position, 408 
measuring, 117 


Spaniards, abacus, 45 ’ 

Spearman, 647, 649 
Spectrum, measurements of the, 
433 

Speculation, 573, 574, 590 
Speed and acceleration, graph, 513 
crude, 514, 516 

graphical representation, 510-520 
uniform, 510, 511, 512, 516 
varying, 515 

Sp^dometer-reading, 516, 517, 519 
Speidell, 489 ^ 

Sphere, area and volume, 555, 556 
Spherical angle, 364 
triangles, 343-385, 401 
formula, 374, 376, 377 
measuring angles, 363, 364 
scale, graduating, 381-383 
sides, measuring, 365 
solution, 376-370 
trigonometry, 345, 379 
Spring balance, law of, 416 
power, elastic, 562 
Square numbers, series, 209 
root, 93, 197, 198, 257, 470, 473 
extracting, 489 
figure, 160 

graphical method, 415 
sign, 303 
simplifying, 299 
tables of, 93, 94 
Theon, method of, 274, 277 
Squares, series of, 221 
sum of, 322 
Star almanacs, 34 
altitude, 375, 376 
azimuth of, 360, 361, 375, 376 
co-ordinates, local, 361 
declination, 352 
formula, 377, 378 
map, 356 

construction, 345-363 
religions, 267 
transit, 353 
triangle, 373, 375 
Stars, distance, 266 
facts, 343 
movement of, 362 
navigation landmarks, 348 
position of, 347, 351, 359 
relation of, 343 
rotation, 49, 166, 347 
Statistics, 605-649 
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Statistics — continued 
of population, 605-649 
study of, 211-216 

Statical mechanics of Archimedes, 
507 

Statics, 507 

Steam turbine, 508 ^ 

Stephenson, George, 172 
Stevinus, 300, 301, 463, 468 
decimal system, 301 
mathematic signs, *503 
Stifel, Michael, 195, 289, 290, 299, 
324, 468, 474, 475, 477 
on Hindu numbers, 297 
Stoics, the, 191, 222 
Stonehenge, 52 

Straight line, Cartesian equation, 405 
Stretched spring, potential energy, 501 
properties of, 537 
Style, 99-101 

Submarine, map geometry for, 443 
Subtraction (see Mathematics) 
rule for fractions, 298 
Sumeria, 40 
astrology, 343 
priestly civilization, 32 
Sumerians, the, 130 
0 civilization, 192 
number systems, 45 
priesthoods, 331 
volume of measurement, 64 
Summer solstice, 39, 357 
Sun, tjje, 33, 234 
annual motion of, 52, 53 
course of, 374, 375 
declination, 357, 379 
eclipses, 42 

Egyptian measurement, 41 
formula for, 377, 378 
rotation, 355 

shadow of, 38, 39, 40, 350 
Sun-dial, making of, 381 
Moorish, 379, 380 
theory, 378-383 
triangle, 380 
Sunya, 284, 285 
Superstition, social, 190 
Surveying, demonstrations, 130 
method, 179 
Syntax, 94-98 
Syriac numerals, 37 


T 

Tables of Arithmetical and Geometrical 
• Progressions, 468 ^ 

Taketie, 262 

Tangency, principle of, figure, 161 
Tangents, ICO, 3 Si- 
te curve, 542 
finding, 522 

gradient of, finding, 627-529 
(see Logaritluns) 
meaning of, 162 
table of, 123, 152, 430 
Tartaglia, 392 
Tasmanian aborigines, 37 
Taxation, Egypt, 61 
Telescope, 32, 55, 345, 349, 393 
Ten, group number, 37 
Terrestrial gravitation, laws of, 600 
motion, facts of, 509 
sphere, 363 

Thales, 31, 113, 140, 160, 161, 158, 
159, 160 

experiments of, 113 
illustration of, 119 
on triangles, 121 
Theodolite (see Astrolabe) 

Theon, 33, 270, 276, 288 
algebra of, 663 
multiplication, 272 
tables, 295 

square root, 274, 277, 459 
Theono, 190 
Theorem, 127 

. binomial (see Binomial theorem) 
Thermodynamics, 558 
r Thermometer, the, 559 
Thompson, D’Arcy, 449 
Timaeus, the, 23 
Time, 390 
awareness of, 40 
calculation, 378 
cooling, la^ of, 419 
element, 115 

geometry and, 411, 431, 450, 451 
measuring, 117 
movement in, 117 
plotting, 638, 539 
position of figure, 408-410 
reckoning of, 375 
Time-keeping, development of, 48 
methods, 262 
Total eclipse of sun, 350 
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Trade cycle graphs, 637 
problems of, 302 
routes, 82 

Trading,’' beginning of, 64, 65 
ports, 64 

Traders, commercial arithmetic, 65 
Treatise on pigiirate Numbers, 606 
Triangles, 57, ill 

demonstration, 141-145, 148, 149 

diagrams, 118, 119 

dissection of, 116-121 

drawing of, 120, 121 

equivalent, 118-120 

Euclid, 364 

flat, rul«s, 309, 370 

geometry of, 140 

(see Geometry) 

illustrations, US, 119 

Pascal, 323 

P3rthagoras, on perfect, 1 92 
right-angle (see Right-angle tri- 
angles) 
rules, 141-145 
size, 121 
similar, 118, 119 
solution of, 245, 246 
spherical, 343-385 
^ solution, 367-370 
Thales’ truth, 121 
vanishing, 219, 220, 221, 326, 327 
Triangular numbers, combination, 
213, 214, 216 
eastern countries, 323 
series, 207, 208, 322-324 
Trigonometric tables in navigation, 
460 

Trigonometrical, angles, ratio, 383- 
385 

dictionaries, 236 
ratios, table of, 243 

de Moivre’s theorem, 494, 495 
table, improved, 299 
Trigonometry, 33, 123, 151, 152, 230- 
277, 469, 490 
invention, 231 
making of sun-dial, 381 
' military science, 391 
size language, 236 
spherical, 345 
use of, 535 
Troubadours, 287 
Tsaritsa, 13 


Tsu Ch’ung chih, 254° 261 
Tyre, city of, 64 

U 

Ursa major, constellation of, 114 
Usher, Bishop, 476 


V 

Vauuum, the, 11^ 
pump, 562 

Values, numerical, 486-488 
Vandermonde’s theorem, 627 
Variable quantity, 527 
Vector addition, 500-502 
algebra, use of rules, 499 
analysis, 499-502 
interaction of mechanical forces, 
500 

meaning of, 499 
notation, 70 
Velocity, 514-516 
of cannon-ball, 521 
change of, 525, 526 
Venus, planet, 359 
Verb, the, 70, 82-98 
meaning of, 437 

Vesalius, De Fabrica Htmani Cor^ 
ports, 230 ^ 

Vespucci, Amerigo, 359 
Vieta, 262 

Vlacq, Adrian, 471, 476 
Voltaire, 276 

Volume of sphere, 555, 556 


’ W 

Wallace, A. R., 165 
Wallis, 262, 400 
77, series for, 543 
Wang Fun, 261 

Warfare, mathematical ingenuity, 409 
modern, 443 
Watch-spring, 417 
Wave motion, 433, 434 
Western education, 21 
Wheel-driven clocks, 262 
Whitaker’s (see Nautical almanacs) 
Whittaker and Robinson, Calculus of 
Observations, 5&6 

Widm^, Commercial Arithmetic, 303 
Wilde, Oscar, 116 



William of Orange, 300 
Winter solstice, 357, 378 
Wittich, 460 

Wright, Edward, 462, 476 
Writing, beginning of, 42 
World Machine, 265 
mapping of, 347 
Wycliff, 15 


Y 


Year, the, 38, 39 
length of, 55 
Yucatan, 40 


Z 

Zenith distance, 39 
at ineridian transit, 353 
Zeno,*16, 18, 44, 89 
Achilles and tortoise, 16, 89, 308 
paradox of, 206, 286 
Zero, 220, 523 
(see Nothing) 

Zionism, triangles, 222 
Zodiac, divisions, 174 
Zodiacal constellations, 53 
Zoology, 30 
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